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Abstract

In this paper we prove the Chomsky Conjecture (all languages recognized by
the Lambek calculus are context-free) for both the full Lambek calculus and its
product-free fragment. For the latter case we present a construction of context-free
grammars involving only product-free types.

Introduction

The notion of a basic categorial grammar was introduced in [1]. In the same paper it
was proved that the languages recognized by basic categorial grammars are precisely the
context-free ones.

Another kind of categorial grammar was introduced by J. Lambek [8]. These grammars
are based on a syntactic calculus, presently known as the Lambek calculus (cf. [13] for
its semantic interpretations). Chomsky [6] conjectured that these grammars are also
equivalent to context-free ones. In [7] Cohen proved that every basic categorial grammar
(and, thus, every context-free grammar) is equivalent to a Lambek grammar. He also
proposed a proof of the converse. However, as pointed out in [2], this proof contains an
error. Buszkowski proved that some special kinds of Lambek grammars are context-free
2, 3, 4]. These grammars use weakly unidirectional types or types of order at most two.

The main result of this paper (Theorem 2) says that Lambek grammars generate only
context-free languages. Thus they are equivalent to context-free grammars and also to
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basic categorial grammars. This fact (sometimes called the Chomsky Conjecture) was
proved in [10] and [11]. Here we present an improved version of the proof. Some details
of this improvement were independently obtained by W. Buszkowski [5].

1 Preliminaries

For any set M we denote by M* (resp. M™) the set of all finite (resp. finite non-empty)
strings consisting of elements of M. The set of all subsets of M will be denoted by P(M).

1.1 Lambek calculus

We consider the syntactic calculus introduced in [8]. The types of the Lambek calculus L
are built of primitive types py, pa, ... and three binary connectives s, \, /. We shall denote
the set of all types by Tp and the set of all types that do not contain « (product-free
types) by Tp(\, /).

Capital letters A, B, ... range over types. Capital Greek letters range over finite
(possibly empty) sequences of types. The empty sequence is denoted by ().

Sequents of the Lambek calculus are of the form I' — A, where A is a type and I' is a
non-empty sequence of types.

Axioms: p; — p;

Rules:
I'A — A.B I'(A-B)A — C
All - B II—-— A I'BA—=C
o agp () where lT#0 MAB)A ¢ )
1A — B R II1— A T'BA—=C
Il B/ /) where IT#0 rB/Aa o /)

We write L = I" — A if the sequent I' — A is derivable in the Lambek calculus.
The cut-elimination theorem for this calculus is proved in [§].

Definition. The length ||A|| of a type A is defined as the total number of primitive type
occurreces in A.

lpill =1 [[AB = [[A\B]| = [|A/B| = [|All + | Bl
The length of a sequence of types is defined in the natural way.
AL .. Al = JAL| + - .- + || As|

Definition. We denote the set of all primitive types occurring in a type A by Var(A).
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For any two natural numbers m and ¢ we introduce a finite set of types Tp(m, ¢) and
a finite set of sequences of types Ls(m, q).

Tp(m,q) = {A€Tp(\,/)|Var(A) C {p1,....p,} and [|A[| <m}
Ls(m,q) = {Il € Tp(m,q)" | [T|| < 2m}

1.2 Lambek grammars and context-free grammars

Definition. A Lambek grammaris a triplet (7, D, f), where 7 is a finite set (the alpha-
bet), D € Tp(\,/), and f is a function f:7 — P(Tp(\,/)) such that for any ¢ € 7 the
set f(t) is finite.

The language generated by the Lambek grammar (T, D, f) is defined as the set of all
strings t1 . . . t,, over the alphabet 7 for which there exists a derivable sequent B; ... B, — D
such that B; € f(t;) for all i < n. We shall denote this language by £(7, D, f).

Definition. A context-free grammar is a quadruple (7, W, S, R), where 7 and W are
two disjoint finite sets (the alphabet of terminal symbols and the set of non-terminal
symbols), S € W, and R is a finite set of contezt-free rewrite rules of the form X = e,
where X € W and e € (T UW)™.
By G(T,W, S,R) we denote the set of all expressions over the alphabet 7 U W that
arise through some finite sequence of rewritings of the start symbol S via the rules of R.
The language generated by the context-free grammar (T ,0V,S,R) is defined as

G(T,W,S,R)=G(T.W,S,R)NT+.

2 Construction of the context-free grammar corre-
sponding to a given Lambek grammar

Our main aim is to prove that for any Lambek grammar there exists a context-free gram-
mar such that the languages generated by these grammars coincide. Here we deduce this
result from the hypothesis that every sequent I' — A derivable in the Lambek calculus
can be derived from some short derivable sequents by means of the cut rule only. The
hypothesis will be proved later.

In order to formalize the notion of derivability by means of the cut rule only, we
introduce for every pair of positive integers m and ¢ a calculus Lcut(m, q).

Definition. A sequent I' — A is an axiom of Leut(m, q) ift A € Tp(m,q), T € Ls(m, q),
and the sequent I' — A is derivable in the Lambek calculus. The only rule of Lcut(m, q)

is (CUT).

Theorem 1 Let Ay,...,A,, B € Tp(m,q).
If LE Ay... A, — B then Leut(m,q) - Ay ... A, — B.
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Theorem 1 will be proved in Section 6.2.

Theorem 2 For any Lambek grammar there exists a context-free grammar such that the
languages generated by these grammars coincide.

PROOF. Take an arbitrary Lambek grammar (7, D, f). Evidently there are positive
integers m and ¢ such that D € Tp(m,q) and for any t € 7, f(t) C Tp(m,q) (since
only a finite number of types are relevant in the definition of a language generated by a
Lambek grammar).

Assume for convenience that 7 and Tp(m,q) do not intersect. Now we construct the
desired context-free grammar (7, W, S, R).

W = Tp(m,q)
S = D
R = {B=t| teTand Be f(t)}

U{A=T1]A¢€Tp(m,q), I € Ls(m,q), and LT — A}

The set R consists of obvious rules describing the function f and of Lcut(m, q)-axioms
with their sequent arrows reversed.

We must prove that £(7,D, f) = G(T,W,S,R). First we establish L(7T,D, f) C
G(T,W,S5R).

Suppose that t;...t, € L(7, D, f). By the definition of L(7, D, f), there are types
By ...B, such that L+ B;...B, — D and B; € f(t;) for any i<n. Thus (B; = t;) € R
for any i<n. Therefore it suffices to prove that B ... B, € G(T,W, S,R). By Theorem 1
Leut(m,q) - By ...B, — D.

Lemma 2.1 If Leut(m,q) F © — D then there is a Lcut(m, q)-derivation of © — D
using only cuts whose left premise is an axiom.

ProoOF. Easy induction involving the following reduction.

II - B I'BA— A
T'TIA — A AV — D
OI'TIAY — D

Y

I'BA — A AV — D
II1— B OI'BAV — D
OTTIAY — D

[

It is easy to see that if there is a Lcut(m,q)-derivation of ©® — D using only cuts
whose left premise is an axiom, then © € G(7,W, S,R). This completes the proof of
L(T,D,f)CG(T,W,5R).

Now we verify that G(7,W,S,R) C L(T, D, f). The following lemma is well-known.

4



Lemma 2.2 Let (T,W,S,R) be a context-free grammar. Let R = Ry U Ry, where
RiC{B=t|BeWandte T} and Ry C{A=T|AeWandl € WH}. If
t1...t, € G(T,W,S,R), then there exists a sequence By ... B, € W such that

(i) the word By ... DB, can be obtained from S using only rules from Rs;

(ii) for each i <n the set Ry contains the rule B; = t;.

PRroOF. Induction on the number of rewritings. W
This completes the proof of Theorem 2. B

3 Thin sequents

In this section we introduce the notion of “thin” sequents and reduce Theorem 1 to the
“thin” case.

3.1 Definitions

Definition. For each natural number ¢ we define a function o;: Tp — N as follows. (Here
N stands for the set of all natural numbers.)

In other words, o;(A) counts occurrences of the primitive type p; in A. We extend this
definition to finite sequences of types.

Ui(Al .. An) = UiAl + ...+ UiAn
We make two observations concerning ;.

Lemma 3 If a sequent I1 — A is derivable in the Lambek calculus, then for any i, o;(11A)
15 an even number.

ProoFr. Straightforward induction on derivations. B

Lemma 4 For any type A, ||A| = X 0;A.

Definition. A sequent Il — A is thin iff 0;(ILA) < 2 for any ¢ (i.e., no primitive type
occurs in the sequent more than twice).



3.2 Reduction to the case of thin sequents

Lemma 5 If Theorem 1 holds for thin sequents, then it holds for all sequents of the
Lambek calculus.

PROOF. Assume that Theorem 1 holds for thin sequents. We prove that for any types
By,...,B,,D € Tp(m,q),if LF By...B, — D, then Leut(m,q) + By ...B, — D.

The sequent B; ... B, — D may have several derivations in the Lambek calculus. We
consider only one of these derivations and introduce a new primitive type for each axiom
instance in this derivation. Let these new primitive types be pgi1, pgt2, - - - Pgtr, Where
k is the number of axiom instances in the derivation (i.e., k = || B; ... B,D||).

We define a function ¢: {pg+1, ..., Pg+x} — {D1,-..,Dq} associating with p,; the old
primitive type that occurs in the i-th axiom instance in the derivation of By ... B, — D.
We extend the definition to complex types and sequents stipulating

Q(E\F) = o(E)\o(F)
WE/F) = o(E)/o(F)

for any types I, E;, F.

Now we are going to replace everywhere in the derivation of By ... B,, — D old primi-
tive types by new ones. In axioms this is done in the obvious way (using the new primitive
type that corresponds to a given axiom instance as a substitute for the only primitive
type occurring in this axiom instance). Conclusions of rules inherit the replacement from
premises. (In the Lambek calculus, as well as in the multiplicative fragment of the linear
logic, every primitive type in the conclusion of a rule has a unique prototype in one of
the premises of the rule.)

Thus we obtain a derivation of a sequent A ... A, — C such that ¢(A4;... 4, — C) =
By ...B, — D. Note that Ay,..., A,,C € Tp(m, ¢+k) and the sequent A;... A, — C'is
thin.

By our assumption, Lcut(m,q+k) - A;... A, — C. It remains to replace in this
Leut(m, g+k)-derivation every sequent II — E by its image ¢(II — E). We obtain the
desired Lcut(m, g)-derivation of By ... B, — D. R

4 Free group interpretation

Let F'G stand for the free group generated by the enumerable set of all primitive types
{p1,p2,D3,...}. The identity element will be denoted by e. For any element u € FG, we
define |u| as the length of u written as a reduced word, i.e., a word that does not contain
any subwords of the form p;p;* or p; 'p;.

Definition. The free group interpretation (written as [ |) is the following mapping of
types and finite sequences of types into F'G.

[[Pz’]] = pi

6



[A-B] = [A][B]
[A\B] = [A]7'[B]
[A/B] = [AllB]™

[Ar... A = [A]...[Ad]

Remark. For any type A, |[A]| < ||A]].
Lemma 6 If a sequent I' — C' is derivable in the Lambek calculus, then [I'] = [C].

D. Roorda obtained this result in terms of atomic markings and balance. The lemma
has also an immediate proof in the free group environment [9].
PRroOOF. Induction on derivations.
CASE 1:  Axiom.

Trivial.
CASE 2: (— )
r- A A—B (= )
I'A — A.B
By the induction hypothesis [I'] = [A] and [A] = [B]. Consequently [I'A] = [A][B] =
[A-B].
CASE 3: (+ —)
Obvious.
CASE 4: (—> \)
All - B
m—ap Y

Multiplying the equality [A][IT] = [B] by [A] ! on the left, one obtains [II] = [A]*[B].
Thus [II] = [A\B].

CASE 5: (— /)
Similar to the previous case.
Case 6: (\ —)

I'I(A\B)A — C
If [II] = [A] then [I][A] ' =-.
In turn, [L][B][A] = [C] entails [T][IT][A]*[B][A] = [C]. Thus

[CIII[A\BIIA] = [T

CASET: (/ —)
Similar to the previous case. B



5 Interpolation

In this section we prove the interpolation theorem for the product-free fragment of the
Lambek calculus and obtain a corollary for interpolation of thin sequents.

Interpolation in the product-free fragment of the Lambek calculus is more complicated
than in the full Lambek calculus. (See [12] for the proof of the interpolation theorem
in the full Lambek calculus allowing empty antecedents.) Namely, in the product-free
fragment we must allow not only single types, but also finite sequences of types to appear
as interpolants.

Lemma 7 Let ® € Tp(\,/)", © € Tp(\,/)", ¥ € Tp(\,/)", € € Tp(\,/), and
LE ®OV — C. (Some, but not all, of ®, ©, and ¥ can be empty.) Then there is a natu-
ral number r>0, there are sequences of types ©1,...,0, € Tp(\, /)", and there are types
Ey,...,E. €Tp(\,/) such that

(i) ©1...0, = 0O, i.e., the sequence © is divided into r nonempty continuous subsequences

(if © =0 then r=0);
(i) L+ ©; — E; for any j<r;
(iii) LF®F...E¥ — C;
(iv) o;(Ey ... E,) <min(oy(0),0;(®¥C)) for any i.

We shall write ®[O]¥ — C' instead of POV — C' in order to show the selected part
of the antecedent.
We say that the sequence Fj ... FE, is an interpolant for © in POV — (.

Example 1 Consider the derivable sequent [p1(p1\p2)ps](ps\(p2\ps)) — ps. Apply-
ing Lemma 7 we obtain a division of the selected subsequence pi(p1\p2)ps = 0109,
where ©1 = pi(p1\p2) and Oy = p3 (here r=2). The corresponding interpolant is
paps, i.e., By = py and Ey = p3. Really, L = pi(p1\p2) — p2, L F p3 — p3, and
L+ paps(ps\(p2\ps)) — ps. Note that no single product-free formula is an interpolant for

y4 (p1\p2)p3 n [p1(p1\p2)p3] (p3\(p2\p4)) — P4.

PrROOF OF LEMMA 7. Induction on the length of a cut-free derivation.

CASE 1: ®OV — (' is an axiom, i.e., there exists ¢ such that C' = p, = POU. Actually,
the proof also works for axioms of the form C' — C for arbitrary (not necessarily primitive)
types C.

CAsE la: [C] = C

Weputr=1,6,=C, E, =C.

Casg 1b: [|C = C

We put r = 0.
CASE le: C[]|—=C
We put r = 0.



In all the following cases we shall consider the partition of premises induced by the
given partition of the conclusion of a rule. By induction hypothesis there exist interpolants
for the premises.

CASE 2: (—> \)
APO|V — B
(=\)
P[O)¥ — A\B
By the induction hypothesis we find ©4, ..., ©,, Eq, ..., E, such that ©,...0, = 0,

L+ ©; — E; for any j<r, A®E,...E,V — B, and 0;(E) ... E,) < min(0;(0), 0;(®VC)
for any .

We verify that (i), (ii), (iii), and (iv) hold for the conclusion of the rule (— \) with
the same O, ..., ©,, Fy, ..., E, as for the premise. The clauses (i) and (ii) are evident
from the induction hypothesis. The derivation

ADE, .. .E,¥ — B
(= \)
OFE, ... E,V — A\B

establishes (iii). The clause (iv) follows from o;(I'A(A\B)) = 0;(AI'AB) and the induc-
tion hypothesis.

CASE 3: (— /)
Similar.

Case 4: (\ —)
CASE 4a:

[ — A TBA —C N
_
T[] (A\B)A — C )

Similar to case 2.

CASE 4b:
I—A I'IYI"BA —C

F/[F//]F///H(A\B)A N C (\ _>)

Similar to case 2.

CASE 4c:
IT— A TBA'A"|A" — C

H(A\B)A/[A//]A/// N C (\ —>)

Similar to case 2.

CASE 4d:
" — A I'[[V]BA — C

F/[P//H/]H//(A\B)A N C (\ —>>

Let Fy...E, and F} ... F}, be the interpolants of the left and right premises respectively.
It is easy to verify that F...F,,E;...E, is an interpolant for the conclusion of the
rule (\ —).
CASE 4e:
II— A T'I"BA'A" = C
F/[P//H(A\B)A/]AH N C (\ _>)




Let E; ... E, denote the interpolant for the right premise. We establish that it is also an
interpolant for the conclusion. The clause (iii) is obvious.

By the induction hypothesis, I BA" = ©,...0,. Let the particular occurrence of
formula B belong to the part ©;. Then O, = =BT for some sequences = and Y.

We put ©), = ZI(A\B)Y and ©; = O, for any j # k. Evidently T"TI(A\B)A’
O, ...0,. Using the induction hypothesis (i) we obtain

N—A SBY =B\
EI(A\B)Y — Ej,

and éj — B for any j # k. This proves (ii). To prove (iv), it is sufficient to observe that
o;(IT"BA") < o;(T"TI(A\B)A").

CASE 4f:
(" — A T[BA'A" — C 0\ =)
_)
I (A\B)A'|A" — C
Let Ei,..., E, be an interpolant for the right premise, corresponding to the partition

BA' = @1 .0,.. Let Fl, ..., F,, be an interpolant for the left premise, corresponding to
the partition I' ==, ...

Then, for a suitable sequence T,
1
2 =76,...0,,
3) BT — El,
4) ©; — E; for any j # 1,

6) o;(E; ... E.) <min(o;(BA’),o;(I'A"C)) for any 1,

Q

!/

7

=
Il

—_ —_
— —
— e —

m»

8

A1

) ©
) A
)
)
5 I'Ey...E.A" — C,
)
)
) F; for any j <m,
)

9

(
(
(
(
(
(
(
(
(9) Fy...F,Il" — A,
(

10) o;(F ... F,) < min(oy(IT"), 0;(I1" A)) for any .

We show that (F,\(...\(F1\E1)...)) Ey...E, is an interpolant of the conclusion,
corresponding to the partition II”7(A\B)A' = (:)1 .O,, where ©; = II"(A\B)T and
(:)j = 0O, for any j # 1.

Clause (iv) is obvious from o;(E ... E,) + o;(F ... Fy,) < min(o;(BA'), 0;(TA"C)) +
min(o; (11" A), 0;(I1')) < min(oy(II"(A\B)A"), 0;(TTI'A”C)).

Evidently, (i) holds, since II”(A\B)A’ = O, ...6,.
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Next we prove (ii). We only need to verify that L ©; — (F,\(...\(F1\E1)...)).
F...F,]"— A BY — E; \ =)
P F(A\B)T = B
By FAV(ABT = FE Y
| (—\)

AT — (B A EE) )Y
Finally, we prove (iii).

El —>F1 FElEQ...ErA”—)O N
El(Fl\El)EQ ‘e ETA// — C
. (\—)

= Fy T2 B o B B BA = C O :%
Z1 1 Zm (F\Fp \( - \NFN\EY) .. ) Es .. . E, A C

CASE 5: (/ —)
Similar to case 4. &

Lemma 8 Let the sequent POV — C' be thin and FE, ... E, be an interpolant for © in
O[OV — C, corresponding to the partition © = ©;...0,. Then

(i) for any i<r, the sequent ©; — E; is thin;
(i) the sequent ®E; ... B,V — C' is thin;
(iii) || By ... E| =1[O]-

PrOOF. To prove (i), we note that 0;(E;) < 0;(E1 ... E,) < 0;(®VC) and thus 0;(0; E;) =
0i(0;) + 0,(E;) < 0:(0) + 0;,(2VC) < 2.

To establish (ii), we observe that o;(PE; ... E,VC) = 0;(PVC) + 0y(Ey ... E.) <
o, (PUC) + 0;(0) < 2.

It remains to prove (iii). According to Lemma 6, [®][O][¥] = [C], whence [O] =
[®]'[C][®]~!. Thus the reduced words for [O] and [®]'[C][¥]! coincide. Next we
verify that the reduced word for [©] contains exactly those primitive types that occur in
E; ... E,.. Take an arbitrary positive integer .

CASE 1: 04(0)=0

In this case p; occurs neither in [©] nor in F; ... E,.

CASE 2: 04(0) =1

Now there is exactly one occurrence of p; in [©]. Obviously, o;(E; ... E,) < 1. On the
other hand, o;(E; ... E,) # 0, since both, 0;(POVC) and 0;(PFE; ... E,V(C), are even.
CASE 3: 04(0) =2

In this case o;(®VC) = 0, whence p; does not occur in [®][C][¥]~! and consequently
it has no occurrences in the reduced word for [©]. Evidently o;(F; ... E,) = 0.

We have also seen that no primitive type has more than one occurrence in the reduced
word for [O] and no primitive type has more than one occurence in Ej...E,.. Thus
1, B = [[e]. m
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6 Completeness of Lcut(m,q) in the case of thin se-
quents

6.1 A property of the free group

Lemma 9 Ifuy,...,u, € FG, n>1, and uy ...u, = €, then there is a number k<n such
that |ugugy1| < max(|ugl, |urs])-

PROOF. Let k be the least positive integer less than n such that |ug . .. upyq| < Jug ... uyl.
If £ = 1, then the proof is obvious. Let 1 < k < n. Then |uy...ug| > |ug... . up_q1|. We
put u = uy...ug_1, v = Uy, and w = ugy1. Now we can apply the following lemma.

Lemma 9.1 Ifu,v,w € FG, |u| < |uv|, and |uv| > Juvw|, then |vw| < max(|v]|, |w]).

PROOF. Assume for the contrary that |vw| > |v| and |vw| > |w].

There exist three reduced words z;, 1, and 2, in FG such that u = z1y; ', v = 121,
uv = 717, and the words z,y; !, y121, 7121 are reduced. From |u| < |uv| we obtain
21| +|y1| < |@1]+]z1], whence |y1| < |z, and finally |y;| < L|v].

Similarly, there exist three reduced words xs, 12, and 25 in F'G such that v = s,
w = yy 2o, VW = Tz, and the words Xays, Y5 22, T2y are reduced. From |w| < |vw| we
obtain |ya|+|2z2| < |22|+|22|, whence |yo| < |22|, and finally |ys] < [v].

The reduced words y;21 and 2oy coincide. In view of |y1| < 3|v| and |ys| < 3|v| there
exists vg € F'G such that z; = vgys, T2 = Y100, Y100y2 is a reduced word, and vy # €.

Now we can represent uvw as xlyfl - Y1UoY2 y2_122 = x1Vp22. Note that zjv9zy is
reduced, since vy # € and both zjvg and vgze are reduced. Thus |zv922| = |uvw| <
|uv| = |x121] = |x1v0y2| and therefore |z| < |yal.

On the other hand, from |vw| > |v| we obtain |zaz2| > |zoys|, whence |2za| > |yal.
Contradiction. HH

6.2 Proof of Theorem 1

We shall prove Theorem 1 for the case of thin sequents.

Lemma 10 Let Ay,..., A,,C € Tp(m,q). If the sequent Ay ... A, — C is derivable and
thin, then Leut(m,q) - Ay ... A, — C.

PROOF. Induction on ||A;...A,|l. If ||[A;...A,]| < 2m, then the sequence A;...A,
belongs to Ls(m, q) and thus A; ... A, — C is an axiom of Lcut(m,q).

Assume that [|A; ... A,|| > 2m. We are going to divide the sequence A ... A, into
continuous subsequences Iy = Ay ... A, Iy =A4; ... 45, ..., I =4, +1...4;
such that 0 < 71 < jo < ... < j; =mn, ||IL]] < m for any i<l, and ||IL;I1;1|| > m for any
1<l. This is done as follows.

First we choose for j; the maximal value satisfying ||A4;... A, || < m. Next, for
each ¢ we put j; = max{j | ji_1<j<n and [|Aj, ,41...4;|| < m} until we obtain j; = n.
Obviously, for any ¢, ||IL;|| < m and ||ILIL ] > m.
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Note that [ILi]...[IL,] = [Ai]...[A.] = [C] according to Lemma 6. Thus
[TL] ... [IL][C] = e. Now let u; = [IIi], ...w, = [II], and vy = [C]7!. Evi-
dently u; ... wu; = € and |ug|<m for any i (recall that |[IL]| < ||IL|| and [[C]7!| =
€I < ICI).

Applying Lemma 9 we find a positive integer k<l such that |uguri1| < m. The
following two cases arise.

CaseE 1: k<l
We have |[IIxIIx41]| < m for that particular k. Applying Lemma 8 for

H1 e Hk—l Hka-H Hk+2 ‘e Hl — C
N —— e e’

P (S v

we find an interpolant F; ... E, for [I;I1y,; in II; ...1[; — C. This means that 11,1, is
divided into r continuous subsequences ©1, ..., ©, such that L - ©; — E; for every i<r,
LF H1 .. ‘Hk—lEl .. .Eer+2 .. .Hl — C, and HE1 c. Er“ = |[[Hka+1]]| S m.

Note that ||E; ... E.|| < m, but [[IIxIIx41]] > m. Thus

||H1 I B .Eer+2 .. Hl” < HH1 .. Hl”

and we can apply the induction hypothesis for the thin derivable sequent
H1...Hk_lEl...Eer+2...Hl — C.

On the other hand, for any i<r, ©; — E; is an axiom of Lcut(m,q), since ||E;|| <
|Ey ... E| <m and ||6;]] < ||[Hellgsq|| < 2m.

We have proved that Lcut(m,q) + II;... 1y _1E;... E k... 1, — C and
Leut(m,q) - ©; — E; for any i<r. Applying the cut rule r times we derive
Leut(m,q) F 11y ... 1110y ... 0,10 ... I, — C, ie., Leut(m,q) F Iy ... 11, — C, i.e.,
Leut(m,q) - Ay ... A, — C.

CASE 2: k=1
We have |[IL][C]*| < m. Applying Lemma 8 for

Hl-“Hlfl Hl — C

—_—
e o

we find an interpolant F,...FE, for IIy...II;_y in II;...1II; — (. This means that

II; ... II;_; is divided into r continuous subsequences ©1, ..., ©, such that L - O, — E;

for every i<r, L& Ey...EIl, — C, and ||E; ... E.|| = |[II; ... I],_4]|.

Recall that [I1; ...II,_;I1;] = [C], whence [IT; ...1I,_4] = [C][IL,]~! = ([IL][C]~*)~*
and further, |[TI;... 15 4]| = [(IL][C]™YH) 7Y = [IL][C] '] < m. Thus ||E;...E.| =
[Ty ...IL4]] < m. It follows that FE;...E.Il, € Ls(m,q) and consequently,
E,...EIl, — C is an axiom of Lcut(m,q).

On the other hand, for any i<r, [|©;| < [|©:...6,| = [II;... I < [[I;... 11|
and we can apply the induction hypothesis for the thin derivable sequents ©; — E;.

The rest of the proof of case 2 is similar to that of case 1. B

PrRoOOF OF THEOREM 1. Immediate from Lemma 10 and Lemma 5. B
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In [5] W. Buszkowski presented a similar proof of Theorem 2 for the case if the desig-
nated type D of a Lambek grammar is primitive.

Remark. All the results of this paper hold also in the full Lambek calculus (including
product), in the multiplicative linear logic, and in the Lambek calculus with the unit.
Thus, the grammars relying on the multiplicative fragment of the linear logic generate only
context-free languages (and they generate all context-free languages). Here we assume
that a language generated by a linear logic grammar contains, by definition, only non-
empty words.
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