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Introduction

The question about the position of categorial grammars in the Chomsky hierar-
chy arose in late 1950s and early 1960s. In 1960 Bar-Hillel, Gaifman, and Shamir [1]
proved that a formal language can be generated by some basic categorial grammar
if and only if the language is context-free. They conjectured (see also [7]) that the
same holds for Lambek grammars, i. e., for categorial grammars based on a syn-
tactic calculus introduced in 1958 by J. Lambek [10] (this calculus operates with
three connectives: multiplication or concatenation of languages, left division, and
right division).

The proof of one half of this conjecture (namely, that every context-free lan-
guage can be generated by some Lambek grammar) in fact coincides with the proof
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for the case of basic categorial grammars. The converse remained an open prob-
lem for several years. A proof was proposed in [8], but it contains an error (this
was pointed out in [3]). W. Buszkowski [3, 4, 5] obtained partial results for the
fragment without one division and for a product-free fragment with a restriction
on division nesting.

In [2] J. van Benthem mentioned the conjecture as an open problem of con-
temporary mathematical linguistics.

From the logical point of view the Lambek calculus is more interesting than
the calculus behind basic categorial grammars. In particular, the rule of equivalent
type substitution is admissible in the Lambek calculus.

It is known that the Lambek calculus can be embedded into certain fragments
of noncommutative linear logic and cyclic linear logic.

Our main aim is to prove the conjecture about context-freeness of all languages
generated by Lambek grammars.

This is achieved using a free group interpretation of noncommutative linear
logic, a modification of the Craig interpolation property proof by Maehara and
Schiitte, and combinatorial techniques.

Main results are the following.

(1) We prove context-freeness of languages generated by categorial grammars
based on any of the following calculi:
e the Lambek calculus,
e the Lambek calculus allowing empty premises,
e the Lambek calculus with the unit,
e the multiplicative fragment of cyclic linear logic.
(2) We prove that all elementary fragments of the Lambek calculus have the
Craig interpolation property.
(3) We prove that the conjoinability relation (on syntactic types) is decidable
and that it is complete with respect to the free group interpretation.

Section 1 defines main notions. Context-free grammars and languages are
defined in 1.1.

Subsections 1.2, 1.3, and 1.4 contain definitions related to the Lambek syntactic
calculus. This calculus deals with syntactic types (we shall call them simply types
for shortness) which are built from primitive types using three binary connectives:
multiplication, left division, and right division.

Lambek categorial grammars, which are based on the Lambek syntactic calcu-
lus, are defined in 1.5.

In Section 2 the free group interpretation of the Lambek calculus is studied.
In 2.1 we define this interpretation as the natural translation of the three connectives
of the Lambek calculus into multiplication, left division, and right division in a free
group.

In 2.2 correctness of the Lambek calculus with respect to this interpretation is
proved. Note that completeness with respect to this interpretation does not hold.
The exact relation between Lambek calculus derivability and equality of images of
types in the free group will be elucidated later in Section 8.

In 2.3 we establish a fact about free groups. This fact will be needed to prove
the main lemma in 5.3.
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Section 3 introduces the notion of a thin sequent (a sequent in which every
primitive type involved in it occurs precisely once positively and once negatively).
It is proved that every Lambek calculus derivation can be obtained via substitution
from a derivation containing only thin sequents (the same holds for multiplicative
fragments of linear logic systems, both commutative and noncommutative).

Section 4 contains the proof of the Craig interpolation theorem for the Lambek
calculus (4.1). This proof, based on the technique of Maehara and Schiitte, is a
simple modification of D. Roorda’s proof for a variant of the Lambek calculus
allowing empty premises.

In 4.2 we prove that in the case of a thin sequent the length of the interpolant
constructed according to the technique of Maehara and Schiitte is equal to the
length of the reduced word that represents the interpolated part of the original
sequent in the free group interpretation. This fact will play essential role in 5.3.

Section 5 is devoted to the proof of the main result: all languages generated
by Lambek grammars are context-free. In 5.1 the construction of a context-free
grammar corresponding to a given Lambek grammar is given. A finite set of Lambek
calculus types is used as the non-terminal alphabet of the context-free grammar.
The context-free productions are based on derivable Lambek calculus sequents of
bounded length.

The trivial natural relation between context-free grammars and calculi based
on the cut rule is formalized in 5.2.

In 5.3 we prove the main lemma, which states that the Lambek calculus is
conservative over a calculus corresponding to the context-free grammar constructed
in 5.1.

The theorem about context-freeness of all languages generated by Lambek
grammars is proved in 5.4. (We give an improved exposition of the proof pub-
lished in [12, 14, 16].)

Section 6 deals with the Craig interpolation property in elementary fragments
of the Lambek calculus. We prove that the fragments L(\, /), L(\), and L(/) have
the interpolation property (6.1). The same about other elementary fragments is
known due to D. Roorda [18, 19].

In addition, we introduce the notion of generalized interpolation property,
which is of interest in fragments without multiplication. It is proved that the
fragments L(\) and L(/) have the generalized interpolation property (6.3), whereas
L(\,/) (the product-free Lambek calculus) does not (6.2). These results were first
published in [16].

In Section 7 an analog of the main theorem from Section 5 is proved for the
product-free Lambek calculus. Here the non-terminal alphabet of the obtained
context-free grammar is a finite set of product-free types. The proof is essentially
the same as in [17]. In [6] W. Buszkowski presented a similar proof for the case if
the designated type of a Lambek grammar is primitive.

In Section 8 we give the definition of conjoinable syntactic types (from [2]) and
prove that two types are conjoinable if and only if their free group interpretations are
equal (this result was published in [11, 13, 15]). This yields a positive answer to the
decidability problem for the conjoinability relation. (The problem was formulated
in [2].)

Section 9 deals with the multiplicative fragment of cyclic linear logic. Here
all results and proofs are analogous to those concerning the Lambek calculus.
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The multiplicative fragment of cyclic linear logic is defined in 9.1. Next, in 9.2
we define grammars based on this fragment. Correctness of the multiplicative
cyclic linear logic with respect to the free group interpretation is established in 9.3.
Thin sequents for the multiplicative cyclic linear logic are defined in 9.4. The
interpolation theorem for this fragment is proved in 9.5. Finally, in 9.6 we formulate
the following theorem: the class of languages generated by grammars based on the
multiplicative fragment of the cyclic linear logic coincides with the class of all
context-free languages.

The author would like to express his most sincere gratitude to his thesis advisor
Prof. S. N. Artemov for formulating the task and for invaluable assistance through-
out the research and manuscript preparation, to Prof. M. I. Kanovich for helpful
discussions at his lectures on formal grammars in 1992/1993 at Moscow State Uni-
versity, to Prof. V. A. Uspensky, Prof. S. I. Adian, and Prof. J. van Benthem for
their attention to this work.

1. Preliminaries

By N we denote the set of all natural numbers including 0. By Z we denote
the set of all integers.

Let M be any non-empty set, called an alphabet. We shall call its elements
letters. We define a word over the alphabet M as a finite (possibly empty) sequence
tits ... t, of elements of M. Two words tits...t, and s1Ss...S,, are equal if and
only if they coincide as sequences, i. e., if n =m and t; = s1, to = S92, ..., tn, = Sp.
The empty word will be denoted by . Let M™* stand for the set of all words over
the alphabet M. The set of all non-empty words over the alphabet M will be
denoted by M. We call a language any set of words.

The length of a word is defined in the natural way: [tits...¢,] = n.

1.1. Context-free grammars.

DEFINITION 1.1. A context-free grammar is a quadruple (T, W, o, R), where T
and W are two disjoint finite sets, o is an element of W, and R is a finite set of
context-free productions of the form a = u, where « € W and u € (T UW)*. The
set 7 is called the alphabet of terminal symbols, whereas the set W is called the
alphabet of non-terminal symbols. The symbol o is called the start symbol.

A word w' is directly derivable from a word w in a grammar (7, W, o, R) iff
w = viavs, w' = viuve for some vi,v2 € (T UW)T, and a = u is a rule from R.
We say that w’ is derivable from w in (T,W,0,R) iff there exists a sequence of
words wy, wy, ... wy such that w; € (T UW)*, w = wg, w’ = wy, and for every
i <n —1 the word w;41 is directly derivable from w;. The language generated by
the context-free grammar (T , W, 0, R) (denoted by G(T, W, 0, R)), is defined as the
set of all words over the alphabet 7 that are derivable in this grammar from the
one-letter word o.

REMARK 1.2. Many authors allow to use productions of the form o = ¢ in
context-free grammars. It is well-known that the difference is inessential. Namely,
for every context-free grammar that involves rules of the form a = ¢ one can
effectively construct a context-free grammar in our sense so that the difference of
the languages generated by these two grammars is either empty or contains only
the empty word (cf. [9]).
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DEFINITION 1.3. A language is called context-free (or algebraic) iff there exists
a context-free grammar that generates the given language.

1.2. Lambek calculus. We consider the syntactic calculus introduced in [10].
We shall denote it by L and call it the Lambek calculus. This calculus occupies a
central position in modern research in categorial grammar (cf. [2, p. 31]).

Assume that a countable set Var = {pi1,p2,ps,...} is given. The elements
of this set will be referred to as primitive types. The Lambek calculus involves
three binary connectives o, \, / that are called multiplication, left division, and right
division, respectively.

Let Tp be the smallest set satisfying the following two conditions:

e Var C Tp;
e if A€ Tp and B € Tp, then (AeB) € Tp, (A\B) € Tp, and (A/B) € Tp.
The elements of Tp will be called syntactic types or simply types.
In some cases we shall omit parentheses with the convention that

o AeBe( stands for (AeB)e(;
e the connective o has higher precedence than \ and /.

Capital letters A, B, ... range over types. Capital Greek letters range over
finite (possibly empty) sequences of types. The empty sequence of types is denoted
by A. The letters p and ¢ range over primitive types.

Sequents of the Lambek calculus are of the form I' — A, where A is a type
and I' is a non-empty sequence of types. The left-hand side of a sequent is called
antecedent and the right-hand side is called succedent.

The axioms of the Lambek calculus are all sequents of the form p; — p;, where

p; € Var.
The derivation rules of the Lambek calculus are the following:
'—-A A—B IF'ABA - C
TA = 4eB (%) T(AeB)A —C )

Al — B (—\), where IT # A,

1 — A\B T'TI(A\B)A — C
IIA — B II - A T'BA—C
—_— = here IT #£ A
II— B I'BA— A

THA = A (cut).

The cut-elimination theorem for this calculus is proved in [10].

We write C = T' — A if the sequent I' — A is derivable in the calculus C. In
particular, L - I' — A means that the sequent I' — A is derivable in the Lambek
calculus.

1.3. Auxiliary notions.

DEFINITION 1.4. The length || A| of a type A is defined as the total number of
primitive type occurrences in A.

lpill =1 [[AeB|| = [[A\B]|| = [|A/B|| = ||Al| + [|B]|
The length of a sequence of types is defined in the natural way.

[Ar... Anll = [|A2]l + ... + [[An]l
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DEFINITION 1.5. The set of all primitive types occurring in a type A is denoted
by Var(A).

DEFINITION 1.6. For every primitive type p € Var we define two functions #;‘
and #, from the set Tp into N, and also a function #, from Tp into Z:

R 1, ifp=gq,

#;’r(q) T {0, if ¢ € Var and p # g,

#, (@) = 0,if ¢ € Var,
#,(AeB) = £1(A) + 4 (B),
#p, (AeB) = #,(A) +#,(B),
#5(A\B) = #,(A)+#}(B),
#, (A\B) = #}(A) +4#,(B),
#5(A/B) = #5(A) +4#,(B),
#, (A/B) = 4, (A)+45 (D),

#o(A) = #5(A) —#,(A).

These definitions are extended to sequences of types and to sequents as follows:

#;_(AlAn) = #;_(Al)+---+#;_(An)a

#;(AlAn) #;(A1)+"'+#;(An)a
#Hp(A1 .. Ay) #p(A1) + ..+ F#p(An),
#y (I — A) #y (1) + #5 (A),
#p (1 — A) #p (I0) + #, (A),
#p(Il — A) #p(A) — #p(10).

1.4. Variants of the Lambek calculus. Let a signature ¥ C {\,/, e} be
given. We denote by Tp(X) the set of all types containing only connectives from
the given signature X.

The elementary fragment of the calculus L corresponding to a signature X is
the calculus obtained from L by removing all types that do not belong to Tp(X).
We denote this elementary fragment by L(X).

The calculus L(\, /) is called the product-free Lambek calculus.

DEFINITION 1.7. The calculus L* (cf. [2]) is obtained from the original Lambek
calculus L by allowing antecedents to be empty and dropping the condition IT # A
in the rules (— \) and (— /).

Next we define the calculus Lj (the Lambek calculus with the unit).

DEFINITION 1.8. Let Tp; be the smallest set satisfying the following conditions:

e 1€Tpy;
e Var C Tpy;
e if Ac Tp,; and B€Tp,, then (AeB)€Tp,, (A\B)€Tp,, and (A/B)€Tp,.
The sequents of the calculus Lj are of the form I' — A, where A € Tp; and
I'e (Tpy)*.
The axioms of Lj are all sequents of the form p;, — p;, where p; € Var, as
well as the sequent — 1. The calculus Lj has all the derivation rules of L* and, in
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addition, the rule (1 —):
'n—-C¢C

A o )

1.5. Lambek grammars.

DEFINITION 1.9. A Lambek grammar is a triple (T, H,>), where 7 is a finite
set (the alphabet), H is a type of the Lambek calculus, and > is a finite binary
relation > C Tp x 7.

The language generated by the Lambek grammar (T, H,»>) is defined as the set
of all strings ¢; ..., over the alphabet 7 for which there exists a derivable (in L)
sequent Bj ... B, — H such that B; > t; for all i < n. We shall denote this language
by ,CL(T, H, D).

Categorial grammars based on other sequent calculi are defined similarly. For
the sake of unification of definitions we stipulate that the empty word is not included
in the languages generated by grammars based on L* and Lj.

2. Free group interpretation

2.1. Definition of free group interpretation. Let F'(Var) stand for the free
group generated by the enumerable set of all primitive types Var = {p1,p2,ps,...}.
By free group we mean the following particular representation.

We introduce the extended alphabet Var’, obtained by adding to the set Var
a new symbol pfl for each p; € Var. We shall consider reduced words over this
extended alphabet. A word u over the alphabet Var’ is said to be reduced if it does
not contain adjacent occurrences of p; and p; ! The empty word, denoted by ¢, is
also reduced. The set F'(Var) consists of all reduced words. Multiplication on this
set is defined by induction on word length.

o Ifu=u'p; and v = pi_lv’ for some ¢, then uv = u'v’.
o If u=u'p; ' and v = p;v’ for some i, then uv = u'v'.
e Otherwise uv is obtained simply by juxtaposition.

It is obvious that the product of any two reduced words is reduced. The identity
element of the free group F(Var) is the empty word e.

For any element u € F(Var), we define |u| as the length of the reduced word u.

DEFINITION 2.1. The free group interpretation (written as [ ]) is the following
mapping of types and finite sequences of types into F'(Var).

[pil = pi
[A4eB] = [A][B]
[A\B] = [A]7'[B]
[4/B] = [AlB]™

[A1... A)] = [Ad]...[Ax]
LEMMA 2.2. For any type A, |[A]] < [|4].

PrOOF. By induction on the construction of A. O
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2.2. Soundness.

LEMMA 2.3. If a sequent I' — C is derivable in the Lambek calculus, then
[TT =[]

D. Roorda obtained this result in terms of “atomic markings” and “balance”.
We present an immediate proof (from [11]) in terms of free groups.

PRrOOF. Induction on derivations.
Case 1. Axiom.
Trivial.
Case 2. (— o)
'-A A—>B
T'A — AeB
By the induction hypothesis [I'] = [A] and [A] = [B]. Consequently [I'A] =
[A][B] = [AeB].
Case 3. (e —)

(=)

PABA — C
(¢ =)

I'(AeB)A — C
Obvious.
Case 4. (— )
All—-B (—\)
1 — A\B

Multiplying the equality [A][II] = [B] by [A] ! on the left, one obtains [II] =
[A]~'[B]. Thus U] = [A\B].
Case 5. (— /)
Similar to the previous case.
Case 6. (\ —)

II—-A TBAC (\ =)

I'TI(A\B)A — C

If [II] = [A], then [IIJ[A]~' = . On the other hand, [[][B][A] = [C]. Thus
[CIT]LA]~ [BI[A] = [C], which yields [T][I][A\B][A] = [C].
Case 7. (/ —)
Similar to the previous case. O

2.3. A property of free groups. The following lemma demonstrates that
juxtaposed reduced words can reduce to the empty word only if at least one of the
given words “loses” at least half of its symbols during reduction with one of its
immediate neighbors.

LEMMA 2.4. Ifus,...,u, € F(Var), n > 1, and uy ... u, = €, then there exists
an index k < n such that |upugs1| < max(|ugl, [urt1]).

PRrROOF. For any two elements u; and u;11 in F(Var) there exist three reduced
words x;, Yii+1, and z;41 in F(Var) such that w; = iy 41, Uip1 = y;’iﬂrlziﬂ,
UUi+1 = TiZi41, and the words x;y; 41, yi_’ilJrlziH, x;2;4+1 are reduced. Evidently,
il = 2| + |yiisal [wira] = |yl + |zisal = | + |ziga] and Jugui| =
il + |zia].

Assume for the contrary that the inequalities |u;u;y1| > |u;| and
|uswir1| > |uip1]| hold for every index ¢ < m. From |uju;t1| > |u;| we obtain
|zi| + |Yii+1] < |®i| + |zi+1], whence |y; 41| < |zi41|, and consequently |y; iy1]| <
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%|’U,i+1|. Similarly, from |uiui+1| > |’U,i+1| we derive |yi,i+1| + |Z7;+1| < |$z| + |2:7;_|_1|7
whence |y; ;41| < |z;], which in turn yields |y; 1] < &|uq.

Now let us consider an arbitrary index ¢ such that 1 < ¢ < n. Recall that
w; = y;_luzi and, on the other hand, u; = x;y; ;4+1. Both words y;_117izi and x;;,i+1
are reduced and thus they coincide. In view of |y;11’i| < gl and |yi 1| < $|uil,
we have u; = y;ll’iwiymﬂ, T; = y;ll’iwi, and z; = w;¥;,i+1 for a suitable reduced
word w;. Note that both y;ll’iwi and w;y; ;41 are reduced.

Substituting in wu;...u, = € the word z;y; 2 for uy, ygil,nzn for u,, and
y;ll,iwiyi,i“ for u; (where 1 < i < n), we obtain xjwaws ... wy_12, = €.

Now we can check that the word ziwows...w,_12, is reduced. Note that
1wy is reduced, since 122 = 1 (ways2,3) is reduced. Similarly, wy,_12y is reduced,
since xp_12, = (y;ﬁlzﬁnflwn,l)zn is reduced. Finally, for every index 4 satisfying
1 < i <mn—1 the word w;w;y; is reduced, for x;z; 41 = (y;llﬁiwi)(wiﬂyi“’”g) is
reduced.

Thus we have established that the word zjwsws...w,_12, is reduced and
T1WaW3 . .. Wp_12, = €. Consequently each of the words z1, wa, ws, ..., Wnp_1,
and z, is empty. But they all must be non-empty, because |y;_ 11,i| < Lju,| and
|Yi,i+1] < 2|u;|. Contradiction. O

3. Thin sequents

In this section we introduce the notion of “thin” sequents and show that every
sequent derivable in the Lambek calculus may be obtained from some thin sequent
via substitution.

DEFINITION 3.1. A sequent IT — A is thin iff the inequalities #,; (Il — A) <1
and #, (Il — A) < 1 hold for every p € Var (i. e., each primitive type occurs in
the sequent positively at most once and negatively at most once).

DEFINITION 3.2. We shall refer to any function from Var to Var as a primitive
type substitution.

Every primitive type substitution ¢ induces a function from Tp to Tp (also
denoted by ¢):

p(EeF) = ¢(E)ed(F);
PENF) = ¢(E)\o(F);
PE/F) = ¢(E)/
We also extend the function ¢ to sequents:
(Er... By — F) = ¢(E1) ... 0(Em) — o(F).

LEMMA 3.3. Let ¢ be a primitive type substitution. If we replace in any Lambek
calculus derivation every sequent T' — C by ¢p(I' — C), then the tree obtained is a
correct derivation in the Lambek calculus.

PROOF. Induction on derivation length. O

THEOREM 3.4. A sequent I1 — A is derivable in the Lambek calculus if and only
if there exist a thin derivable sequent © — B and a primitive type substitution ¢
such that II — A = ¢(© — B).
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EXAMPLE 3.5. Consider the sequent (p/p)p — p/(p\p) in the role of 1T — A.
This sequent can be derived in the Lambek calculus as follows:

P=p PP
p—p (p/p)p—>p )
(p/p)p (P\p) — p (= /)
(p/p)p — p/(P\D) '

Take (¢3/92) @1 — q3/(q1\q2) as © — B. Let ¢(q1) = p, ¢(q2) = p, ¢(g3) = p. Then
q2 — 42 (3 — @3 (/_})
a—aqa (/%) e — g 0\ =)
(g3/92) 1 (q1\q2) — g3 )
(Q3/QQ)Q1 - QS/(Ql\QQ)

PROOF OF THEOREM 3.4. The ‘if’ part is an immediate consequence of
Lemma 3.3.

To prove the ‘only if’ part we consider an arbitrary cut-free derivation of I — A.
Let n be the number of axiom instances in the derivation. (Evidently, ||II||+ | A =
2n.) We introduce n new primitive types ¢i, ..., ¢, and assume a one-to-one
correspondence between axiom instances and new primitive types being given. The
substitution ¢ is defined as follows. If a new primitive type ¢; corresponds to an
axiom instance p; — p;, then ¢(g;) = p;.

Now we turn the given cut-free derivation of IT — A into a derivation of I' — C
so that ¢(I' — C') = II — A and the derivation structure remains the same. First
we replace each axiom instance by an axiom instance containing the corresponding
new primitive type. Next we spread this replacement down along the derivation
tree. This is possible due to the fact that in all derivation rules except the cut rule
every primitive type occurrence in the consequence has exactly one predecessor in
the premises of the rule. O

4. Interpolation

In 1991 D. Roorda [18] proved (using the method of Machara and Schiitte [20])
that the calculus L* has the Craig interpolation property. In the paper [19] he
remarked that the proof handles also the case of L. In Section 4.1 we present a
proof of the interpolation theorem for L. Essentially this proof copies D. Roorda’s
proof for L*.

The interpolation property in elementary fragments of the Lambek calculus
will be studied in Section 6.

4.1. Interpolation in L(\,/,e).

LEMMA 4.1. Let L - ®O¥ — C, where ® € Tp*, © € Tpt, ¥ € Tp*, and
C € Tp. Then there exists a type E such that
(i) LFO — E;
(i) L+ ®EV — C;
(iii) the inequality #;} (E) < min(#;(0),#, (C) + #,, (®W)) holds for every
primitive type p;
(iv) the inequality #, (E) < min(#, (0),#, (C) + #; (®V)) holds for every
primaitive type p.
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We shall write ®[0]¥ — C instead of POV — C' in order to show the selected
part of the antecedent.

Every type E that satisfies clauses (i) — (iv) is referred to as an interpolant
for © in the sequent ®[O]¥ — C.

PROOF OF LEMMA 4.1. Induction on the length of a cut-free derivation.
Case 1. Let ®O¥ — C be an axiom, i. e., C = ®OU. From © € Tp" it follows
that © =C and =¥ =A. We put £ =C.

In all the following cases the given partition of the conclusion of a rule induces
partitions of premises. By induction hypothesis one can find interpolants for the
premises.

Case 2. Consider the rule (— ).

AD[O]Y — B
sE[w—AB Y

By the induction hypothesis there is a type £ such that L - © —-FE, L+ AOPEV — B,
#, (E) < min(#7(0), #] (B) + #, (A2V)), and #, (E) < min(#, (0), #, (B) +
#5(ADW)) for every p € Var.

We verify that (i), (ii), (iii), and (iv) hold for the conclusion of the rule (— \)
with the same interpolant F as for the premise. The clause (i) is evident from the
induction hypothesis. The derivation

APEY — B (=)
PEV — A\B

establishes (ii). The clauses (iii) and (iv) follow from the induction hypothesis and
the definition of #; and #. .
Case 3. The rule (— /) is handled similarly.
Case 4. For the rule (\ —) we consider six subcases.
Case 4a.

Irmm” —- A T'BA—-C

T[] (A\B)A — C

Similar to case 2.

Case 4b.
nm—-A TVIVI"BA —C

T[T TI(A\B)A — C

(\ =)

Similar to case 2.

Case 4c.
II— A TBA[A"|A" = C

TTI(A\B)A' [A"]A" — C

Similar to case 2.
Case 4d.

[ — A T'IT"BA—C 0\ =)

— ).
V[’ (A\B)A — C

Let E be an interpolant for the left premise and F' be an interpolant for the right
premise. It is easy to verify that FeFE is an interpolant for the conclusion of the
rule (\ —). The clause (i) is proved by the derivation

" —-F II' - F
T/l — FeE

(o ).



12 MATI PENTUS

Case 4e.
I— A I'[[”BAA" —C )
— ).
IV[I"TI(A\B)A'|A" — C
Let E be an interpolant for the right premise. We prove that F is also an interpolant
for the conclusion. The proof of (ii) is obvious. Using the induction hypothesis (i)
we obtain

H—>A F/,BA,—>E (\ _))
I"I(A\B)A' - E '
This establishes (i). To prove (iii) observe that # (B) 4 #, (I'"A") < #}(A\B) +
#, (I"IIA"). The clause (iv) is verified similarly.
Case 4f.
[']l”" — A T[BA'NA" - C
T [I1"(A\B)A'|A" — C
Let E be an interpolant for the right premise and F' be an interpolant for the left
premise. We show that the type F\ F is an interpolant for the conclusion. First we
verify (iii):

#y (F\E) =
#y (E) + #, (F) <
min(#, (BA"), #; (C) + #, (TA”)) + min(#, (A) + # 7 (I1"), #, (I')) <
min(#, (BA') + #, (A) + #, (I1"), #, (C) + #, (TA") + #, (II')) =
min(#; (11" (A\B)A'), 4 (C) + #, (TTI'A")).

—).

Next we derive (i):
FI" - A BA - E
FII"(A\B)A" — E
II"(A\B)A" — F\E

\ =)
(=)

Finally, (ii) is proved by

H, — F FEA” — C (\ _))
I (F\E)A" — C '
Case 5. The rule (/ —) is handled similarly to case 4.
Case 6. For the rule (— e) three subcases arise.
Case 6a.
1’\/ [I\//]l’\/// — A A — B
1‘\/ [F/,]F,/,A N A.B

o).

Similar to case 2.

Case 6b.
1’\/[1‘\//] N A [A/]A// N B
I'[I"A'|A” — AeB =)

Similar to case 4d.
Case 6c¢.
F N A A/[A//]A/// N B
I‘\A/ [A//]A//I N A.B

o).

Similar to case 2.
Case 7. For the rule (¢ —) we consider three subcases, all of which are handled
similarly to case 2.
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Case 7a.
I'[I"|I"ABA — C
F/[F/I]FIII(A.B)A — C i _))
Case 7b.
I'[I'"ABA'IA" — C
° .
I‘\/ [F/I(A.B)A/]A/I N C —>)
Case 7c.
TABA'[A"|A" — C
(o —>)

T(AeB)A'[A]A" — C

REMARK 4.2. The clauses (iii) and (iv) imply that #.(E) 4+ #}(E) <
min(#, (©) + # (0), #; (DUC) + 7 (DUC)),

COROLLARY 4.3. Let L A — C, where A € Tp and C € Tp. Then there is a
type E such that
(i) LFA— E;
(i) LFE— C;
(iii) Var(E) C Var(A) N Var(C).

ProOF. We apply Lemma 4.1 with ® = A, © = A, and ¥ = A. Consider an
arbitrary primitive type p that occurs in the interpolant E. Remark 4.2 shows that
min(#, A + #;A,#;C’—F#;‘C’) > #;E—I—#;‘E > 1, whence #, A + #;‘A >1
and #,C +#+C >1,1. e., p € Var(A) and p € Var(C). O

EXAMPLE 4.4. Consider the derivable sequent p;e(p1\p2) — (p3/p2)\ps. Here
Var(pie(p1\p2)) N Var((ps/p2)\ps) = {p1,p2} N {p2, p3} = {p2}.

The type E = po is an interpolant for this sequent. Really, L - p1e(p1\p2) — p2
and L = pz — (p3/p2)\ps.

4.2. Interpolation property for thin sequents.

LEMMA 4.5. Let L+ ®OU — C, where ® € Tp*, © € Tp+, ¥ € Tp*, C € Tp,
and the sequent POV — C' is thin. Then there is a type E such that
(i) LFO® — E;
(ii) L+ @BV — C;
(iii) the sequent © — E is thin;
(iv) the sequent PEV — C is thin;
W) £l = (o]

PROOF. According to Lemma 4.1 there is a type E satisfying (i) and (ii). It
remains to prove (iii), (iv), and (v).

Consider an arbitrary primitive type p. In view of .} (E) < #5(C)+#, (2¥),
we have #5(E) + #, (0) < #5(C) + #, (20¥) < 1 (the last inequality follows
from the original sequent ®OW¥ — C' being thin).

Similarly, #,, (E) + #;5(©) < #, (C) + #; (#OV) < 1. This proves (iii).

The clause (iv) can be verified in an analogous manner.

To establish (v) it is sufficient to verify that || E|| = |[E]|. This is obvious, since
no primitive type occurs in F more than once. (I
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5. Main theorem
5.1. Construction.

DEFINITION 5.1. For every natural number m we define a set of bounded types
Tp(m) and a set of bounded type sequences Ls(m):

Tp(m) = {AeTp]||Al <m};
Ls(m) = {leTp(m)" ||| <2m}.

DEFINITION 5.2. For every pair of natural numbers m and s we define a finite

set of types Tp(m, s) and a finite set of type sequences Ls(m, s):
Tp(m,s) = {Ae€Tp|Var(4) C{p1,...,ps} and ||A|| < m};
Ls(m,s) = {Il € Tp(m,s)" | ||| < 2m}.

Consider an arbitrary Lambek grammar (7, H,>). Only a finite number of
types are relevant in the definition of the language generated by this Lambek gram-
mar. Thus there are positive integers m and s such that H € Tp(m,s) and if B > ¢
for some t € 7, then B € Tp(m, s).

There is no loss of generality in assuming that the sets 7 and Tp(m,s) do not
intersect. Now we construct the desired context-free grammar (7, W, o, R):

W = Tp(m,s),
c = H,
R = {B=t|teT and Brt}U
{A=T|AeTp(m,s), I € Ls(m,s), and LT — A}.

The aim of this section is to prove that L. (7, H,>) = G(T,W,0,R).

LEMMA 5.3. Let t1,...,tn, € T. Then the word ty...t, is in G(T ,W,0,R)
if and only if there are symbols aq,...,an, € W such that the word oy ...ay, is
derivable from o, and (a; = t;) € R for every i < n.

PROOF. Observe that every derivation of = t; ...t, from ¢ in the constructed
context-free grammar (7,W, 0, R) can be reorganized so that all occurrences of
productions B = t, where t € 7, appear after all occurrences of productions
A =T, where I € Ls(m, s). O

5.2. Calculus representation of context-free grammars.

DEFINITION 5.4. Given a context-free grammar (7,W, 0, R) we construct a
calculus C1 (W, 0, R), derivable objects of which are sequents of the form w — o,
where w € WT.

e The only axiom of Cy(W,0,R) is 0 — 0.
o If (¢ = u) € R, @ €W, and u € W+, then the calculus C;(W, o, R)

contains the rule
V1V — O

V1Uvy — O.

LEMMA 5.5. Let w € WT. The sequent w — o is derivable in the calcu-
lus C1(W,0,R) if and only if the word w is derivable from o in the contexl-free
grammar (T , W, 0, R).
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PROOF. The ‘if’ part is proved by induction on derivation length in the context-
free grammar (7, W, 0, R).
Induction base: w = o. Obvious.
Induction step: let w = viuvs, (a = u) € R, and viawe be derivable from o in
(T, W,0,R). We apply the rule
VU — O
V1UV — O.

The ‘only if” part is proved similarly by induction on derivation length in the
calculus C;(W, 0, R). O

DEFINITION 5.6. Given a context-free grammar (7,W, 0, R) we construct a
calculus Co(W, R), derivable objects of which are sequents of the form w — «,
where w € WT, and o € W.

e The calculus Co(W, R) contains an axiom « — « for every symbol a.

o If (0 = u) € R, a € W, and v € WT, then the calculus Co(W,R)
contains the axiom u — a.

e The only rule of the calculus Co(W,R) is the cut rule

u—a viavg —

viuvy — f.

LEMMA 5.7. Let w € WT. A sequent w — o is derivable in the calculus

Co(W, R) if and only if the word w is derivable from o in the context-free grammar
(T, W,0,R).

PrOOF. In view of Lemma 5.5, it suffices to prove that a sequent w — o is
derivable in the calculus Co(W,R) if and only if it is derivable in the calculus
Cl (W, ag, R)

The ‘only if” part is easy to verify. To prove the ‘if’ part we define the rank of
a cut as the number of sequents in the derivation of its left premise and proceed by
induction on the total of ranks of all cuts in a given derivation.

A derivation fragment

u— a viavg —

viuvy — B wy Bwy — 7y
W10 WVW2 — 7y

will be replaced by
viavy — B wifuwg —
U — « W1V QU We — 7
w101 Uv2W2 — 7.

O

5.3. Main lemma. In this section we establish a correspondence between the
Lambek calculus and the calculus Co (W, R) representing the context-free grammar
constructed in Section 5.1.

For every natural number m we introduce an auxiliary calculus Lcut,,, which
in some sense takes the intermediate position between the calculi L and Co(W,R).
Namely, the calculus Co2(W,R) uses formulas from Tp(m, s), the calculus Leut,y,
uses Tp(m), and L uses formulas from Tp.
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DEFINITION 5.8. A sequent I' — A is an axiom of Leut,, iff A € Tp(m),
I' € Ls(m), and the sequent I' — A is derivable in the Lambek calculus. The only
rule of Lcut,, is (cut).

LEMMA 5.9. Let L 11 — C, where Il € Ls(m), C € Tp(m), and the sequent
II — C is thin. Then Lcut,, 11 — C.

PRrOOF. Induction on ||II||. If || II|| < 2m, then IT — C'is an axiom of Lcutyy,.

Assume that ||II|| > 2m. The sequence II can be represented as a concatenation
I =11, ... II;, where

o 0 < ||IIL]| < m for every i <,
o ||IL;|| + ||IT;41]| > m for every i < .

Note that [II] = [C] according to Lemma 2.3. Now let u; = [IL4],..., u; =
[T1;], and w1 = [C]~'. Evidently u;...wu;;1 = €. Applying Lemma 2.4 we
find a positive integer k < [ such that |ugukt1| < max(|ukl, |ukt1]). According to
Lemma 2.2 the inequality |u;| < m holds for every ¢ <1+ 1. Thus |ugug+1| < m.

The following two cases arise.

Case 1. Let £ < .
Then |[HgII;11]| < m for this particular k. Applying Lemma 4.5 for

Hl .. .Hk,1 Hka+1 Hk;+2 . .Hl — C
————— —— — ——
<] (S 4

we find an interpolant E for II;IIy; in II; ... II; — C. This means that [|E| < m
and the sequents II;Il;y; — E and II; ... 11 Flli4s...1I; — C are thin and
derivable.

Note that [|E|| < m, but ||IIzIIx41]] > m. Thus ||II; ...y Elliqs .. I <
|IIL; .. .IL;|| and we can apply the induction hypothesis for the thin derivable sequent
Hl .o .Hk;flEHkFFQ .o 'Hl — C

On the other hand II;II;41 — E is an axiom of Lcuty,, since |E|| < m and
[Tl || < 2m.

Thus we have demonstrated that Leut,, - II; ... ;1 Ell4s ... 1I; — C and
Lcutm F Hka-i-l — E. Now Lcutm F Hl...Hk_lnka+1Hk+2...Hl — C is
obtained by applying the cut rule. We have proved that Lcut,, - 11 — C.

Case 2. Let k =1.
Then [[IL][C] | < m. Applying Lemma 4.5 for

II,...I1,_; I, — C
—_——
[€) 4

we find an interpolant E for IT; ... II;_7 in II; ...II; — C. This means that ||E|| =
[[TT; ...10;—1]| and the sequents II;...I[;_; — E and ET; — C are thin and
derivable.

Recall that [II;...1L_11L] = [C], whence [IL;...IL1] = [C][IL]~! =
(IM][CT) " and farther, [Ty ... T,]| = |(I[C] Y] = |LIICT ] < m.
Thus ||E|| = [[U;...IL_1]| < m. It follows that FII; € Ls(m), and consequently
FETI; — C is an axiom of Lcut,,.

On the other hand, ||II; ... II;_4|| < ||II; ...IL|| and we can apply the induction
hypothesis for the thin derivable sequent II; ...II;_; — F.

Applying the cut rule we obtain Lcut,, + IIy...II;_1II; — C. In other words
Leut,, F1II — C. O
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LEMMA 5.10. Let (T, H,>) be a Lambek grammar and (T, W, 0, R) be the cor-
responding context-free grammar (constructed in Section 5.1). Let T' € Wt and
A e W. Then the following three assertions are equivalent.

(i) C W, R)FT — A
(ii) Leuty, FT — A
(iii) LEFT — A

PROOF. The implication (i) — (iii) is easily verified by induction on deriva-
tion length in Co(W,R).

To prove (ii) — (i) we consider the following primitive type substitution:

¢s(pe) *{ p1, ifi>s.
Note that ¢5 maps Tp(m) to Tp(m,s) = W. The substitution ¢, is applied to all
sequents in a derivation of the given sequent I' — A in Lcut,,. The resulting tree
is a derivation in Co(W, R).

It remains to establish (iii) — (ii). Let L - T' — A, where ' € W*. According
to Theorem 3.4 there exist a thin derivable sequent II — C and a primitive type
substitution ¢ such that T — A = ¢(II — C). According to Lemma 5.9 we
have Lcut,, - II — C. Consequently also the sequent I' — A is derivable in the
calculus Lcut,,. O

5.4. Proof of the main theorem.

THEOREM b5.11. Let (T,H,>) be a Lambek grammar. Then the language
L1 (T,H,v>) is context-free.

PRrROOF. We prove that L1, (7, H,>) = G(T,W,0,R), where (T,W,0,R) is the
context-free grammar constructed in Section 5.1.

Given a word t; . ..t,, consider the following chain of equivalent assertions.

(1) The word t; ...t, is in the language G(7, W, 0, R).

(2) There are types Bi, ..., By such that Bj...B, is derivable from o in
(T, W,0,R), and (B; = t;) € R for every i < n.

(3) There are types By, ..., By, such that Co(W,R) + By...B,, — ¢ and
B; > t; holds for every ¢ < n.

(4) There are types By, ..., B, such that L - By...B,, — o and B; > {;
holds for every i < n.

(56) The word ¢ ...t, is in the language L1 (7T, H,>).

The equivalence of (1) and (2) is established by Lemma 5.3. Further, (2)
and (3) are equivalent according to Lemma 5.7 and the construction of the set R.
The equivalence of (3) and (4) follows from Lemma 5.10. Finally, (4) and (5) are
equivalent due to the definition of the language generated by a Lambek grammar.

O

COROLLARY 5.12. A language is context-free if and only if it is generated by
some Lambek grammar.

REMARK 5.13. All the arguments above hold also for the Lambek calculus with
the unit and for the calculus L*. Consequently, the class of languages generated
by categorial grammars based on any of these calculi coincides with the class of all
context-free languages.
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6. Interpolation in fragments

In this section we introduce the generalized interpolation property and study
both ordinary and generalized interpolation in all elementary fragments of the cal-
culi L and L*. In particular, we prove a “weak interpolation theorem” for the
product-free fragment of the Lambek calculus. This is used in the proof of exis-
tence of a “natural” context-free grammar for every categorial grammar based on
this important fragment of the Lambek calculus.

DEFINITION 6.1. Let ¥ C {\,/, ¢} and C be either L(X) or L*(X). We say that
the calculus C has the interpolation property if for every derivable in C sequent of
the form A — C, where A € Tp(X) and C € Tp(X), there exists a type B € Tp(X)
such that

(i) CHA— B;
(i) C+ B — C;
(ili) Var(B) C Var(A4) U Var(C).

DEFINITION 6.2. Let ¥ C {\,/, ¢} and C be either L(X) or L*(X). We say that
the calculus C has the generalized interpolation property if for every derivable in C
sequent of the form IT — C, where IT € Tp(X)* and C' € Tp(X), there exists a type
B € Tp(X) such that
(i) CHII — B;
(i) CF B — C
(iii) Var(B) C Var(IT) U Var(C).
REMARK 6.3. Evidently, if multiplication is not in the signature of C, then C has

the generalized interpolation property if and only if it has the ordinary interpolation
property (since C - Ay ... A, — C if and only if C+ (Aye...04,) — C).

REMARK 6.4. In view of duality of signatures {\} and {/}, as well as duality
of {\,e} and {/, e}, it is sufficient to study the fragments based on the signatures

{(\B AN /3 {o}, {\ o}, and {\, /, e}.

In 1991 D. Roorda proved that the calculi L* and L*(\, ®) have the interpolation
property [18, 19]. The same question for the fragments L(\), L(\,/), L*(\), and
L*(\, /) was mentioned as an open problem [19, p. 440]. Note that the interpolation
property for fragments L*(e), L(e), L, and L(\, o) is easily obtained from the proofs
of D. Roorda.

In this section we prove the following results.

e The fragments L(\) and L*(\) have both ordinary and generalized inter-
polation property.

e The fragments L(\, /) and L*(\,/) have the ordinary interpolation prop-
erty, but do not have the generalized interpolation property.

e The fragments L(\, /) and L*(\,/) satisfy a certain weak version of the
generalized interpolation property.

We give only the proofs for fragments of L, since the proofs for fragments of L*
are analogous.

6.1. “Weak” generalized interpolation.

LEMMA 6.5. Let © € Tp(\,/)*, © € Tp(\,/)*, ¥ € Tp(\,/)*, C € Tp(\,/),
and L+ ®OV — C. Then there is a natural number r > 0, there are sequences of
types ©1,...,0, € Tp(\, /)", and there are types E1, ..., E. € Tp(\,/) such that
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(i) ©1...0, = 0, i.e., the sequence © is divided into r non-empty continuous
subsequences (if © = A, thenr =0);
(ii) LF©; — Ej for every j <r;
(ii) L+ ®E,...E.¥Y — C;
(iv) #5 (Er... E;) < min(#](0), 4 (C) + #, (2V)) and #,(E1 ... E;) <
min(#,, (0©),#, (C) + # (®V)) for every p € Var.

We say that the sequence Fj ... E, is an interpolant for © in the sequent
POV — (.

EXAMPLE 6.6. Consider the derivable sequent [p1(p1\p2)ps](ps\(p2\ps)) — pa.
Applying Lemma 4.1 we obtain a division of the selected subsequence p; (p1\p2)ps =
0102, where ©1 = p1(p1\p2) and Oy = p3 (here r = 2). The corresponding
interpolant is paps, i.e., By = pe2 and Fy = ps. Really, L F p1(p1\p2) — po,
L F ps — ps, and L F pops(ps\(p2\ps)) — ps. Note that no single product-free
formula is an interpolant for py (py\p2)ps in [p1 (p1\p2)ps)(ps\ (2\p1)) — 1.

PROOF OF LEMMA 6.5. Induction on the length of a cut-free derivation.
Case 1. Let POU — C be an axiom, i.e., C = $OW. Three subcases arise from
different partitions of the antecedent between ®, ©, and W.

Case la. Let [C] = C. Weputr=1,0,; =C, E; =C.
Case 1b. Let [ |C — C. We put r = 0.
Case 1c. Let C[| — C. We put r = 0.

In all the following cases we shall consider the partition of premises induced by
the given partition of the conclusion of a rule. By induction hypothesis there exist
interpolants for the premises.

Case 2. Consider the rule (— \)

A®O]V — B

s AB V)
By the induction hypothesis we find ©4, ..., ©,, F1, ..., E,. such that ©;...0, =
O, L - ©; — Ej for every j < r, A®E,...E,.¥ — B, #}(F...E,) <
min(#,(0), #, (B) + #, (A®V)) and #,(Ey1...E,) < min(#,(0),#,(B) +
#.(ADW)) for every p € Var.

We verify that (i), (ii), (iii), and (iv) hold for the conclusion of the rule (— \
with the same ©4, ..., ©,, E1, ..., E, as for the premise. The clauses (i) and (ii)
are evident from the induction hypothesis. The derivation

A®F,...E,V — B
OB .. Bv—AB VY
1..-Lp — \B
establishes (iii). The clause (iv) follows from the induction hypothesis and the
definition of #, and #}.
Case 3. The rule (— /) is treated similarly.

Case 4. Consider the rule (\ —). Six subcases arise.
Case 4a.

~

rm’mn” — A I'BA—C
FH/[H//]H///(A\B)A N C _))

Similar to case 2.

Case 4b.
nm—-A TVI"I""BA —=C

PIrABA ¢ )
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Similar to case 2.
Case 4c.
II— A TBA'A"|A" —C

TTI(A\B)A'[A"]A" — C

\ =)

Similar to case 2.
Case 4d.
[rm — A T'IT"BA—C
V[’ (A\B)A — C

(\ =)

Let Fy...FE,. and F} ... F,, be the interpolants for the left and right premises re-
spectively. It is easy to verify that Fy...F,,E;...E, is an interpolant for the
conclusion of the rule (\ —).
Case 4e.
II— A T/[I"BA'NA" = C
I[I"TI(A\B)A'|A" — C

—)

Let E; ... E, be the interpolant for the right premise. We prove that it is also an
interpolant for the conclusion. The clauses (i) and (iii) are obvious.
By the induction hypothesis, I"" BA’ = ©1...0,. Let the particular type
occurrence B be in the sequence ©. Then O, = =BY for some sequences = and Y.
We put ©, = EI(A\B)Y and éj = 0O for every j # k. Evidently
I"TI(A\B)A’ = ©; ...0,. Using the induction hypothesis (ii) we obtain

II1—-— A =BY — Ej 0\ =)
EN(A\B)Y — Ej,

and ©; — F; for every j # k. This proves (ii). To prove (iv), it is suf-
ficient to observe that #5(T"BA’) < #F(T"II(A\B)A') and #,(I"BA') <
#, (T"TI(A\B)A').
Case 4f.
']l — A T[BA'IA" - C
FH/[H//(A\B)A/]A// ~C (\ —)

Let E; ... E, be an interpolant for the right premise, corresponding to the partition
BA'=0©;...0,. Let F} ... F,,, be an interpolant for the left premise, corresponding
to the partition Il' = Z; ... Z,,.

Then, for a suitable sequence T,

(1) ©1 = BY;

2) A'=76,...0,;
L+ BY — Ey;
L+ ©; — E; for every j # 1;
LETE;...E.A" — C;
(E1...E.) < min(#;(BA’),
(Er...E.) <min(#, (BA'),

#5(C) + #, (TA")) for every p € Var;
#, (C) + #5 (TA")) for every p € Var;
E; — F} for every j < m;
Fy.. F,I" — A:

(F1 ... Fp) < min(#,(IT),

(Fy...Fy) < min(#, (IT'),

(A) + #, (IT")) for every p € Var;

#y
#, (A) + #,; (I1")) for every p € Var.
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We show that (Fp,\(...\(Fi\F1)...)) Ea... E, is an interpolant for the con-
clusion, corresponding to the partition II"(A\B)A’ = O;...0,, where 6, =
IT"(A\B)Y and ©; = ©; for every j # 1.

First, we prove (iv):

HE N ABNR). ) By ) =
#y (B .. >+#;<F1...Fm) <
min(#F (BA), #4(C) + 45 (TA)) + min(#
min(#*(BA') + # (A) +#5 (I17), #5(C) +
min(4+ (I (A\B)AY), 4 (C) + 4 (IVA"))
Evidently, (i) holds, since IT"(A\B)A’ = O:...6,.

To prove (ii) we only need to verify that L = 61 — (Fp\(...\(F1\E1)...)).
Indeed,

(A) + #, (I7), #, (I)) <
# (r A”)+#,§( ) =

m...F,JI" - A BY - E; \ =)
F1 e FmH”(A\B)T — E1

P Pl (BT = By Y

(—=\)

—\)-

—~

T AB)T = (Fo\ (- \F\ED) )
Finally, we prove (iii):
El — F1 PElEQ . .ETA/, — C
T=,(F\E B, ... B, A — C A=)

\ =)

= Fy TEr B\ NENE) B BAT = O :)

T2 B 1 B (B \(F— i\ - \(FA\FE1) .. ) Es ... B, A" — C
Case 5. The rule (/ —) is handled similarly to case 4. O

LEMMA 6.7. Let @ € Tp(\)*, © € Tp(\)*, ¥ € Tp(\)*, C € Tp(\), and
LF o0V — C. Then there is a natural number r > 0, there are sequences of types
©1,...,0, € Tp(\)", and there are types E1, ..., E,. € Tp(\) such that

(i) ©1...0, = 0, i.e., the sequence © is divided into r non-empty continuous
subsequences (if © = A, thenr =0);
(ii) LF©; — Ej for every j <r;
(i) L+ <I>E1 EV — C;
(iv) the inequalities #}(Ey ... Ey) < min(#5(0),#}(C) + #, (®V)) and
#.(E1...E.) <min(#,(0),#, (C) + #; (®W)) hold for every p € Var.

PROOF. Induction on the length of a cut-free derivation. It suffices to repeat
cases 1, 2, and 4 from the proof of Lemma 6.5. O

6.2. The elementary fragment {\,/}.
LEMMA 6.8. The calculus L(\,/) has the interpolation property.

Proor. Let L(\,/) - A — C. According to Lemma 6.5 there is an interpolant
E;...E, for A in the sequent A — C. Obviously »r = 1. We put B = Fj. O

LEMMA 6.9. The calculus L(\,/) does not have the generalized interpolation
property.
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PRrROOF. Consider the sequent pi1p2 — p3/(p2\(p1\ps)). It can be derived as
follows:

pP1—pP1 P3—P3 (\ R
p2 —p2  p1(p1\p3) — p3
\—)
p1p2(p2\(p1\p3)) — D3 (_} /)
p1p2 — p3/(P2\(P1\p3)) '

We prove that there is no single-type interpolant for p1po in this sequent. Assume
for the contrary that there exists a type E € Tp(\,/) such that L - p1ps — E,

L+ E — p3/(p2\(p1\p3)), and Var(E) C {p1,p2}.
We need the following translation ( )¢ that maps Lambek calculus types to

propositional logic formulas:

p? = p, ifpe Var,
(A\B)" = 44> B,
(A/B) = B“> A%
(AeB)? = A“&B.
This translation is extended to sequents as follows:
(A1... A, = B)" = (AS'&... &A% > B,

It is routine to verify that if L - II — C then the formula (Il — C)¢ is true in the
classical propositional logic.

In particular, the formulas (pi1&p2) D E< and E< O ((p2 D (p1 D p3)) D p3)
are true. Substituting | for p3 in the latter formula, we obtain £ D (p1&ps2). Thus
the pure implicative formula E° is classically equivalent to the formula (p;&ps2).
Contradiction. O

6.3. The elementary fragment {\}.

LEMMA 6.10. Let @ € Tp(\)*, © € Tp(\)*, C € Tp(\), and L + o6 — C.
Then there is a type E € Tp(\) such that
Qi) L0 — E;
(i) LF®F — C;
(iii) the inequalities #;5(E) < min(#;](0), #,(C) + #, (V) and #, (E) <
min(#, (0),#, (C) + #; (®V)) hold for every p € Var.

p

PROOF. Induction on the length of a cut-free derivation. All cases, except the
following two, are trivial.
Case 1.

nm—A T'I"BA]—C )
—
I[I"TI(A\B)A] — C

Following case 4e from the proof of Lemma 4.1 it is easy to verify that the inter-
polant for the right premise is also an interpolant for the conclusion.
Case 2.

1" — A T[BA]—C 0\ =)
—
I (A\B)A] — C
Let F be an interpolant for the right premise. Applying Lemma 6.7 to the left

premise we obtain an interpolant F7 ... F,,. Now, following case 4f from the proof of
Lemma 6.5 one can verify that (F,\(... \(F1\F)...)) is the desired interpolant. [
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COROLLARY 6.11. The calculus L(\) has the generalized interpolation property.

7. Construction of a context-free grammar
for a product-free Lambek grammar

In this section we consider categorial grammars based on the product-free frag-
ment of the Lambek calculus.

DEFINITION 7.1. A product-free Lambek grammar is a triple (7, H,>), where
T is a finite set (the alphabet), H € Tp(\,/), and > is a finite binary relation
>C Tp(\,/) x 7.

The language generated by the product-free Lambek grammar (T, H, 1) is defined
as the set of all strings t;...t, over the alphabet 7 for which there exist types
Bi,...,B, € Tp(\,/) such that L(\,/) - B1...B, — H and B; > t; for all i <mn.

The cut-elimination property of the Lambek calculus entails its conservativ-
ity over its elementary fragments. Thus Theorem 5.11 implies that all languages
generated by product-free Lambek grammars are context-free. However, in general
the construction used in the proof of Theorem 5.11 involves types with product (as
non-terminal symbols).

The following question arises. Is it possible to construct for arbitrary product-
free Lambek grammar a corresponding “natural” context-free grammar with a finite
subset of Tp(\,/) as the alphabet of non-terminal symbols? The positive answer
to this question is given by Theorem 7.3.

LEMMA 7.2. Let a thin sequent ®O¥ — C' be derivable in L(\,/) and the
sequence Fy ...E,. € Tp(\,/) be an interpolant corresponding to a partition © =
O1...0, of the sequence O in the sequent ®[O]V — C. Then

(i) for every i < r the sequent ©; — F; is thin;
(i) the sequent ®E; ... E, ¥ — C is thin;
(iii) ||Er... Eq| = |[©]].

PROOF. Similar to Lemma 4.5. O

THEOREM 7.3. Let (T, H,v) be a product-free Lambek grammar. We put

U = {H}YU{|B| | there ist € T such that B> t};
= max{||A4] | AeU};
= max{i € N| there is A € U such that p; € Var(A)};
{AeTp(\,/) | Var(A) C {p1,...,ps} and [A] <m};
= H;
= {B=t|teT and Brt}U
{A=T|LFT - A AeW, T eW?", and |T'|| <2m}.

Then the context-free grammar (T ,W,o0,R) and the given Lambek grammar
(T, H,>) generate the same language.

A q ém
1

PRrROOF. One can repeat the argument from Section 5. The only non-trivial
part is the proof of Lemma 5.9. We use Lemma 7.2 instead of Lemma 4.5 and
obtain a type sequence Fj ... E, as an interpolant. After this the cut rule needs to
be applied r times. (I
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8. Conjoinable types in the Lambek calculus

The notion of conjoinability for the Lambek calculus is defined in [2, p. 76] as
follows.

DEFINITION 8.1. Two types A and B are said to be conjoinable iff there exists
some type C such that L A — C and L+ B — C.

In this section it will be proved that two types A and B are conjoinable if and
only if [A] = [B].

DEFINITION 8.2. We say that two types A and B are interchangeable if and
onlyif L A— Band L+ B — A.

LEMMA 8.3. The interchangeability relation is a congruence on types.

PRrROOF. Immediate from admissibility of the following rules.

A— B A— B
Ae(C — Be( CeA — CeB

A— B A— B
B\C — A\C C\A — C\B

A— B A— B
A/C — B/C C/B—C/A

O

LEMMA 8.4.

(i) The types (A\B)/C and A\(B/C) are interchangeable.
(ii) The types (AeB)eC and Ae(BeC) are interchangeable.

We shall write A\B/C and AeBe(C (omitting unnecessary parentheses).

LEMMA 8.5. Let A and B be any two types of the Lambek calculus. The fol-
lowing three assertions are equivalent.

(i) There exists a type C such that L A — C and L+ B — C.
(ii) There exists a type D such that Lt D — A and L+ D — B.
(iii) There exist types Co, ..., Cp, such that A = Cy, B = Cy,, and for every
i< n, LI—Cz—>Cz+1 0TL|—CZ‘+1—>C1‘.

PROOF. This Lemma is proved by J. Lambek in [10]. To derive (ii) form (i), put
D = (A/C)eCe(C\B). For the converse one can use C = (D/A)\D/(B\D). O

LEMMA 8.6. The conjoinability relation is a congruence on types.

PROOF. Similar to the proof of Lemma 8.3. O

LEMMA 8.7.

(i) The types A\A and B/B are conjoinable.
) The types A\A and B\B are conjoinable.
) The types B and B/(A\A) are conjoinable.
v) The types B and Be(A\A) are conjoinable.
) The types B/A and Be(A\A/A) are conjoinable.
) The types A and (A\A/A)\(A\A/A)/(A\A/A) are conjoinable.
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PROOF. (i) Note that L - A\A — A\(AeB)/B and L - B/B — A\(AeB)/B.

(ii) Follows from (i) by transitivity.

(iii) According to (ii), B/(B\B) and B/(A\A) are conjoinable. On the other
hand, L + B — B/(B\B).

(iv) According to (ii), Be(B\B) and Be(A\A) are conjoinable. On the other
hand, L - Be(B\B) — B.

(v) From (iv) we conclude that B/A and (Be(A\A))/A are conjoinable. On
the other hand, L - Be(A\A/A) — (Be(A\A))/A.

(vi) L A — (A\A/A)\(A\A/A)/(A\A/A). O

We introduce the auxiliary notion of simple product and construct a function
from F(Var) into the set of simple products.

DEFINITION 8.8. A simple product is any type which is a product of factors
of the form p and (p\p)/p, where p € Var. The set of all simple products will be
denoted by SP.

DEFINITION 8.9. We define the function sp: F(Var) — SP as follows:

sp(e) = ((p1\p1)/p1)ep1,
sp(p) = b,

sp(p™) = (\p)/p,
sp(uv) = sp(u)esp(v) if |u| =1 and |v| > 1.

LEMMA 8.10. The following claims hold for any u € F(Var) and for arbitrary
types A and B.
(i) The types B/sp(u) and Besp(u~') are conjoinable.
(ii) The types sp(u)\B and sp(u~')eB are conjoinable.
(iii) The types A and sp([A]) are conjoinable.

PRrROOF. First we prove (i) by induction on the length of u. Induction base
consists of three cases.

Case u = ¢. Note that sp(e) and p1\p; are conjoinable. It remains to prove
that B/(p1\p1) and Be(p;\p1) are conjoinable. This is immediate from Lemma 8.7
(iii) and (iv).

Case u = p follows from Lemma 8.7 (v).

Case u = p~!. From Lemma 8.7 (v) we obtain that B/(p\p/p) and
Be((p\p/p)\(p\pr/p)/(P\P/P)) are conjoinable. In view of Lemma 8.7 (vi),
B/(p\p/p) and Bep are conjoinable.

Induction step. Let u = vw, where |w| > 1 and v is either p or p~!. We must
prove that B/(sp(v)esp(w)) and Besp(w!)esp(v~!) are conjoinable. Note that
B/(sp(v)esp(w)) and (B/sp(w))/sp(v) are conjoinable (they are even interchange-
able). According to induction hypothesis B/sp(w) and Besp(w~!) are conjoinable.
It remains to establish that (Besp(w™!))/sp(v) and Besp(w~!)esp(v~!) are con-
joinable. But this follows from induction base for B’ = Besp(w™1).

One can prove (ii) dually. The clause (iii) is proved by induction on the length
of A, using (i) and (ii). O

THEOREM 8.11. Two types A and B are conjoinable if and only if [A] = [B].

Proor. If LF A — C and L+ B — C, then [A] = [B] in view of Lemma 2.3.
The converse implication follows from Lemma 8.10 (iii). O
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9. Multiplicative cyclic linear logic

All results in this section are proved similarly to corresponding Lambek calculus
results from preceding sections.

9.1. The calculus CLL. The cyclic linear logic was introduced in [21]. Here
we consider its multiplicative fragment and denote it by C'LL.

A countable set Var = {p1,p2,ps,...} is assumed to be given. In linear logic
setting we shall call the elements of this set atomic formulas. They play precisely
the same role as primitive types in the Lambek calculus.

The set of formulas Fm(e, 2,1, 1) of the calculus C'LL is defined as the smallest
set satisfying the following conditions:

e 1cFm(e,2,1,1)and L € Fm(oﬂg7 1, l),
e if p; € Var, then p; € Fm(e,’2,1, 1) and p;- € Fm(e,’9,1, 1);
e if Ac Fm(e, 9,1, L)and B € Fm(o, .1, ) then (AeB) € Fm(e,79,1, 1)
and (AeB) € Fm( ,2,1,1).
The sequents of the calculus CLL are of the form — T', where I € Fm(e,’®,1, L)*.

We need an operation ( - )*: Fm(e,’®,1, L) — Fm(e,’s,1, 1) defined on the

set Fm(e,72,1, 1). It maps each formula to its negation.

1t = 1
(Lt =1
(pi)" = pi
i)t = b
(AeB)" = ((B)"2(A)")

(AwB)t = ((B)"e(A)")

We shall write CLL F T iff the sequent — T is derivable in CLL. In this section
Ay ... A, — B will stand for — (4,)+ ... (A;)*

The axioms of the calculus CLL are all sequents of the form — (p;)* p;, where
p; € Var, as well as the sequent — 1.

The calculus CLL has the following derivation rules.

— '"ABA

—T'A — BA
~Tasp)a 7 —T(AeB)s
— DA — DA
N — Ar (rotate)
STA — (A)tA
—TA (cut)

REMARK 9.1. The calculus CLL is conservative over the calculus L* if we
translate A\B as (A)~¢B and B/A as B'®(A)‘. If we constrain the derivation
rule (—7®) requiring that A # A and omit the axiom — 1, then we obtain a
variant of the cyclic linear logic, which is conservative over the Lambek calculus L.

9.2. Free group interpretation of CLL-formulas.

DEFINITION 9.2. The free group interpretation of CLL-formulas (denoted by
[ 1) is the following natural mapping of formulas and their finite sequences into
the group F(Var):
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[1]

[L]
[p:]
[pi]
[AeB]
[A®B]

[Ar...A,]

LEMMA 9.3. For any formula A

PROOF. By induction on the construction of A.

27

[A1] - .- [AR]-
€ Fn(s,9, 1, 1), |[A]] < Al
O

LEMMA 9.4. If a sequent — T is derivable in the calculus CLL, then [T'] = .

PROOF. By induction on derivations similarly to the proof of Lemma 2.3.

9.3. Thin sequents in CLL.

O

DEFINITION 9.5. The length || A| of a formula A is defined as the total number

of atomic formula occurrences in A.

1]
[I-L]]
||pz‘H

o
[AeB]
A% B

= o O

1
IA[l -+ 1Bl
1AL+ 1B

The length of a finite sequence of formulas is defined in the natural way:

Ay ... Anl| =

ALl + ...+ || Anl.

DEFINITION 9.6. The set of all atomic formulas occurring in a formula A will

be denoted by Var(A).

DEFINITION 9.7. For every
#. and #, from the set Fm(e,

atomic formula p € Var we define two mappings
?a 17

1) into N.

1, ifp=gq

{O, if ¢ € Var and p # ¢
0,if g € Var
0,if g € Var

1, ifp=gq

{O, if ¢ € Var and p # ¢
#y (A) + #;(B)

#, (A) + #, (B)

#y (A) + 4,5 (B)

#p (A) + #, (B)
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These mappings are extended to finite sequences of formulas.
#, (A1 Ay) = #5(A)+ .. +#, (An)

DEFINITION 9.8. A sequent — II is thin iff #;‘(H) < 1 and #, (II) < 1 for
every p € Var.

LEMMA 9.9. Let ¢ be an atomic formula substitution. If one replaces every
sequent — T' by — ¢(T') in a CLL-derivation, then the resulting tree is a legal
C L L-derivation.

THEOREM 9.10. A sequent — II is derivable in CLL if and only if there exists

a deriwvable in CLL thin sequent — © and there exists an atomic formula substitu-
tion ¢ such that II = ¢(O).

9.4. Interpolation in CLL.

LEMMA 9.11. Let CLL - TTA, T' € Fm(e,72,1, L)*, II € Fm(e,79,1, 1)*, and
A € Fm(e,79,1, 1)*. Then there exists a formula E such that
(i) CLLF (E)*11;
(ii) CLL F TEA;
(i) the inequality # (E) < min(#,} (IT), #, (T'A)) holds for every atomic for-
mula p;
(iv) the inequality #, (E) < min(#,, (IT), #,; (TA)) holds for every atomic for-
mula p.

LEMMA 9.12. Let CLL + TTIA, T € Fm(e,’9,1, 1)*, Il € Fm(e,’9,1, 1)*,
A € Fm(e,9,1, L)*. Let the sequent — TTIA be thin. Then there exists a for-
mula E such that
(i) CLL - (E)*11;
(i) CLL - TEA;
(iii) the sequent — (E)*1I is thin;
(iv) the sequent — T'EA is thin;

) 1E] = |[1].
LEMMA 9.13. Let CLL - O —C, ®cFm(e,®,1, 1)*, O cFm(e, 9,1, L),
U € Fm(e,2,1, 1)*, C € Fm(e,72,1, 1). Let the sequent PO — C be thin. Then
there exists a formula E such that
(i) CLL+ © — E;
(i) CLLF ®EY — C;
(iii) the sequent © — E is thin;
(iv) the sequent PEV — C is thin;

V) £l = [[e]]-
PrOOF. Given CLL + (¥)1 () (®)+ C, it remains to apply Lemma 9.12
with ' = (U)4, [T = (0)+, A = (&)L C. O

9.5. Grammars based on CLL.

DEFINITION 9.14. A categorial grammar based on the calculus CLL (or a CLL-
grammar) is a triple (7, H,>), where 7 is a finite set (the alphabet), H is a formula,
and > is a finite binary relation > C Fm(e,79,1, L) x 7.
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The language generated by the grammar (T, H,>) is defined as the set of all
non-empty strings ¢1 ...t, over the alphabet 7 for which there exists a derivable
in CLL sequent By ...B, — H such that B; > t; for all i < n. We shall denote this
language by Lo (T, H,»).

REMARK 9.15. It is possible that the sequent — H is derivable in CLL. Never-
theless the empty word is not included in the language generated by the grammar.
This ensures compatibility with our definition of a context-free grammar at p. 4,
where we banned productions of the form o = € and thus excluded the possibility
that the empty word would occur in the generated language.

9.6. Context-freeness of CLL-grammars.

DEFINITION 9.16. We introduce two families of sets of C'LL-formulas.
Fm(m) = {A€Fm(e,2,1,1)]|A] <m}
Fm(m,s) = {A€Fm(m)|Var(4) C {p1,....ps}}

Consider an arbitrary CLL-grammar (7, H,>). Only a finite number of types
are relevant in the definition of the language generated by this grammar. Thus
there are positive integers m and s such that H € Fm(m, s) and if B > ¢ for some
t € T, then B € Fm(m, s).

There is no loss of generality in assuming that the sets 7 and Fm(m, s) do not
intersect. Now we construct the desired context-free grammar (7, W, o, R).

W = Fm(m,s)
c=H
R={B=t|teT and Brt}U
{A=T| AeFm(m,s),I'eFm(m,s)", ||| <2m, and CLL+T — A}

We define an auxiliary calculus CLLcut,,.

DEFINITION 9.17. A sequent I' — A is an axiom of the calculus C'LLcut,, if
and only if CLL T — A, A € Fm(m), I € Fm(m)*, and ||T'|| < 2m. The only
derivation rule of the calculus C'L Lcut,, is the cut rule

II—-B T'BA— A
T'TIA — A.

LEMMA 9.18. Let (T, H,>) be a CLL-grammar and (T ,W,0,R) be the corre-
sponding context-free grammar. Let T' € Fm(m,s)* and A € Fm(m,s). Then the
following three assertions are equivalent:

(i) CeW,R)FT — A;
(ii)) CLLcut,, - T — A;
(ili) CLLFT — A.

(cut)

THEOREM 9.19. Let (T, H,>) be an arbitrary CLL-grammar. Then the lan-
guage Lopn (T, H,>) is context-free.

REMARK 9.20. The converse is true in view of conservativity of CLL over L*.
Consequently the class of languages generated by grammars based on the multi-
plicative cyclic linear logic coincides with the class of all context-free languages.
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[|A]] (length of a type), 5

[A] (free group interpretation), 7

(A)* (negation), 26

Ci1(W,0,R), 14

C2(W,R), 15

CLL (multiplicative fragment of cyclic
linear logic), 26

CLL-grammar, 28

CLLcuty,, 29

F(Var) (free group), 7

Fm(e,2,1, 1) (the set of formulas of CLL),
26

Fm(m), 29

Fm(m, s), 29

G(7T,W,0,R) (language generated by a
context-free grammar), 4

L (Lambek calculus), 5

L(\,/) (product-free Lambek calculus), 6

L(X) (elementary fragment of the Lambek
calculus), 6

L* (Lambek calculus allowing empty
premises), 6

L3 (Lambek calculus with the unit), 6

Ls(m), 14

Ls(m, s), 14

Lecutm, 15

L1 (7T, H,>) (language generated by a
Lambek grammar), 7

(M)* (the set of all words), 4

(M)T (the set of all non-empty words), 4

N (the set of all natural numbers), 4

SP (the set of all simple products), 25

sp, 25

(T, H,>) (Lambek grammar), 7

(T, W,0,R) (a context-free grammar), 4

Tp (the set of all types), 5

Tp(m), 14

Tp(m,s), 14

Tp(X), 6

Tpq, 6

Var (the set of primitive types), 5

Var’, 7

Var(A), 6

Z (the set of all integers), 4

€ (empty word), 4, 7

A (empty sequence of types), 5

#Pv 6

#7,6

#p, 6

>, 7

F (derivability), 5

alphabet, 4
atomic formulas, 26

categorial grammar, 7

categorial grammar based on CLL, 28
conjoinability, 24

context-free grammar, 4

context-free language, 5

elementary fragment, 6

formulas of CLL, 26

free group interpretation of C'LL-formulas,
26

free group interpretation of types, 7

generalized interpolation property, 18

interpolant, 11
interpolation property, 18

Lambek calculus, 5

Lambek calculus with the unit, 6
Lambek grammar, 7

language, 4

length of a type, 5

length of a word, 4

multiplicative fragment of cyclic linear
logic, 26

non-terminal symbol, 4

primitive type, 5

primitive type substitution, 9
product-free Lambek calculus, 6
product-free Lambek grammar, 23

reduced word, 7

sequent, 5

simple product, 25
start symbol, 4
syntactic type, 5

terminal symbol, 4
thin sequent, 9
type, 5

word, 4



LAMBEK CALCULUS AND FORMAL GRAMMARS 31

References

[1] Y. Bar-Hillel, C. Gaifman, and E. Shamir, On categorial and phrase structure grammars,
Bull. Res. Council Israel F 9 (1960), 1-16.

[2] J. van Benthem, Language in action, North-Holland, Amsterdam, 1991.

[3] W. Buszkowski, The equivalence of unidirectional Lambek categorial grammars and context-
free grammars, Z. Math. Logik Grundlagen Math. 31 (1985), 369-384.

, Generative power of categorial grammars, Categorial Grammars and Natural Lan-

guage Structures (R. T. Oechrle, E. Bach, and D. Wheeler, eds.), Reidel, Dordrecht, 1988,

pp- 69-94.

, On generative capacity of the Lambek calculus, Logics in AI (J. van Eijck, ed.),

Springer, 1991, pp. 139-152.

, On the equivalence of Lambek categorial grammars and basic categorial grammars,
ILLC Prepublication Series LP—93-07, Institute for Logic, Language and Computation, Uni-
versity of Amsterdam, 1993.

[7] N. Chomsky, Formal properties of grammars, Handbook of Mathematical Psychology (R. D.
Luce et al., eds.), vol. 2, John Wiley and Sons, New York, 1963, pp. 323-418.

[8] J. M. Cohen, The equivalence of two concepts of categorial grammar, Inform. and Control
10 (1967), 475-484.

[9] G. Lallement, Semigroups and combinatorial applications, John Wiley and Sons, New York,
1979.

[10] J. Lambek, The mathematics of sentence structure, Amer. Math. Monthly 65 (1958), no. 3,
154-170.

[11] M. Pentus, Equivalent types in Lambek calculus and linear logic, Prepublication Series in
Logic and Computer Science LCS-92-2, Steklov Mathematical Institute, Moscow, April 1992.

, Lambek grammars are context free, Prepublication Series in Logic and Computer

Science LCS-92-8, Steklov Mathematical Institute, Moscow, December 1992.

, The conjoinability relation in Lambek calculus and linear logic, ILLC Prepublication

Series ML—-93-03, Institute for Logic, Language and Computation, University of Amsterdam,

1993.

(12]

(13]

[14] , Lambek grammars are context free, Proceedings of the 8th Annual IEEE Symposium

on Logic in Computer Science, IEEE Computer Society Press, 1993, pp. 429-433.

, The conjoinability relation in Lambek calculus and linear logic, J. Logic Lang. In-

form. 3 (1994), no. 2, 121-140.

, Lambek calculus and formal grammars, Fundamentalnaya i prikladnaya matematika

1 (1995), no. 3, 729-751 (Russian).

, Product-free Lambek calculus and context-free grammars, J. Symbolic Logic 62
(1997), no. 2, 648-660.

[18] D. Roorda, Resource logics: proof-theoretical investigations, Ph.D. thesis, University of Am-
sterdam, 1991.

, Interpolation in fragments of classical linear logic, J. Symbolic Logic 59 (1994),
no. 2, 419-444.

[20] K. Schiitte, Der Interpolationssatz der intuitionistischen Prddikatenlogik, Math. Ann. 148
(1962), 192-200.

[21] D. N. Yetter, Quantales and noncommutative linear logic, J. Symbolic Logic 55 (1990), no. 1,
41-64.

(15]

(16]

(17]

(19]

DEPARTMENT OF MATHEMATICAL LOGIC AND THEORY OF ALGORITHMS, FACULTY OF ME-
CHANICS AND MATHEMATICS, MOSCOW STATE UNIVERSITY

E-mail address: pentus@lpcs.math.msu.ru

URL: http://markov.math.msu.ru/~pentus/



