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Abstract
We prove that the Lambek calculus is complete w.r.t. L-models, i.e., free semi-
group models. We also prove the completeness w.r.t. relativized relational models
over the natural linear order of integers.

Introduction

In 1958 Lambek [8] introduced a calculus for deriving reduction laws of syntactic types.
The inteneded syntactic string models, i.e., free semigroup models (also called language
models or L-models) for this calculus were considered in [2], [3], and [4]. The more general
class of groupoid models has been studied in [5], [6], and [7]. In [3] W. Buszkowski
established that the product-free fragment of the Lambek calculus is L-complete (i.e.,
complete w.r.t. free semigroup models), using the canonical model. The question of
L-completeness of the full Lambek calculus remained open (cf. [1]). At the end of 1992
the author of this paper gave a positive answer to this question. The proof was improved
after several talks in Moscow, Amsterdam, Berne, Paris, issued as the preprint [12]; a brief
exposition of it one may also find in [13]. In the current paper we deliver the complete
proof essentially similar to that from [12], with some minor misprints corrected.

Another interesting particular case of groupoid semantics considered here is relational
semantics. Mikulds proved in 1992 [9] that the Lambek calculus is complete w.r.t. rela-
tivized relational models (R-models) (cf. also [10]). Pankratiev [11] proved the complete-
ness w.r.t. R-models over the left-divisor relation in a special residuated semigroup.

In this paper we prove the completeness of the Lambek calculus w.r.t. R-models on a
very simple frame, namely on the natural order of integers.

1 Preliminaries

1.1 Lambek calculus

We consider the syntactic calculus introduced in [8]. The types of the Lambek calculus
are built of primitive types py, ps, .. ., and three binary connectives «, \, /. We shall denote
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the set of all types by Tp. The set of finite sequences of types (resp. finite non-empty
sequences of types) is denoted by Tp* (resp. Tp'). The symbol A will stand for the
empty sequence of types.

Capital letters A,B,...range over types. Capital Greek letters range over finite (pos-
sibly empty) sequences of types.

Sequents of the Lambek calculus are of the form I'—=A, where I' is a non-empty
sequence of types.

Axioms: A—A
Rules:

All—-B R d—-A TI'BA—-C .

IIA—B d—-A TI'BA—-C

A A—RB (=) I'ABA—C (+—)
I'A—A.B ['(AsB)A—C
d—-B I'BA—A
I'dPA—A (OUT)

The cut-elimination theorem for this calculus is proved in [8]. We write L - I'—A if the
sequent I'— A is derivable in the Lambek calculus.

Definition. The length of a type is defined as the total number of primitive type occur-
reces in the type.
lpill =1 [[A-B] = [|A]l + [ Bl

[A\B| = Al + 1Bl [|A/B[ = [|All + [|IB]l
Similarly, for sequences of types we put ||A;... A, || = [|A||+ ...+ 4]
Definition. The set of primitive types occurring in a type is defined as follows.
Var(p;) = {pi} Var(A«B) = Var(A) U Var(B)
Var(A\B) = Var(A) U Var(B) Var(A/B) = Var(A) U Var(B)
Definition. For any integer m, we write Tp(m) for the finite set of types

Tp(m) = {A € Tp | Var(A) € {pr.pa. ... pn} and [A] < m}.

By Tp(m)*™ we denote the set of all non-empty finite sequences of types from Tp(m).

Definition. For any two integers m and n, we write LST,, ,, (limited sequences of types)
for the following finite subset of Tp(m)*.

LST,, ={A1... A4 |1<1<n, Ay € Tp(m), ..., A € Tp(m)}

Definition. Sometimes we shall write o(A;...A,) or Aj....+A, instead of
(... (AgeAy)e. .. oA)).



1.2 Partial semigroup models

Definition. We say that (W, o) is a partial semigroup iff o is a partial function from
W x W into W such that, whenever ao (boc) or (aob)oc is defined, the other expression
is also defined and a o (boc¢) = (aob)oc. (We do not exclude the case W = ().)

Example 1 Here are some examples of partial semigroups.
(a) Any semigroup.

(b) The free semigroup with a countable set of generators.
Here W is the set of all non-empty words over the alphabet {a; | 7 € N} (N stands
for the set of all natural numbers). The binary operator o is the concatenation of
words.

(c) The free semigroup with two generators.

(d) A binary relational frame (R-frame for short).
Here W C D xD and W is an irreflexive transitive binary relation over a domain D.

R <317t2> 1f tl = S9
(s1,t1) 0 (s2,t2) = {undeﬁned if t1 # s9

Here Sl,tl,SQ,tQ € D.

(e) The natural order on integers as a binary relational frame (we shall denote this
R-frame by (<z,o)).

D=2, W ={(s,t) | s€Z, t €Z, and s < t}
By Z we denote the set of all integers. The operation o is defined as in (d).

(f) The natural order on a finite interval of integers [p, ¢|, where p € Z and ¢ € Z.

Dpg=pad={s€Z|p<s<q}

Wypag=1{(st)|s€Z, teZ andp<s<t<q}
The operation o is defined as in (d).

We shall denote by Sz the class' of all partial semigroups from Example 1 (f).

Definition. Let (W, o) be a partial semigroup.
We say that (V) is a sub-partial-semigroup of (W, o) iff

(1) VCw;

'In this paper ‘class’ and ‘set’ are synonyms.



(2) * is the restriction of o to V.

Remark. The associativiy law holds automatically in every sub-partial-semigroup.
Example 2 Every partial semigroup from Sz is a sub-partial-semigroup of (<z, o).

We shall use the following shorthand notation. For any sets R C W and 7 C W we
write

RoT ={y€eW| thereare «a € R and €7 suchthat aof =7},
Rof=TRo{f}; aoT ={a}oT.
We shall denote the set of all subsets of a set W by P(W).
Definition. A partial semigroup model (W o, w) is a partial semigroup (W, o) together

with a valuation w associating with each type of the Lambek calculus a subset of W (i.e.,
w: Tp — P(W)) and satisfying for any types A and B the following conditions.

(1) w(A«B) = w(A) o w(B)
(2) w(A\B) = {y € W | for all @ € w(A), if a0~ is defined then a0y € w(B)}
(3) w(B/A) ={y € W | for all @« € w(A), if v o « is defined then yoa € w(B)}

Remark. One can reformulate (2) and (3) as follows.
(2) w(A\B) = {y € W | w(A) oy € w(B)}
(37) w(B/A) ={y € W [yow(A) € w(B)}

For any valuation w and for any types Ay, ..., A,, we write W(A; ... A,) as a shorthand
for w(Aj)o...ow(A,).

Definition. A sequent I'—=B is true in a model (W, o, w) iff w(I") C w(B).
A sequent is false in a model iff it is not true in the model.

Definition. A partial semigroup model (W, o, w) is called an R-model iff (W o) is an
R-frame (cf. Example 1 (d)).

Remark. Partial semigroups form a subclass of associative ternary frames [7].

It is known that the Lambek calculus is sound w.r.t. associative ternary frames. Thus
it is also sound w.r.t. all partial semigroup models, i.e., W(I") C w(B) for any partial
semigroup model (W, o, w), whenever L F I'—B. On the other hand, W. Buszkowski [5]
has proved that the Lambek calculus is complete w.r.t. models over arbitrary semigroups
(Example 1 (a)). The completeness w.r.t. models over binary relational frames (Exam-
ple 1 (d)) has been proved by Sz. Mikulés [9)].

In this paper we prove that the Lambek calculus is also complete w.r.t. smaller classes
of models, namely the models over the partial semigroups presented in Example 1 (b),
(c) and (e).

The problem of completeness w.r.t. finite linear R-models (i.e., models over R-frames
from Sz) is still open.



2 Quasimodels

In this section we introduce the notion of Tp(m)-quasimodels and describe an algo-
rithm of constructing a partial semigroup model as the limit of an infinite sequence of
Tp(m)-quasimodels, which are conservative extensions of each other.

Definition. A quasimodel (W, o, w) is a valuation w over a partial semigroup (W, o)
such that

(1) w(AeB) =w(A) ow(B) for any A € Tp, B € Tp;
(2) if L+ A—B then w(A) C w(B).

Remark. Every partial semigroup model is a quasimodel.

Definition. A Tp(m)-quasimodel (W, o, w) is a valuation w over a partial semigroup
(W, o) such that

(1) if AeB € Tp(m), then w(A+B) = w(A) o w(B);
(2) if I € Tp(m)*, B € Tp(m), and L - T'—B, then wW(I") C w(B).

Remark. In the definition of a Tp(m)-quasimodel the condition (1) can be replaced
by (1).

(1’) If AeB € Tp(m), then w(A.B) C w(A)ow(B).
(Note that w(A) o w(B) C w(A«B) follows from (2)).

Lemma 2.1 Every quasimodel is a Tp(m)-quasimodel for any m.

PrROOF. (1) is obvious. To prove (2) we assume L + A;...A;—B and verify that
w(Aj)o...ow(A4;) Cw(B), where A; € Tp(m), ..., A; € Tp(m), and B € Tp(m).

Evidently w(A;)o...ow(A4;) = w(Aje...+A;). Note that L F Aje...«A;—B, whence
w(Ape...s4) Cw(B). A

Definition. A sequent I'—A is true in a quasimodel (resp. Tp(m)-quasimodel) (W, o, w)
iff w(I') C w(A).

Definition. A Tp(m)-quasimodel (W, o, w) is a conservative extension of another
Tp(m)-quasimodel (V, o, v} iff

(1) (V,o) is a sub-partial-semigroup of (W, o);
(2) w(A)N'V =v(A) for any type A.
Remark. The condition (2) can be reformulated in the following way.

(2’) For any o € V and for any type A, a € v(A) if and only if o € w(A).



Remark. If (W, o w) is a conservative extension of (V, o, v), then v(A) C w(A) for
every A € Tp.

Lemma 2.2 If (Wy,0,wsy) is a conservative extension of (Wi, 0,wy) and (W3, 0, ws)
is a conservative extension of (Wa,0,ws), then (W3, 0,ws) is a conservative extension
Of <W17 0,’LU1>.

Proor. Evidently W is a sub-partial-semigroup of Wj.
In view of W1 € Wy we have w3(A)NW; = w3(A)N(WoNW;) = (w3(A)NW2)NWy.
Further, (U)g(A) N Wg) N W1 = wg(A) N W1 = W1 (A) |

Definition. We say that a sequence of Tp(m)-quasimodels (W;, 0,w;) (i € N) is
conservative iff, for every i € N, (W, 1,0, w;,1) is a conservative extension of (W, o, w;).
(Here m is constant.)

Definition. The limit of a conservative sequence (W;, 0, w;) (i € N) is the
Tp(m)-quasimodel (W, 0, ws) defined as follows.
(i) Wo = U W,

iEN
(i) weol(A) = U wi(A)
ieEN
Lemma 2.3 The definition of the limit is correct, i.e., (W, 0, Ws) 1s really a
Tp(m)-quasimodel.

PROOF.

(1) Proof of C.
Let AeB € Tp(m) and v € wy(A«B). Then v € w,(AB) = w,(A) o w,(B) for some n.
Thus v = awo 3, where o € w,,(A) and § € w,(B). Evidently o € weo(A) and § € we(B),
whence v = a0 5 € woo(A) 0o we(B).

(1) Proof of D.
Let A«B € Tp(m) and 7 € we(A) 0 weo(B). Then v = a o 3, where o € wy(A) and
B € weo(B), ie., a € w;(A) and f € w;(B) for some i and j. Put n = max(i, j).

Note that (W,,, 0, w,) is a conservative extension of (W, o, w;). Hence o € wy,(A).
Similarly # € w,(B). Thus v = a o € w,(A) o w,(B) = w,(A«B) C wo(A+B).

(2)
Let L+ A;...A—B, where A; € Tp(m), ..., A, € Tp(m), and B € Tp(m). Assume
that v € W(A1... 4)), i.e., ¥ = a3 0...0q, where a3 € wWe(A1), ..., a € Woo(A4)).
Then a; € w;, (4y), ..., oy € w;,(A4;) for some y,...,4 € N. Put n = max(iy, ..., 7).

Evidently oy € w, (A1), ..., o € w,(A;), whence vy =aj0...0a; € W,(A;... A) C
wn(B) Cws(B). A

Lemma 2.4 The limit of a conservative sequence is a conservative extension of any of
the elements of the sequence.



PROOF. We verify that we(A) N'W; = wZ(A). If i < j then w;(A) C wj(A). Thus
Woo(A) = ij(A) = g‘wj(A), whence wy, (A)NW (U wi(A))NW,; = g (w;(A)NW;)
J Jj=t >1
Note that w;(A) N W, = w;(A) for any j > i. Now U( ( YNW,;) = U w;i(A) = w;(A)
i>i i>i
|

Definition. Let (W, o, w) be a Tp(m)-quasimodel. Let A, B € Tp, « € W, v € W and
v ¢ w(A\B). We say that « is a witness of v ¢ w(A\B) iff a o~y is defined, o € w(A),
and awoy ¢ w(B).

Let (W,o,w) be a Tp(m)-quasimodel. Let A,B € Tp, @« € W, v € W, and
v ¢ w(B/A). We say that « is a witness of v ¢ w(B/A) iff v o «v is defined, a € w(A),
and yoa ¢ w(B).
Remark. Let (W, o, w) be a partial semigroup model. Then for any A € Tp, B € Tp,
v € W, if v ¢ w(A\B) then there is a witness of v ¢ w(A\B) in (W, o, w).

Definition. Let (U, o) be a partial semigroup. Let IC be a class of Tp(m)-quasimodels
over sub-partial-semigroups of (U, o). We say that the class K is witnessed iff

(1) for any (V,o0,v) € K, for any type of the form A\B from Tp(m), and for any v € V,
if v ¢ v(A\B) then there is a conservative extension (W, o, w) of (V,0,v) in K and
(W, 0, w) contains a witness of v ¢ w(A\B);

(2) for any (V,o,v) € K, for any type of the form B/A from Tp(m), and for any v € V,
if v ¢ v(B/A) then there is a conservative extension (W, o, w) of (V,o0,v) in K and
(W, 0, w) contains a witness of v ¢ w(B/A).

Theorem 1 Let m be a positive integer and K be a witnessed class of Tp(m)-quasimodels
over sub-partial-semigroups of a countable partial semigroup (U o). Let E € Tp(m),
F € Tp(m), and the sequent E—F' be false in a Tp(m)-quasimodel from K.

Then E—F is also false in a partial semigroup model over a sub-partial-semigroup
of (U, o).

PROOF. The following proof is similar to the R-completeness proof in [9].

Evidently there is a function 0:IN — Tp(m) x U such that for any v € U and for
any C' € Tp(m) there are infinitely many natural numbers ¢, for which o (i) = (C,~). For
example, the function o can be obtained from any bijection 7: N — Tp(m) x U x N.

Given a Tp(m)-quasimodel (W, o, wy), in which E—F is false, we define by induction

on i a conservative sequence (W, o, w;) (i € N).

CASE 1:

If 0(') (A\B,7), v € W, v ¢ w;(A\B), and there are no witnesses of v ¢ w;(A\B)
n (W, 0,w;), then take (W, 1,0, w;41) to be any conservative extension of (W, o, w;)

in /C, containing a witness of v ¢ w;11(A\B). Such a Tp(m)-quasimodel (W;1,0, w; 1)
exists, since K is witnessed.

CASE 2:

If (i) = (B/A,7), v € Wy, v ¢ w;(B/A), and there are no witnesses of v ¢ w;(B/A)
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n (W, 0, w;), then take (W; 1,0, w;41) to be any conservative extension of (W, o, w;)
in K, containing a witness of v ¢ w;1(B/A).
CASE 3:
Otherwise put (W 1,0, w;11) = (W, 0,w;).

Let (Wo, 0, W) be the limit of the conservative sequence (W, o, w;). Evidently,
E—F is false in (W, 0,ws). Now we define a valuation v over (W, o) by induction
on the complexity of a type.

v(pi) = weo(pi)
v(AB) = v(A)owv(B)
v(A\B) = {y|Va € w(A)if ao~ is defined then a oy € w(B) }
v(B/A) = {v|Va € w(A)if yoa is defined then yvoa € w(B) }

Evidently (W, o, v) is a partial semigroup model. Next we verify that we,(C) = v(C)
for any C' € Tp(m).

Induction on the complexity of C' € Tp(m). Induction step.
Case 1: C= A.B
Obvious, since both v and wy, are Tp(m)-quasimodels.
Case 2: C'=A\B
First we prove that if v € wy(A\B) then v € v(A\B). Let v € ws(A\B). Take
any o € v(A) such that « oy is defined. By the induction hypothesis a € ws(A).
Evidently a0y € Wo(A(A\B)). Hence a oy € wy(B) in view of L F A(A\B)—B. By
the induction hypothesis awoy € v(B). Thus v € v(A\B).

Now we prove that if v ¢ we(A\B) then v ¢ v(A\B). If v ¢ W, then this
is obvious. Let v € W,. There exists an integer i > j such that o(i) = (A\B, 7).
According to the construction of (W, 1,0, w;,1) there exists « € W, such that oy is
defined, o € w;41(A), and a0y ¢ w;41(B). Since we, is conservative over w;,1, we have
a € wy(A) and oy ¢ we(B). By the induction hypothesis, a € v(A) and a oy ¢ v(B).
Thus v ¢ v(A\B).
Case 3: C=B/A

Similar to case 2.

Now we can prove that (W, 0,v) is the desired partial semigroup model. First,
(W, 0) is a sub-partial-semigroup of (U, o). It remains to show that v(E) € v(F).

Since wo(E) € wo(F), there is a € Wy such that a € wy(E) and o ¢ wo(F). In view
of Lemma 2.4 we have o € woo(E) and a ¢ we(F). Thus o € v(E) and o ¢ v(F). A

3 Faithful quasimodels over linear order

mns O3 U vl ) (and “right”
quasimodels (V5 o, v5% )), which will later be used in the proof of Lemma 4.1, where we

m,n’ " “m,n

construct a Tp(m)-quasimodel containing a witness for given § ¢ E\F (resp. 0 ¢ F/E).

The aim of this section is to introduce “left” quasimodels (V!



Lemma 3.1 There is a family of quasimodels (Vr,o,vr) indexed by sequences of types
I' € Tp*, such that (Vr,o) € Sz for any I' (cf. Example 1 (f)). We denote the domain
of <VF,O> by Dr (i.e., Vr C Dr x DF)
There are designated elements 1) € Dy and xr € Dr such that

(i) (VI € Tp*) (VC € Tp) (¢, xr) € vr(C) & L+ T'—=C
(11) (VF c Tp*) (VH € Tp*) DrCDrg and Vr € Vg
(iii) (VI' € Tp®) (VIL € Tp®) (VC € Tp) vr(C) € vrn(C)
(iv) (VI' € Tp") (VB € Tp) (xr, xrs) € vrs(B)

Lemma 3.1 will be proved in Section 6.5.

Lemma 3.2 If L t/ E—F then there is a quasimodel (W, o, w) such that (W,o) € Sz
and w(E) € w(F).

PRrOOF. Consider (Vg,o0,vg). In view of L I/ E—F we have (¢, xg) ¢ vg(F). In view
of L+ E—FE we have (¢, xg) € vg(E). R

Lemma 3.3 There is an R-quasimodel (VY o, o) over an infinite linear order
Vi c DY x DY, there is a designated element g € DY, and there is a family of ele-
ments hp € D for T' € Tp*, such that

(i) (VI € Tp*) (VC € Tp) (g, hr) € v(C) & LT —C
(ii) (VI' € Tp*) (VB € Tp) (hr, hrp) € v"(B)

PROOF. We construct the quasimodel (VY o v!f) using the family of quasimodels
(Vr,o,ur) from Lemma 3.1.

D = {& | € Tp*, s&Dr}, where & are new formal symbols.

W= {(&,&,) | T € Tp*, A €Tp*, s€Dr, t€Dra, (s,t) € Vra}

Evidently W is irreflexive. Next we verify that W is transitive.

Let (&, &) € W and (&85, ELap) € W. Then (r,s) € Vra and (s,t) € Vpan. From
Lemma 3.1 (ii) we obtain (r,s) € Vpan. Thus (r,t) = (r,s) o (s,t) € Vpan. Hence
<§f‘7 glt“AH> eW.

We take V! to be any linear order on DY such that W C V. We put

VI(A) = {(&,€L,) | T € Tp*, A€ Tp*, s € Dr, t € Dra, (s,t) € vpa(A)}.

g=¢& hr=g"

First, we verify that (V! o v") is a quasimodel (conditions (2) and (1) from the
definition of a quasimodel at page 5).



(2)
If L+ A—B, then vpa(A) C vra(B) for any I'; A € Tp*, whence v'f(A) C v(B).

(1) o"(4B) C o(4) 0 0"(B)
Let (&5, &LA) € v'(A«B). Since (r,t) € vpa(AsB) = vpa(A) o vra(B), there is s such
that (r,s) € vra(A) and (s,t) € vra(B). Note that s € Dra, since (s,t) € vpa(B) C
Dra X Dra.

According to the definition of o', (&5, &iA) € vM(A) and (&4, E0A) € vM(B). Thus
(€5, Eha) € v1(A) 00 (B).

(1) 0(4) 0 0"(B) C o"(A-B)
Let (€8, &5) € V(A) and (&gn, Ean) € VH(B). We have (r,s) € vra(A) and (s,t) €
vran(B). By Lemma 3.1 (iii), vra(A) € vran(A). Thus (r,s) € vran(A4), whence
(r,ty = (r,s)o(s,t) € vran(A)ovran(B) = vran(A«B). We see that (€5, k) € v (A-B).

Next, we prove that (V! o v!) has the properties (i) and (ii).

Q)
Evidently, (g, hr) € v"(C) if and only if (1, xr) € vr(C). According to Lemma 3.1 (i),
(¢, xr) € vp(C) if and only if L - I'—C.

(i)

By Lemma 3.1 (iv), (xr, xrs) € vr(B), whence (&5, &557) € o!(B). 1

Lemma 3.4 For any positive integers m and n there is a Tp(m)-quasimodel (VI o vl

m,n’ "’ “m,n
over a finite linear order Vi ~C DY x DY there is a designated element g € DY

and there is a family of elements hr c D;fl,n for I' € LST,, ,,, such that 7
(i) (VT € LSTy,) (VC € Tp(m)) (g, hr) € vy ,(C) & L+ T—C
(ii) (VI' € LTy pn-1) (VB € Tp(m)) (hr, hrp) € vy ,(B)

PROOF.
Difm = {& | T € LSTn, s € Dr}U{E; | s € Da}

Vlf = Vlf N (le % le )
vllflyn(A) =1(4) N (Difm X Difm) for any A € Tp(m)
g€ hrege
It remains to repeat the proof of Lemma 3.3. W
Evidently, all the lemmas of this section have also inverted duals. We formulate the
dual of Lemma 3.4.

Lemma 3.5 For any positive integers m andn there is a Tp(m)-quasimodel (V3§ , 0,02 )

m,n’ =7

over a finite linear order Vi§  C Dt X Di# . there is a designated element g € Dif

m,n’ m,n’

and there is a family of elements hy € DI | for I' € LST,, ,,, such that
(i) (VI € LSTy,,) (VC € Tp(m)) (hr,g) € vi2,(C) & L FT—=C
(ii) (VI' € LST,, 1) (VB € Tp(m)) (hsr, hr) € vi% (B)
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4 R-completeness

In this section we demonstrate how a partial semigroup (W, o) and a Tp(m)-quasimodel
(V,o,v) satisfying certain conditions can be used to construct an ‘almost’
Tp(m)-quasimodel (W, o, u), which is ‘conservative’ over (V,o,v) (cf. Lemma 4.1).
Using this result, we are going to prove that the class of all Tp(m)-quasimodels
over finite intervals of integers is witnessed (cf. Lemma 4.2) and the class of certain
Tp(m)-quasimodels over finitely generated free semigroups is witnessed (cf. Lemma 5.1).

Lemma 4.1 Given m,n € N, let DY | = [0,k] (and thus V] = {(s,t) |0 < s <t <
k}). Let (V,o,v) be a Tp(m)-quasimodel, (W, o) be a partial semigroup, E € Tp(m),
RCV,TCW, and r be a function W:Vlfl,n — W. We denote

Po = {m(s,t) |0<s<t<k}
P = {n(s,k)|0<s <k}
Py = PioR;

P = PyUP UP,.

Let the following conditions hold.
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(15) If s<k, s <k, and w(s, k) = n(s', k) then s = 5'.

(16) If s<k,s <k,peR,p €R, andn(s,k)yop=m(s',k)op' thens=s" andp=p.

(17) cpo...oa, ¢ R, for any ay,...,a, € W. (Here n is the given natural number.)
Then there is a function u: Tp(m) — P(W) satisfying the following conditions (i)—

(vii).

(i) For any A«B € Tp(m), u(A+B) C u(A) o u(B).

(ii) For any By,...,B;,C € Tp(m), if L = By...B—C, then u(B;)o...ou(B;) C
u(C)UuT.

iii) 7(g, k) € u(E) (Recall that g is the designated element in DX and thus 0 < g <k.)

m,n

(

(iv) If F € Tp(m) and Lt E—F, then w{g, k) ¢ u(F).

(v) If F € Tp(m), p € R, and p & v(E\F), then 7{g,k) o p & u(F).
(vi) v(A) C u(A) for any A € Tp(m).

(vii) u(A) C v(A)UP for any A € Tp(m).

ProOOF. We define the function u associating subsets of W not only with single types
from Tp(m), but also with sequences of types from Tp(m), i.e., u: Tp(m)™ — P(W).

uo(O) {n(s,t) | 0<s<t<k and (s,t) € @(@)}

{m(s,k) |0 <s <k and (s, hp) €]l ()}

{m(s,k)yop|0<s<k, peR, and IA € LST,,, 1,
p€U(A), (s,hpa) € vl ()}

up(O) Uui(0) Uue(0) UT(O)

£
e
11

=
2
1

Note that uy(©) C Py, u1(©) C Py, uza(0) C Py, and u(©) CPUV.
Lemma 4.1.1 Let © € Tp(m)* and B € Tp(m). Then u(0)ou(B) Cu(©B)UT.

PROOF. Let v € u(©) ou(B). Then v = a o f for some o € u(©) = u(O) Uu(O) U
uz(©)UT(0) and € u(B) = ug(B)Uuy(B)Uus(B)Uv(B). We consider the corresponding
sixteen cases and prove that o § € uog(©B) Uu (OB) Uu(0B) Uv(OB)UT.

CASE 1: a € uy(0)

a=mn(rys),0<r<s<k,(rs) E@’n(@)

CASE la: [ € uy(B)

B=m(st),0<s <t <k (st €l (B)
If s # s, then ao f €T in view of (10).
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If s =¢, then a0 =mn(r,s)on(s,t) =n(rt) € ug(OB), since (r,t) = (r,s) o (s,t) €
@(@) o Ulf W(B) =l (OB).
CASE 1b: € u1(B)
B =mn(s k), (s, hg) € v (B)

If s # ¢, thenozoﬁe’]'mmewof( 0).

If s = &, then o f = 7w(r,s) on(s, k) = w(r,k) € u1(OB), since (r,hg) =
(r,s)o(s,hg) € @(@) oup (B) = (©B).
CASE lc: 3 € uy(B)
B=mn(sk)yop, peR, A€ LST,, .1, p€T(A), (s, hpga) € vllflyn(B), 0<s <k

If s# 5 thenawofB=m(r,s)on(s',k)yopeTopCToVCT.

If s = ¢, then awo B = m(r,k) o p € us(©B), since (r,hga) € vl (0) ol (B) =
o (OB).
CASE 1d: B € v(B)
Evidently avo § € m(r,s) ov(B) CPyoV C T in view of (12).

CASE 2 «a € uy(0)

a=m(rk), (rhg) € vl (0),0<r <k

CASE 2ab: 3 € ug(B) Uuy(B)

B=mn(st),0<s<t<k

From (10) we obtain awo 3 = 7(r, k) o w(s,t) € T, since k # s.

CASE 2¢: 3 € uy(B)

From (10) and (8) we obtain « o5 € 7 oV C 7 (cf. case 2ab and case 1c).
Case 2d: B € v(B)

If 3¢ R, then oo €T in view of (14).

Now we prove that if § € R then a o 3 € uy(©B). We take A = B and p = . From
(17) we see that n > 1. Thus A € LST,,,,—1. By Lemma 3.4 (ii) we have (hg, hgp) €
olf \(B). Thus (r,hgg) = (r,hg) o (hg, hgg) € vE (O)o v (B) = o (©B), whence
aoff € uy(OB).

CASE 3: a € uy(0)

a=m(rk)op, peR, A€ LSThn 1, A#A, p€B(A), (r,hpa) € vVE (0),0<r <k
Note that « € Po V.

CASE 3abc: 3 € up(B) Uuy(B)Uuy(B) CP

In view of (11) and (8) we have aof € PoVoP CPoT CT.

CASE 3d: (€ v(B)

If pof &R, then aof =mn(rk)yo(pof) €T in view of (14).

Now we prove that if poS € R then aof € uy(©B). We take A’ = AB and p' = pof.
Evidently pos € T1(A)owv(B) =U(AB). Thus pof = ajo...oq, where [ is the number of
types in the sequence AB. In view of (17), AB € LST,,,,—1. By Lemma 3.4 (ii) we have
<hEA7 hEAB> S Ug,n(B)‘ Thus <7“, hEAB> = <T’, hEA> o <hEA7 hEAB> S U}xfhn(@) o Ulf (B) =
ol (©B).

CAsE 4: acv(0)
CASE 4abe: € ug(B) Uuy(B) Uug(B) CP
In view of (11) we have a o 5 € Vo P C 7.
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CAaSeE 4d: (€ v(B)
Evidently c« o 8 € 7(0) o v(B) =7(60B). R

Lemma 4.1.2 Let By € Tp(m), ..., B, € Tp(m). Thenu(By)o...ou(B;) Cu(By...B)U
7.

PRrROOF. Induction on /. Induction step. We must prove that if u(B;)o...ou(B;) C
w(By...B;)UT then u(By)o...ou(B))ou(Biy1) Cu(By...BBi+1) UT. It is sufficient
to verify that (u(By...B)UT)ou(Bj11) Cu(B;y...BB1)UT.

From Lemma 4.1.1 we obtain u(Bj ... B))ou(Biy1) C w(By ... BiBiy1)UT. According
to (8), 7 ou(By1) Cu(By...BB1)UT. A

Lemma 4.1.3 Let AeB € Tp(m) and v € u(A+B). Then there are o € u(A) and
B € u(B) such that o 3 = 7.

PROOF.
CASE 1: v € ug(A-B)
y=m(rt),0<r<t<k, (rt)euv, (AB)
Since (V]I ,0,vh ) is a Tp(m)-quasimodel, there is s € [0, k] such that (r,s) € vy, ,(A)
and (s,t) € vh, ,(B).
Now v = m(r,t) = w(r,s) om(s,t) € ug(A) o ug(B).
CASE 2: v € uy(A-B)
v =n(rk), (r,hg) € vy ,(AB), 0 <r <k
Like in case 1, there is s € [0, k] such that (r,s) € v}l (A) and (s, hg) € vh (B).
Thus v = 7(r, k) = n(r, s) ow(s, k) € up(A) o uy(B).
CASE 3: 7 € ug(A«B)
y=m(rk)op, p€R, A€ LSThu 1, p €V(A), (r hpa) € v ,(AB), 0 <r <k
There is s such that (r,s) € v}l (A) and (s, hga) € vy} (B).
Now 7(r,s) € up(A) and 7 (s, k) o p € us(B), whence v € ug(A) o us(B).
CASE 4: v € v(A.B)
Obvious from v(A+B) Cv(A)ov(B). W
We continue the proof of Lemma 4.1.
()
See Lemma 4.1.3.
(i)
Let Bi,...,B;,,C € Tp(m) and L + By...B—C. According to Lemma 4.1.2,
u(By)o...ou(B)) C u(By...B;)UT. It remains to prove that u(By...B;) C u(C).
This follows from B(B; ... B;) C v(C) and vlf (B;...B;) C o o (C).
(iii)
From Lemma 3.4 (i) we obtain (g, hg) € v}l ,(E). Thus 7(g, k) € u(E).
(iv)
Let F' € Tp(m) and 7 (g, k) € u(F). Evidently 7(g, k) € P;. From (2), (4), and (5) we
see that 7(g, k) € ui(F). Thus (g, hg) € v}l ,(F) according to (15). From Lemma 3.4 (i)
we obtain L = E—F.
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(v)
Let F' € Tp(m), p € R, and (g, k) o p € u(F'). Evidently (g, k) o p € Py. From (3), (4),
and (5) we see that m(g, k) op € ua(F'). According to (16) there is A € LST,, ,—; such that
p € T(A) and (g, hpa) € v} ,(F). From Lemma 3.4 (i) we obtain L - EA—F. Applying
the rule (—\) we derive L F A—FE\F, whence 7(A) C v(E\F). We have proved that
p € v(E\F).

(vi) Obvious.

(vii) Obvious. H

Definition. By K7’ we denote the class of all Tp(m)-quasimodels over binary relational
frames from Sz (cf. Example 1 (f)).

Lemma 4.2 Let (V,o,v) € KZ, E\F € Tp(m), § € V, and § ¢ v(E\F). Then
there is (W, o,w) € K such that (W,o,w) is a conservative extension of (V, o, v)
and (W o, w) contains a witness of 6 ¢ w(E\F) (i.e., there is a € w(E) such that
aod ¢ w(F)).
PROOF. Let (V,0) = (Wp,g,0) € Sz and § = (a,b) € V (ie,p <a <b < q). Put
T=0R={aj)]|a<j<q},andn=qg—a+1.

Recall that we identify DY | with [0, k] for a suitable natural number k. We take
(W, 0) to be (W,_gq,0)-

We define

(s, k)
(s, t)

(p—k—i—s,a);
(p—k+s,p—Fk+t) if t<k.

—\
N
—\
N

Note that

Po = {(i.j) Ip—k<i<j<ph

Pro= {lha) |[p—k<i<p}

Py o= {(i.j)lp—k<i<p a<j<q}
The conditions (1)—(17) from Lemma 4.1 are easy to verify. We take w to be the function u
from Lemma 4.1.

According to Lemma 4.1 (i) and (ii), (W, 0, w) is a Tp(m)-quasimodel. The conser-

vativity of (W, o, w) over (V,o,v) follows from Lemma 4.1 (vi) and (vii). The witness
of § ¢ w(E\F) is (g, k) (cf. Lemma 4.1 (iii) and (v), note that § € R). W

Theorem 2 The Lambek calculus is complete with respect to the class of all R-models on
sub-partial-semigroups of (<z,o) (cf. Example 1 (e)).

Proor. Immediate from Theorem 1, Lemma 3.2, and Lemma 4.2. W

Remark. The Lambek calculus is also complete with respect to the class of all R-models
on the partial semigroup (<z, o) itself.

Open question. Is the Lambek calculus complete w.r.t. finite R-models? In particular,
does the proof of Theorem 2 give a finite countermodel for any given underivable sequent?
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5 L-completeness

Definition. Let V be any alphabet, i.e., any set, the elements of which are called symbols.
We denote by VT the set of all non-empty words over the alphabet V. By V* we denote
the set of all words over the alphabet V), including the empty word e.

Definition. Let a be a word over an alphabet V. Then |a| (the length of «) is the
number of symbols in a.

Definition. By Sge. we denote the class of all free semigroups (V*,0), where V is a
finite subset of a fixed countable alphabet {a; | j € N}.

Definition. By K. we denote the class of all Tp(m)-quasimodels (V*, o0, v), over free
semigroups from Sgpee, such that for every A € Tp(m) there is o € v(A) satisfying
la] < m.

Lemma 5.1 Let m € N, (V*,0,0) € Kil, d € V*, and E € Tp(m).
Then there is a Tp(m)-quasimodel (W™, o, w) € K. and there is « € W such that

Free

(i) W™, 0,w) is a conservative extension of (V*,0,v);

(ii) o € w(E);

(iii) for any F € Tp(m), if L/ E—F, then a ¢ w(F);

(iv) for any F € Tp(m), if § € V* and § ¢ v(E\F), then a o6 ¢ w(F);

PROOF. We are going to apply Lemma 4.1. First, we put V.= VT and n = |§| + 1.
Let D;fl,n = [0,k]. Let z, 2, y1, Y2, ... yi be any k + 2 distinct elements of {a; | j € N},
which do not occur in V. We denote Y = {z, z,y1, y2, ..., yx } and put W = W+ where
W=VYu).

We define the function 7 as follows.

(s, t) = (" oysi102™) o (" oysp02™) 0. ..o (2" oy 02™)
Here 2™ = go...0x.
—_—
m times
We define the function Subword: W+ — P(WT) as
Subword(f) = {a € WT | B=~10a 07, for some 71,7 € W}

Thus, Subword(/3) is the set of all non-empty subwords of 3. Next we introduce several
subsets of WT.

R = {peV'|poa=4 forsome o€ V*}
Po = {n(s,;t) |0<s<t<k}
P = {n(s,;k)|0<s <k}

16



P, = PoR
P = PyUPLUP,
M; = {aeWt|ag¢ V" and «a ¢ Subword(n(0,k) 0d)}
My = zoW*
Ms = Wox
M = M;pUMyUMs;
7 =

Mo...oM

m times

Before applying Lemma 4.1 we establish several properties of these sets of words.

Lemma 5.1.1
i) W o M;oW* C M,
") If B € W, a € Subword(f3), and o € M, then € M;.

(
(
(il) MgoW* C My
(

iii) W*o M3 C M3

Proor. Obvious. A

Lemma 5.1.2

(1) If s # ' then w(r,s) om(s',t) € T.
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)
(n)
(0) Pro{BeW"|B¢RCT
(p) PoVt CPUT

()

Evident from P C Yt o V*.
(b)
Let o € P. Then the leftmost symbol of a is  and the rightmost symbol of o belongs to
VU{z}. Thus a ¢ My and o ¢ M3. Note that P C Subword(m(0, k) 04). Thus o ¢ M.
()
Obvious.
(d)
Let « € M and 8 € M. We verify that « o 8 € M. If « € My then a0 § € M. If
a € My then oo € My, If B € My then ao 5 € My. If B € M3 then ao [ € Ms.
The only complicated case is @« € M3 and § € My, i.e., a =a’ ox and § = z0 3. Note
that then x o z € Subword(avo §) and z o z € M;. It remains to apply Lemma 5.1.1 (1’).
(e)
Follows from (d).
()
Let « € M and 8 € V*. We verify that a0 3 € M. If « € M; then a0 € M,.
If « € My then oo 3 € My. The only complicated case is & = o' o x. In this case
x o8 € Subword(awo ) and z o f € M;.
()
Let « € VT and 8 € M. We verify that oo 3 € M. If 3 € M; then a0 3 € M;. If
b € Mz then awo 3 € Mj3. The only complicated case is § = z o (3. Note that in that
case a o z € Subword(a o ) and awo z € M.

In the following part of the proof we denote by 7 (s, s) the empty word in W*.

(h)
Let v € Po M.
CASE 1: y=mn(s,t)o 3, 3 € M
Evidently v =z o...0ox0¢, where ¢ = xoy,q02mom(s+ 1,t)o 3. We must verify that

m—1 times

¢ e M.
If € My then ¢ € My. If B € M3 then ¢ € M3. Let now € My, ie. 3 =2z00".
Evidently 2™ € Subword(y,,1 0 2™ o7(s+ 1,t) 0o z0 3 and 2™ € M,.
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CASE 2: y=m7(s,k)opoB, €M, pER
Evidently v = zo...0z0¢, where ¢ = x o ysq 02™om(s+1,k) opo 3. The only

m—1 times

complicated case is § € My, i.e., 3 = zo'. Note that poz € Subword(¢) and poz € M.

(i) and (m)
Let « € MUVT and 8 € P. We must prove that o€ Mo ...o M.

m times
Case 1: B =m(s,t)
Evidently a0 = ¢pozo...0z where ¢ = (aom(s,t — 1)ox™oy,02). Obviously z € M.

m—1 times

It remains to verify that ¢ € M.
CASE la: o € M,
Obvious from Lemma 5.1.1 (i).
CASE 1b: a € M,
Obvious from Lemma 5.1.1 (ii).
CASE lc: a € Mj
Note that the rightmost symbol of «v is x and the first m symbols of 7(s, ¢ — 1)ox™oy0z
are ™. Thus ™! € Subword(¢). In view of z™*! € M; we have ¢ € M.
CASE 1d: a € V"
Evidently a o 2 € Subword(¢). On the other hand, « oz € VT o YT and V* o YT C M;.
According to Lemma 5.1.1 (i"), ¢ € M;.
CASE 2: f=m(s,k)op, pER
Now o f=¢ozo...0z0(z0p), where ¢ is the same as in the previous case. We have
&2..-°2

m—2 times

already verified that z € M and ¢ € M. Evidently also z 0 p € M.

()
In view of (i) and (e) we have ToP = Mmoo P C M™ 1 oT C M™ =T. From (f) we
obtain 7 o YVt = M™ oVt C M™ = T. According to (d) we have 7 o M = M™*! C
M™ =T,

(k)
Similar. We use (h), (e), (g), and (d).

(1)
Evidently 7(r,s) ow(s',t) = ¢pozo...0z, where ¢ = (nw(r,s) on(s';t —1) oz™ oy, 0 2).

m—1 times

We only need to prove that ¢ € M. Note that y;0z2™ox™oyyy1 € ¢. On the other hand
ysozmox™oyyy € My, since s # s'. According to Lemma 5.1.1 ('), ¢ € M;.

(n)
Let @« = 7(s,t), t < k, and B € V'. Evidently c« o 3 = go...0x0¢, where ¢ =

m—1 times

xoysp 0 z™om(s+1,t) o 5. Note that y, o 2™ o f € Subword(¢). On the other hand,
yi02™o B € My, since t # k. Thus ¢ € M;.

(0)
Let « = w(s,k) and B ¢ R. Evidently o« o 3 = xo...oxo¢p, where

m—1 times
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¢ =x0ysy102mom(s+ 1,k) o 5. Note that z o § € Subword(¢). On the other hand,

zo 3 € My, since 3 is not a left subword of § (see the definition of R). Thus ¢ € M;.
(p)

Let « € P and 3 € V. We must prove that co 3 € PUT.

CASE l: o€ Py

According to (n), ao B € T.

CASE 2: o€ P;

If € R then aofB € Py. If ¢ R, then o 3 € T in view of (o).

CASE 3: a € Py

Evidently P o VT = (PioR)o VT =P o (Ro V') C Po VT and we can apply case 2.
(a)

Let « € P and § € P. We must prove that co 3 € PUT.

CASE 1: a € PyUPy, ie, a=mn(rs), where 0 <r < s <k

CASE la: € PyUPy,ie., f=m(s,t), where 0 < &'t < k

If s =, then a«o 8 = 7w(r,s) on(s,t) = n(r,t) € P according to the definition of the
function 7. If s # &', then a o § € T according to (1).

CASE 1b: (e Py

Evidently o 3 € a0 Py o R. According to case la, a0 € (PUT)oR C (PUT)o VT .
From (p) and (j) we obtain (PUT)oVt CPUT.

CASE 2: «a € Po

From (m) and (k) we get PaoP=PioRoP CPio(VtoP)CPoT CT.

This completes the proof of Lemma 5.1.2. W

Now we apply Lemma 4.1 and obtain a function u: Tp(m) — P(W) satisfying the
conditions (i)—(vii) from Lemma 4.1.

We define a function Substrg: W — P(WWT) and two valuations wg: Tp(m) — P(WT)
and w: Tp(m) — P(WT).

Substr(q)
Subst v (a0 q)

MU{q} if geW
Subst () o ({g} UM) if a € WF and ge W

—\
N
—\
N

The set Subst(a) consists of all words that are obtained replacing some (may be
none) of symbol occurrences in o by words from the set M.

wo(A) = |J Substuy(a, M)
acv(A)
w(A) = u(A)Uwy(A)
Lemma 5.1.3 Leta € W and § € W. Then Subst v (o) = Subst v () oSubsta(3).

PROOF. Induction on |5|. W
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Lemma 5.1.4 Let A € Tp(m). Then

(i) v(A) € wo(A);

(i) wo(A) Cv(A)UM.

PRroOF. It suffices to verify that, for any a € v(A),
(i) a € Subst(a);

(i) Subst(a) C {a} UM.

We prove this by induction on |«| for any a € V.
Induction step.
(i)
Let a € VT, g € V, and a € Subst (). Then ao g € Subst () o {q} C Subst (a0 q).
(i)
Let « € V', g € V, and Subst \(«) C {a}UM. Then Substr(aoq) = Substa(a)o({q}U
M) € ({a} UM)o ({g} UM) = {aoqtU({a} o M)U (Mo {q})U (MoM). From
Lemma 5.1.2 (g), (f), and (d) we obtain Substy(aoq) C {aoqtUM. R

Lemma 5.1.5 Let A € Tp(m). Then T C w(A).

PROOF. Since (V*,0,v) € Ki.., we can choose a word a € v(A) such that |a] < m.
Evidently Mo...o M C Substy(a) € we(A) € w(A). In view of Mo M C M
laf ti

and taking into account that |a| < m, we have Mo...oM C Mo...o M. Thus

m times || times

T=Mo..oMCuw(A). B
—_—

m times
In order to make the formulation of the next lemma more readable we introduce the

following two subsets of W* (recall that ¢ stands for the empty word).

Q = PUVTUM
Qv = {e}UQU(QoQ)U(QoQoQ)U...

Lemma 5.1.6

(i) QuoPoQ, CPUT

(i) QwoPoQuoMoQ, CT
(i) QoMo QuoPoQ,CT
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PROOF.
(1)
From Lemma 5.1.2 (q), (m), (i) and (k) we obtain Qo (PU7T) C PUT. Now we can
easily prove Qo ...0 QoP C P UT by induction on .
—_——

| times

From Lemma 5.1.2 (q), (p), (h) and (j) we obtain (PU7 )0 Q C PUT. By induction
on [ we see that Q. coPoQo...0cQ CPUT.
—_—

(ii)
We prove that (Qw 0P o0 Qs)oMoQo...0Q CT by induction on [.
(e —

| times

| times

Induction base. First we apply (i). Further, from Lemma 5.1.2 (h) and (j) we obtain
(PUT)oMCT.
Induction step. From Lemma 5.1.2 (j) we see that 7 o0 Q C 7.
(iii)
We prove that Qo...0 QoMo (Qy 0P o Q) C 7 by induction on I.
(e —

| times

Induction base. From Lemma 5.1.2 (i) and (k) we obtain Mo (PUT) CT.
Induction step. From Lemma 5.1.2 (k) we see that Qo7 C7. R

Lemma 5.1.7 W™, o, w) is a Tp(m)-quasimodel.

PROOF. We verify the conditions (1’) and (2) from the definition of a Tp(m)-quasimodel
at page 5.

(1)
Let AeB € Tp(m) and v € w(A+B). We must prove that v € w(A) o w(B).
CASE 1: v € u(A.B)
Obvious from Lemma 4.1 (i).
CASE 2: v € wy(AsB)
Evidently v € Subst (') for some 1" € v(A«B) = v(A) o v(B). Thus v/ = o/ o #, where
o € v(A) and B’ € v(B). According to Lemma 5.1.3,
Subst (7)) = Subst y(a’) o Substp(3') C wo(A) o wy(B).

@)
Let Ay,...,A,Be€Tp(m), LE A;...A—B, a; € w(Ay), ... € w(A;). We must prove
that ag o...0q; € w(B).
Case 1. (Vi <l)a; € u(4)
According to Lemma 4.1 (ii), ag 0 ...0a; € u(B)UT.
In view of Lemma 5.1.5, ay o... 0y € w(B).
CaseE 2: (V) <) a; € wo(4))
This means that for every number j < [ there is a word §; € wv(A;) such that
a; € Substyp(B). According to Lemma 5.1.3, a3 o...0a; € Substy(f10...0 ).
Note that B10...008 € v(Aj)o...ov(A;) C v(B), since (VT 0,v) is a Tp(m)-quasimodel.
Thus aj o...0a; € we(B).
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CASE 3: (I <)oy ¢ u(A;) and (35 <1)a; ¢ wo(A4;)
Evidently «; € wg(A;). From Lemma 5.1.4 (ii) and Lemma 4.1 (vi) we obtain
a; € v(A;) UM and «; ¢ v(A;) respectively. Thus «; € M.

Evidently «; € u(A;). From Lemma 4.1 (vii) and Lemma 5.1.4 (i) we obtain
a; € v(A;) UP and «; ¢ v(A;) respectively. Thus o € P.

Note that ap € Q for every k' < [. According to Lemma 5.1.6 (i) and (ii),
a1 o...o0qp € T. It remains to apply Lemma 5.1.5. H

We continue the proof of Lemma 5.1. The desired word o € W™ is taken to be
a=m(g, k).
()
Let A € Tp(m). We must verify that w(A) NVt = v(A).
From the definition of w we see that w(A) N VT = (u(A) N V1) U (we(A) N V).
According to Lemma 4.1 (vi) and (vii), and Lemma 5.1.2 (a) we have u(A) N VJr =
On the other hand, in view of Lemma 5.1.4 and Lemma 5.1.2 (c), wo(A) N VT = v(A).
(i)
Immediate from Lemma 4.1 (iii).
(i)
Immediate from Lemma 4.1 (iv), if we take into account that 7(g, k) ¢ VT UM and thus
(g, k) ¢ wo(F) for any F € Tp(m).
(iv)
Immediate from Lemma 4.1 (v), if we take into account that m(g, k) o6 ¢ V+ U M and
thus m(g, k) 0 6 ¢ wo(F) for any F € Tp(m). W
Before proving that the Lambek calculus is L-complete we have to verify that the

class Kfy. is not empty.

Lemma 5.2 The class K

Free S MOt empty.

PROOF.
We define the positive count # as the following mapping from types to positive integers.

#pi = 1
#(A.B) = #A+#B
#(A\B) = max(1,#B — #A)
#(A/B) = max(1,#A — #B)

The positive count of a sequence of types is defined in the natural way.
#(A . A) 2 HFA .+ F#HA
Lemma 5.2.1 For any type A, #A < ||A]|.

Lemma 5.2.2 If L+ T—A then #I' > #A.
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PrOOF. Straightforward induction on the length of the derivation.
CAsE 1:  Axiom

Obvious. n

CasgE 2: (—\) Given ﬁ (—\) where IT # A.

By the induction hypothesis #A + #I1 > # B, whence #I1 > #B — #A. On the other
hand, for any non-empty sequence of types II, #I1 > 1.

Thus #I1 > max(1, #B — #A) = #(A\B).

CASE 3: (—/)

Similar.

Cast 4: (\—) Given @FE:&\E)BAA:CQ (\—)

By the induction hypothesis #® > #A and #I' + #B + #A > #C.

Note that #(A\B) > #B — #A.

Hence #T + #® + #(A\B) + #A > #T + # A+ (#B — #A) + #A > #C.
CASE 5: (/=)

Similar.

. r-A A-—B
CASE 6: (—+) Given ﬁ(_}‘)

If #0 > #A and #A > #B, then #I + #A > #A + #B = #(A+B).
: _TABA—C
CASE 7: (+—) Given T(A-B)A—C (=)

Evidently #(I'(A«B)A) = #(TABA). B
Now we define a Tp(m)-quasimodel (VT o, v).

V#{(lo} U(A)#{aoo...oaﬂkZ#A}

k times

It is immediate from Lemma 5.2.1 and Lemma 5.2.2 that (VT 0,v) € K. This com-
pletes the proof of Lemma 5.2. W

Theorem 3 The Lambek calculus is complete with respect to the class of all language
models (L-models).

PROOF. Let Lt/ E—F. We are going to prove that there is an L-model (W', o, w) such
that

(i) WC{a;|jeN}
(i) w(E) £ w(F).

Evidently, there is a natural number m such that £ € Tp(m) and F' € Tp(m). We
apply Lemma 5.1 putting § = ¢ (the empty word) and taking any L-model from g, as
(V*,0,0) (cf. Lemma 5.2). Thus we obtain an L-model (W, 0, wy) € K& . such that
wo(E) € wo(F) (see Lemma 5.1 (ii) and (iii)).

To apply Theorem 1, we must first verify that the class Kf,, is witnessed. This follows
from Lemma 5.1 (i), (ii), and (iv). W
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Theorem 4 The Lambek calculus is complete with respect to the class of all language
models over a two symbol alphabet {b, c}.

PrOOF. Let L t/ E—F. Following the proof of Theorem 3 we find a free semigroup
model (V*,0,v), where V C {a; | j € N}, such that v(E) € v(F) and v(A) # 0 for
every A € Tp(m). We take W = {b, ¢} and define a function g: V* — W+ as follows.

glaj)=boco...ocob  glaof)= g(a)og(h)

j times

Now we put w(p;) = {g(v) | ¥ € v(p;)} for every primitive type p; and define w(A) for
complex types like in the proof of Theorem 1.

By induction on ||A]| we see that w(A) = {g(y) | v € v(A)} for every A € Tp(m).
Thus w(E) € w(F). &

6 Weights

In this section we assign to every derivable sequent of the form I'—B«C a set of positive
integers. These integers are “weights” of the type B with respect to different derivations
of '=B«C. The main properties of the weights are the following.

e Given a fixed sequence I, there is only a finite number of possible values for the
weights of B with respect to derivations of I'— B«C'.

e If the weights of B; and By with respect to some derivations of I'—B;«C; and
['— By+(C5 are equal, then the sequents I'— By+(Cy and I'— By+('; are derivable in the
Lambek calculus (cf. Lemma 6.8).

At the end of this section we shall prove Lemma 3.1. The domain Dr of the quasimodel
(Vr C Dr x Dr, 0, ur) will consist of all possible values for the weights corresponding to
the antecedent I'.

6.1 Calculus L* with multiple succedents

Here we introduce an alternative axiomatization of the Lambek calculus.
The sequents of L* are of the form I'—=A, where I' and A are non-empty sequences of
types. The intended interpretation of A;... A,,—B;...B, is Aje...¢A,,—Bjs...+B,.
The axiom scheme is II—II, where 1T # A.
The rules of L* are the following.

All—B d—-A TI'BA—O
ITA—B d—-A T'BA—O
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['—-O(A.B)= I'(A-B)A—©O

Frases - (CO)

We shall label L#-derivations with symbols D, Dy, D', etc. We write L* F T’ 2 O for
‘D is an L*-derivation of I'—©’.

6.2 Equivalence of " and L
Lemma 6.1 L*+FT—A;... A, if and only if LFT—A....:A,.

Proor. ‘If’ part.
Straightforward induction on the length of a cutfree derivation of '—=Aje...«A,.
‘Only if’ part.
Induction on the length of the L#-derivation of '—A; ... A,.
In the case of the rule
I'—=Cye...sC,,ABDqs...+D, ()
[—Chs...sCy(AeB)Dye ... oD,

we apply cut with the sequent
((Cye...sCpeA)eB)eDye...eDy—(Che ... eCrpe(AeB))eDye. ..o D,,.
In the case of the rule
I'—A,...A, A—By...B,
I'nN—A,...A,B;...B,

we apply cut with the sequent Cs(...(B1+Bs)...eBy,)—(...((CeBy)eBy)...+B,,), where
C=A.....A,.
Other cases are trivial. W

(CON)

Lemma 6.2 The rule

I'—II
1s admissible in the calculus L*.
Proor. We derive in L*.
A—II (=)
eA)ST (=)

According to Lemma 6.1 L - I'—(eA) and L I~ (e A)—(eII). By an application of cut we
obtain L - I'—(ell), whence L* - I'—Il. W

Lemma 6.3 The rule (s+—) is reversible in L*.
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6.3 Definition of weights

For any sequence I' € Tp(m) we denote by |I'| the sequence of primitive types obtained
from I' by omitting parentheses and connectives. Thus [I'| is a word in the alphabet
{p1,p2,ps, ...} Note that [[T'|| = |[T']].

Example 3
Lpl (pl\(P2'P3))J = P1P1P2P3

We are going to associate with every L*-derivation I' 2 C:...C, a fragmentation
of [I'| into n continuous subwords (i, ..., (, such that [I'| = (j0...0(,, where o denotes
concatenation of sequences of types. This will be done by induction on the length of
the derivation D. The weight of the type C; (where 1 < i < n) w.r.t. the derivation
I B ¢, ...C, is the length of ¢; and it is denoted by w2 (C,).

Obviously, the words (y, ..., (, are uniquely defined if WD(Cl), e WD(C’n) and I’
are given. The following definitions and lemmas are given in terms of wD(Ci), not ;.

We shall write wD(CiCiH ... Cy) for wD(Ci) + wD(CZ-H) +...4 wD(Cj).

Definition. The weights are defined by induction on the length of a derivation.

Case 11 Axiom Cy...C. B¢y ...C,.
WP (Cy) = |||

BB ()
CASE 2: (—)) 1 D A\B
wD(A\B) = |11
MIA—-B (—/)
CASE 3: (—/) 12 B/A

wP(B/A) = |1

o224 rBaZc,. c,

CASE 4: (\—))
re(a\B)A 2 e, ..o,

(\—=)

A~

D) = { WP (C) + [|@f + Al if wP(Cy ... Cim) < |IT)| and wP(Cy ... Ch) > ||

A

wD () otherwise

224 B8AZ¢,. . .C,

CASE 5: (/=)
rs/aea B e, .. .c,

(/=)

A~ A

D) = wD(C) + 1] + Al if wP(Civr ... Co) < JIA] and wP(C; ... C,) > A
WD(OZ') otherwise
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CASE 6:  (—) —e)
r 2 o(a.p)=
WP(aB) = wP(4)+wD(B)

WD(C’) = WD(O) for any placed type C in © or =

—)

D
CASE 7: (+—) [ABA = © (

['(A-B)A D S)
wD(C) = wD(C) for any placed type C'in ©

r2a4,...4 AZpB . B,

A2 A, AB, . B,

Case 8: (CON) (CON)

Lemma 6.4 If LF T D Cy...C,, then WD(OZ') > 0 for every i <n.

Lemma 6.5 If L*F T D Cy...C, then wD(Cl LCh) =T
ProOOF. Straightforward induction on the length of the proof D. The only non-trivial
rules are (\—) and (/—). We consider the following case.

824 rBaZc,. .c,

(\—)
re(A\BA 2 ¢,...c,

By the induction hypothesis WD(Cl ...Cy) = |IFBAJ > |I'|]. Consequently there exists
a unique number i( such that WD(Cl ...Ci—1) < ||| and WD(Ol ...Cy) > ||T|l. Evidently

A

WP(C...C) =wP(Cr...C) + @] + | A = [TBA[| + || + | A
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6.4 Properties of weights

The aim of this section is to prove two properties (Lemma 6.8 and Lemma 6.9 (i)), which
will later be used in the proof of Lemma 3.1.

1
Lemma 6.6 IfTIII 2> 00/, © £ A, ©' # A, and wP"(©) = 11|, then

(i) there is a derivation D of the sequent I1—O such that wD(C) = WD”(C) for any placed
type C' in O,

(i) there is a derivation D' of the sequent II'—©' such that WD/(O) = WD”(C) for any
placed type C in ©'.

PROOF. Induction on the length of D”.

824 rBaZc,. .c,

re(A\BA 2 ¢, ...,

Note that, for all k, either w2 (Cy...C) < ||| or w2 (Cy...Cy) > ||| + ||®] + ||A]l.
Thus we have two subcases.

o 24 rrpa oo

CASE 1:

(\—)

CASE la: o (\—) and wP(©) = ||T|
IT'®' (A\B)A = 00/
P 2 A TBAA 2 00’ D

CASE 1b: (\—=) and w”(0) = ||TBA||

/!
ra(A\B)AA 2 oo
Both subcases are easily reduced to the induction hypothesis.
The rule (/—) is treated similarly, other cases are trivial. W

Lemma 6.7 ]f LH H10A1 12} @151, L+ + HQOAQ 22 @252, and
0 < wP1(01) — ||| = wP2(65) — [T, < [,
then there is a derivation D of the sequent 1I;CAy—©O1=5 such that

(i) wD(B) = le(B) for any placed type B in Oq;

(ii) wD(B) = WDQ(B) for any placed type B in =s.

ProOOF. Induction on the total length of Dy and D,. Neither D; nor D, can be axiomatic.
We distinguish three cases.

CASE 1: (' is the main type of the last rules of both Dy and D-.

CAsE la: C = E\F

Given
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D, 2} E T'h'FA 2} 015 D, 222 E Ty2FA, 22 O2=,

(\—)

5=t (=) 2
qu)l(E\F)Al — @151 FQ@Q(E\F)AQ — @QEQ
Here H1 = qu)l and H2 = FQCNI)Q.

First we verify that 0 < wP1(0,) — [Ty || = wP2(6,) — |Ta|| < || F|| and next we apply
the induction hypothesis to D; and D;.

If le(@l) < [[T'1]| then, by the definition of the weights, le(@l) < Ty < [Tyl
This is in contradiction with 0 < wP1(6;) — ||IL || Thus wP1(6;) > |I1].
Further, by the definition of weights, w21(0,) = wP1(01) + ||®1]| + || E|.
Therefore
> D
wP1(O) = [Tyl = @1 (O1) = @1l = [ BIl) = [IT1]| = («P1(01) = 111 ) - | E]

and simlarly )
P2(0,) — T = (WP2(82) — [T2®a])) — |1l

By the assumption of the lemma, the right hand sides of these equalities are equal.
This proves WD1(®1) —[|T1]| = WD2(®2) — [|Tq]|-

Now we see that

D D
wP1(0) — 1| = (WP1(©1) — [T1®1 ) — | E|| < | ENF|| - | E]| = ||F].
By the induction hypothesis we find a derivation D of the sequent I'1 FA;—©;Z,.

D Do
@1 —} E PlFAQ — @1:2 (\_))
D, =
Flél(E\F)AQ — @152

CAse lb: C=E/F

This case is treated in the same way as case la.
CASE lc: C = E.F

Given

A~ A

L,EFA, 2 0,z - LEFA, 2% 0,2,
M (E-F)A; 24 e,5, My (E-F)A, 22 0,5,

(+—)

If le(@l) = ||TL;|| + || E||, then we find an appropriate derivation of
I EF Ay—©; =5 from Lemma 6.6 applying the rule (CON), otherwise from the induction
hypothesis of this lemma. After that we derive

HlEFA2—>@152
Hl (EOF)A2—>6152

(+—)
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CASE 2: (' is not the main type of the last rule of D;.
We consider different subcases depending on the last rule of D;.
CASE 2a: (\—>)

CASE 2a.i: Given

D Dy . _
@1 —} E1 FlFl\IllCAl —; @1:1 (\_})
D — D -
Flél(El\Fl)\Ijchl —} @1.:1 HQCAQ —g @252

It follows immediately from the definition of weights that
WD1(®1) — |0 P10 ]| = WD1(®1) — ||IT1®1(E1\ F1)¥1||. Thus we can apply the induction
hypothesis to D; and Ds.

o, 2 g, 1r,Ru.00, RosE,

D, =
Flél(El\Fl)\IjchQ — @152

(\—)

Other subcases are similar to case 2a.i.
CASE 3: (' is not the main type of the last rule of D,.
Similar to case 2. N

Lemma 6.8 If L' F T 2} 0,5, Lt T 22 ©,5,, and wP1(01) = wP2(0,) then there is
a derivation D of the sequent '—01Z5 such that

(i) wD(B) = le(B) for any placed type B in Oq;
(ii) wD(B) = WDQ(B) for any placed type B in =s.

PROOF. Let I'= A, ... A,. Take k = min{i | ||A4;... Al > wP1(01)}.
CaSE 1: [|A;... Ap] > wP1(0))
Evidently ||A; ... Ap_1| < wP1(01) =wP2(0,) < ||Ay ... Ary| + || Akl

We apply Lemma 6.7 with C' = A, II; = I, = A;... A1, and Ay = Ay =
Apyr. .. Ap.
CASE 2. || A;... Ay = wP1(6y)
If £ = 0 then take D = D,. If K = n then take D = D;.

If0 < k < n, then L* F Ay ... Ay—sOy, LF - Apry... Ay—Ey, LF F Ay ... Ay—Os,
and LM Agyq ... A,—E according to Lemma 6.6. Applying the rule (CON) we obtain
LHE A1 e AkAk-H e An—>@152. |

There are several cut rules admissible in L*. We are interested in the following rule.

'—-0A=Z A—-V
—ev=
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Lemma 6.9 (i) If L+ T 2} OA= and LM H A D ®, then there is a derivation D of
the sequent I'=O®= such that WD(A) = le(A) for any placed type A in © and
WD(B) = WDI(B) for any placed type B in =.

y D, Dy , — D

(i) If L* + T1 = O©A;, LM F T3 = A3Z, and L* + AjAg = ®, where Ay and Az
are non-empty, then there is a derivation D of the sequent I''\I'3s—O®P= such that
WD(A) = w1 (A) for any placed type A in © and WD(B) = WD3(B) for any placed
type B in =.

() L E Ty 2 OA, Li - Ty 22 Ay, L - Ty 23 AyZ, and L' - AyAgAs B @, where
A1 and As are non-empty, then there is a derivation D of the sequent I'1['s]'3—O®=
such that WD(A) = WDI(A) for any placed type A in © and WD(B) = WD3(B) for
any placed type B in Z=.

PROOF. First we prove (iii) by induction on the total length of D; and Dj. After this it
is easy to prove (ii) and (i) in the similar way.

We consider a number of cases depending on the last rules of D; and Dj in (iii).
Casg 1: (CON) in Dy

CASE la:
—eA; I'—A]
T eA A (CON) -
P1F1—>®A1A1 F2—>A2 P3—>A3: A1A2A3—>¢)
F1F3F2F3—>®<I>E
4
M—A, T'y—A
A (CON) -
F1—>@A1 P1F2—>A1A2 F3—>A3: A1A2A3—>¢)
F1F’1F2F3—>@¢>E
CASE 1b:

P/1—>@/ F1—>®A1

N
F/1F1—>®/@A1 (CO ) F2—>A2 P3—>A35 A1A2A3—>q)
FIIF1F2F3—>®/®CI)E
U
F1—>@A1 F2—>A2 F3—>A35 A1A2A3—>q>
P/1—>@/ F1F2F3—>@¢)E

Case 2. (\—) in D,

v—A TI'BII-0A, (\—)
F\IJ(A\B)HH@Al F2—>A2 F3—>A35 A1A2A3—>q>
['W(A\B)III,[3 00z
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U
FBH—>@A1 F2—>A2 F3—>A3E A1A2A3—>¢)
UV—A I'BIIT's—0P= (\—)
T'W(A\B)IIL,T s —O3=

CASE 3: (/—) in Dy

V—A TI'BII-0A, (\—)
F(B/A)@H—)@Al F2—>A2 F3—>A35 A1A2A3—>q)

['(B/A)VIIT,[3—0dE
¢
FBH—)@Al F2—>A2 Fg—)AgE A1A2A3—>@
UV—A I'BIIT ', I's—O®= (\—)
['(B/A)WIIL,I5—0d=
CASE 4: (—+) in Dy
I''—OWVABII (=)
F1—>@\I](AOB)H F2—>A2 F3—>A35 \IJ(A'B)HAQAg—)q)
F1F2F3—>@®E
¢
VABUAA—®
[ —OUABIl Ty—A, T3—A;Z U(AB)IAA;—
F1F2F3—>@<I)E

CASE 5: (+—) in Dy

Similar to case 2.

CASE 6: (CON), (\—=), (/=), (=), or (+—) in Dj

Similar to the corresponding case for D;.

CASE 7: (—)\) or (—/) in Dy and (—\) or (—/) in D;

Evidently, both © and = are empty. According to Lemma 6.2, L* - I'1 [, ['3—®. W

6.5 Construction of the R-models (Vr,o, ur)

ProoOF or LEMMA 3.1. We must construct a family of quasimodels
(Vi C Dr x Dr,o,ur) indexed by sequences of types I' € Tp*, such that (Vr,o) € Sz
for any I' (cf. Example 1 (f)).

We have to point out designated elements ¢ € Dy and xr € Dr such that

(i) (VI € Tp*) (VC € Tp) (¢, xr) € vr(C) < L+ T—C
(11) (VF c Tp*) (VH € Tp*) Dr CDrg and Vr C Vg
(iii) (VI' € Tp®) (VIL € Tp®) (VC' € Tp) vr(C) € vrn(C)
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(iv) (VI' € Tp*) (VB € Tp) {xr, xrs) € vra(B)

This is done as follows.
Dp={ieN[0<i<|I[}
Vr={@j)e NxN|0<i<j<|T|}
UF(C) ﬁ
{(i,j) e Vr | (3@ € Tp") (F=E € Tp*) (ID) L* F T = OC=E, w(0) =i, w~ (0C) = j}
v=0 xr=|T]
First, we verify that for any I" € Tp*, (Vr, o, ur) is a quasimodel.
(1) UF(A) e} UF(B) Q UF(AOB)
Let (i,) € vr(A) and (j,k) € vr(B). This means that L* - T 2} ©,A%,, L* -
D2 — ©,BE,, le(@ ) =1, le(@ A)=j,w DQ(@Q) = j, and WDQ(@QB) = k. According
to Lemma 6.8, L* - T Do 1ABZ,. Further, L* T 24 @ 1(A+B)=5. Note that WD’ (0,) =
i and wP' (©1(AB)) = k. Thus (i, k) € vr(A.B).
(1) wr(A-B) € vr(A) o vr(B)
Let (i, k) € vr(AeB). This means that L* - T' — D, (A«B)Z, WDI(@) =i, wP 1(©(AB)) =
k. Note that L“ F (AsB)—AB. Accordlng to Lemma 6.9 (i) there is a derivation D such
that L F T 2 ©ABE, wP(0) = i, wP(OAB) = k. Let j = wP(0A). Evidently
(i,7) € vr(A) and (j, k) € vr(B).
(2) 5
Let L - A—B and (i, j) € vp(A). This means that L* - T' = ©AZ, WDI(@) = i, and
le(@A) = j. In view of Lemma 6.1, L* - A—B. According to Lemma 6.9 (i) there is
a derivation D such that L* F T 2 ©B=, WD(@) =1, WD(@B) = j. Thus (i, j) € vp(B).
Now we verify that (Vr, o, vr) satisfies (1)—(iv).
(1)
Let L T—C. Then L* F T 2 ¢ and wD(C) = ||T|, whence (0, T[]} € vr(C).
For the converse, let (0, |I'|]) € vr(C). Then L* F T’ £2 OC=E, WD(@) = 0, and
Dec) = 1| =wP(OCE=). Thus © = A and = = A.
(i)
Obvious.
(iii)
Let (i,7) € vr(C), ie., LM T L2 OCE, WD(@) = 4, and WD(@C') = j. Applying the
/
rule (CON) we obtain L# F Il 2 OCEI, wP' (©) = i, and wP (6C) =
(iv)
. o D D D
There is a derivation D such that L* - I'B = I'B, w” (') = ||T'|| = xr, and w~(I'B) =
HFBH = xrg. Thus <XF7XFB> € UFB(B). |
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