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�«£¥¡° 
(¯« ­ ª³°± )

�. �. �¥­²³±

1 �­®¦¥±²¢ , ®²®¡° ¦¥­¨¿, ´ ª²®°¨§ ¶¨¿

1.1 *�®¦­ ¿ ¯®±»«ª 

�¥«¿²¨¢¨§®¢ ­­»© ª¢ ­²®° ¯® ¯³±²®¬³ ¬­®¦¥±²¢³.

1.2 *� ²¥¬ ²¨·¥±ª ¿ ¨­¤³ª¶¨¿

[7, 21], [3, 1.7]

� ¨¬¥­¼¸¥¥ ­ ²³° «¼­®¥ ·¨±«® | 0.

�®§¢° ²­ ¿ ¨­¤³ª¶¨¿.

1.3 �­®¦¥±²¢  ¨ ®¯¥° ¶¨¨ ­ ¤ ­¨¬¨

[3, 1.5.1], [20, 4.1|4.4], [7, 7, 11|14], [11, 1.1.1|1.1.3, 1.1.8.1|1.1.8.26], [12, II.1|II.5],

[19, 1.1|1.3]

�¯®°¿¤®·¥­­ ¿ ¯ ° , ¤¥ª °²®¢® ¯°®¨§¢¥¤¥­¨¥.

1.4 �²®¡° ¦¥­¨¿ ¨ ¨µ ±¢®©±²¢ 

[5, 1.4|1.6], [3, 1.5.2], [20, 5.9, 5.10], [7, 15|19], [21, II.1], [11, 1.1.4, 1.1.8.36|1.1.8.38], [19, 1.6],

[10, 9]

�®®²¢¥²±²¢¨¥, ®¡« ±²¼ ®²¯° ¢«¥­¨¿, ®¡« ±²¼ ¯°¨¡»²¨¿. �³­ª¶¨¿.

�­º¥ª²¨¢­®±²¼, ±¾°º¥ª²¨¢­®±²¼. �¨¥ª¶¨¿. �¡° § ¨ ¯°®®¡° § ¬­®¦¥±²¢  ¯°¨ ®²®¡° ¦¥­¨¨.

�®¬¯®§¨¶¨¿ ®²®¡° ¦¥­¨©. �®µ° ­¥­¨¥ ±¢®©±²¢ ¨­º¥ª²¨¢­®±²¨ ¨ ±¾°º¥ª²¨¢­®±²¨ ¯°¨ ª®¬¯®§¨¶¨¨.

�¡° ²­®¥ ®²®¡° ¦¥­¨¥.

�¨­ °­ ¿ ®¯¥° ¶¨¿ (­  ­¥¯³±²®¬ ¬­®¦¥±²¢¥), ³­ °­ ¿ ®¯¥° ¶¨¿.

1.5 *�®¹­®±²¼ ¬­®¦¥±²¢ 

[20, 6.1|6.6], [7, 8|10], [11, 1.1.5, 1.1.8.39, 1.1.8.42]

�° ¢­¥­¨¥ ¬®¹­®±²¥©. �¥®°¥¬  � ­²®° |�¥°­¸²¥©­  (¡¥§ ¤®ª § ²¥«¼±²¢ ). �·�¥²­»¥ ¬­®¦¥-

±²¢ , ¨µ ±¢®©±²¢ . �¥®°¥¬  � ­²®° . �°¨¬¥°» ­¥±·�¥²­»µ ¬­®¦¥±²¢.

1.6 �¨­ °­»¥ ®²­®¸¥­¨¿

[20, 5.1, 5.2, 5.4, 5.5, 5.7], [11, 1.1.3, 1.1.4, 1.1.8.27|1.1.8.35], [3, 1.6.1, 1.6.4], [22, I.1|I.6],

[19, 1.5, 1.8, 1.9], [7, 20, 21]

�¥´«¥ª±¨¢­»¥, ±¨¬¬¥²°¨·­»¥, ²° ­§¨²¨¢­»¥ ®²­®¸¥­¨¿.

�²°®£¨©/­¥±²°®£¨© · ±²¨·­»©/«¨­¥©­»© ¯®°¿¤®ª.

�°¥¤¨ª ²» ª ª ¯®¤¬­®¦¥±²¢  ¨ ª ª ®²®¡° ¦¥­¨¿ ¢ f�;�g.

1.7 �²­®¸¥­¨¥ ½ª¢¨¢ «¥­²­®±²¨

[20, 5.4, 5.6], [11, 1.1.4], [3, 1.6.2], [22, II.1|II.4], [19, 1.7]

�²­®¸¥­¨¥ ° ¢­®®¡° §­®±²¨ ª ª ®¡¹¨© ¢¨¤ ®²­®¸¥­¨¿ ½ª¢¨¢ «¥­²­®±²¨. � ª²®°-¬­®¦¥±²¢® ¨

´ ª²®°-´³­ª¶¨¿.
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2 �°®±²¥©¸¨¥  «£¥¡° ¨·¥±ª¨¥ ±²°³ª²³°»

2.1 �«£¥¡° ¨·¥±ª¨¥ ±²°³ª²³°» ( «£¥¡° ¨·¥±ª¨¥ ±¨±²¥¬»)

[3, 4.1.1], [5, 1.1], [19, 2.1.1], [7, 4], [10, 1]

�®«¨·¥±²¢® n-¬¥±²­»µ ®¯¥° ¶¨© ­  m-½«¥¬¥­²­®¬ ¬­®¦¥±²¢¥. 0-¬¥±²­ ¿ ®¯¥° ¶¨¿. n-¬¥±²­®¥

®²­®¸¥­¨¥.

2.2 �®«³£°³¯¯» ¨ ¬®­®¨¤»

[3, 4.1.2|4.1.4], [5, 1.2, 1.3, 1.7], [21, II.2], [19, 2.3.1, 2.3.2], [6, I.3.1, I.3.2, I.6.1]

�®¬¬³² ²¨¢­®±²¼,  ±±®¶¨ ²¨¢­®±²¼, ¯®«³£°³¯¯ .

�°¨¬¥° ¯®«³£°³¯¯»: hf1; 3; 7g; �i, £¤¥ x � y = x.

�°¨¬¥° ¯®«³£°³¯¯»: hf¨; °; £; ±; ½g;_i, £¤¥
_ ¨ ° £ ± ½

¨ ¨ ¨ ¨ ¨ ¨

° ¨ ° ¨ ¨ °

£ ¨ ¨ £ ¨ £

± ¨ ¨ ¨ ± ±

½ ¨ ° £ ± ½

:

�°¨¬¥° ¯®«³£°³¯¯»: hf1; 3; 7g; �i, £¤¥ x � y = x.

� ±±¬®²°¨¬ ¯®«³£°³¯¯³ hA; �i.
�«¥¬¥­² e ­ §»¢ ¥²±¿ «¥¢®© ¥¤¨­¨¶¥©, ¥±«¨ (8x 2 A) e � x = x.

�«¥¬¥­² o ­ §»¢ ¥²±¿ «¥¢»¬ ­³«�¥¬, ¥±«¨ (8x 2 A) o � x = o.

�° ¢ ¿ ¥¤¨­¨¶ , ¤¢³±²®°®­­¿¿ ¥¤¨­¨¶  (®¡»·­® ¯°®±²® ¥¤¨­¨¶  ¨«¨ ­¥©²° «¼­»© ½«¥¬¥­²),

�° ¢»© ­³«¼, ¤¢³±²®°®­­¨© ­³«¼ (®¡»·­® ¯°®±²® ­³«¼).

�±«¨ e1 | «¥¢ ¿ ¥¤¨­¨¶  ¨ e2 | ¯° ¢ ¿ ¥¤¨­¨¶ , ²® e1 = e2.

�±«¨ ±³¹¥±²¢³¥² ¤¢³±²®°®­­¿¿ ¥¤¨­¨¶ , ²® ®­  ¥¤¨­±²¢¥­­ .

�±«¨ ±³¹¥±²¢³¥² ¤¢³±²®°®­­¨© ­³«¼, ²® ®­ ¥¤¨­±²¢¥­.

�®­®¨¤®¬ ­ §»¢ ¥²±¿ ¯®«³£°³¯¯  ± ¥¤¨­¨¶¥©.

�«¥¬¥­² a ­ §»¢ ¥²±¿ ¨¤¥¬¯®²¥­²®¬, ¥±«¨ a � a = a.

�±«¨ e | ¥¤¨­¨¶  ¨ a� b = e, ²® a ­ §»¢ ¥²±¿ «¥¢»¬ ®¡° ²­»¬ ½«¥¬¥­²®¬ ¤«¿ b ¨ b ­ §»¢ ¥²±¿

¯° ¢»¬ ®¡° ²­»¬ ½«¥¬¥­²®¬ ¤«¿ a.

�±«¨ e | ¥¤¨­¨¶ , a � b = e ¨ b � a = e, ²® b ­ §»¢ ¥²±¿ ®¡° ²­»¬ ½«¥¬¥­²®¬ ¤«¿ a.

�«¥¬¥­² a ­ §»¢ ¥²±¿ ®¡° ²¨¬»¬, ¥±«¨ ±³¹¥±²¢³¥² ®¡° ²­»© ½«¥¬¥­² ¤«¿ a.

�¡° ²¨¬»© ±«¥¢  ¨ ±¯° ¢  ¿¢«¿¥²±¿ ®¡° ²¨¬»¬ (± ¤®ª § ²¥«¼±²¢®¬).

�¥®°¥¬  2.1 (®¡®¡¹�¥­­ ¿  ±±®¶¨ ²¨¢­®±²¼). (5, 1.3.2.)

(6, I.3.2.)

2.3 �¢®¡®¤­»¥ ¯®«³£°³¯¯» ¨ ¬®­®¨¤»

[6, I.6.2], [21, II.2]

�«®¢® ­ ¤  «´ ¢¨²®¬, ¯³±²®¥ ±«®¢®.

3 �°³¯¯»

3.1 �°³¯¯»

[6, I.2.1|I.2.3], [3, 4.2.1, 4.2.2], [5, 1.9], [21, II.3], [10, 2|5, 8], [12, V.12, V.13],

[18, IV.1.1, IV.1.4], [19, 2.3.3], [7, 59]

�¯°¥¤¥«¥­¨¥ 3.1. �°³¯¯®© ­ §»¢ ¥²±¿ ¬®­®¨¤, ¢ ª®²®°®¬ ª ¦¤»© ½«¥¬¥­² ®¡° ²¨¬.

(5, 1.9.1.)

�¥¬¬  3.2 (¥¤¨­±²¢¥­­®±²¼ ­¥©²° «¼­®£® ½«¥¬¥­²  ¢ £°³¯¯¥). (5, 1.2.6.)

�¥¬¬  3.3 (¥¤¨­±²¢¥­­®±²¼ ®¡° ²­»µ ½«¥¬¥­²®¢ ¢ £°³¯¯¥). (5, 1.2.12.)
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�¯°¥¤¥«¥­¨¥ 3.4. �¡¥«¥¢  £°³¯¯ .
(5, 1.9.2.)

(6, I.3.3.)

�¯°¥¤¥«¥­¨¥ 3.5. �®°¿¤ª®¬ ª®­¥·­®© £°³¯¯» ­ §»¢ ¥²±¿ ª®«¨·¥±²¢® ½«¥¬¥­²®¢ ½²®© £°³¯¯».

�¯°¥¤¥«¥­¨¥ 3.6. �®¤£°³¯¯ .
(6, I.4.1.)

(5, ±. 22.)

�¥¬¬  3.7. (5, 1.9.14.)

�¥®°¥¬  3.8. (5, 1.9.15.)

�¥®°¥¬  3.9. (5, 1.9.16.)

3.2 �°³¯¯  ¤¢¨¦¥­¨©

[6, I.2.2], [3, ±. 309]

3.3 �°³¯¯  ±¨¬¬¥²°¨© ¯° ¢¨«¼­®£® ¬­®£®³£®«¼­¨ª  (£°³¯¯  ¤¨½¤° )

[3, ±. 327|329], [10, ±. 76|77]

3.4 �®§¬®¦­®±²¼ ¤¥«¥­¨¿ ±«¥¢  ¨ ±¯° ¢  ¢ £°³¯¯¥

[6, I.3.1], [18, IV.1.1], [5, ±. 17], [19, 2.3.3]

�¥®°¥¬  3.10. (5, 1.9.3.)

� ª®­» ±®ª° ¹¥­¨¿ ±«¥¢  ¨ ±¯° ¢ . �ª¢¨¢ «¥­²­»¥ ®¯°¥¤¥«¥­¨¿ £°³¯¯».

3.5 �²¥¯¥­¼ ¨ ¯®°¿¤®ª ½«¥¬¥­²  £°³¯¯»

[3, 4.2.3], [5, ±. 21|22], [6, I.3.2], [18, IV.1.4], [10, 4, 5]

�¯°¥¤¥«¥­¨¥ 3.11. (5, 1.9.7.)

�¥®°¥¬  3.12. (5, 1.9.9.)

(6, I.3.2.)

�¥®°¥¬  3.13. (5, 1.9.10.)

(6, I.3.2.)

�¯°¥¤¥«¥­¨¥ 3.14. �®°¿¤®ª ½«¥¬¥­² .

(5, ±. 21.)

(6, I.3.2.)

�¥®°¥¬  3.15. (5, 1.9.12.)

�¥®°¥¬  3.16. (5, 1.9.13.)

�®¦¤¥±²¢  ¢ £°³¯¯ µ. �¢®©±²¢  ½«¥¬¥­²®¢ ª®­¥·­®£® ¯®°¿¤ª .

3.6 �°³¯¯  ¯°¥®¡° §®¢ ­¨© ¬­®¦¥±²¢ 

[3, 4.2.4], [6, I.1.1, I.1.2, I.4.1], [5, 5.0, 5.1], [12, V.12], [21, II.3], [10, 9, 10], [18, I.1.1, IV.1.1, IV.1.9]

�¥®°¥¬  3.17. �¨¥ª¶¨¨ ­  ´¨ª±¨°®¢ ­­®¬ ¬­®¦¥±²¢¥ ®¡° §³¾² £°³¯¯³.

(5, 5.0.4.)

(6, I.4.1.)

�¯°¥¤¥«¥­¨¥ 3.18. �®¤±² ­®¢ª .
(5, ±. 110.)

(6, I.1.1.)

�¯°¥¤¥«¥­¨¥ 3.19. �°³¯¯  ¯®¤±² ­®¢®ª n ½«¥¬¥­²®¢ (±¨¬¬¥²°¨·¥±ª ¿ £°³¯¯ ).

(5, ±. 110.)

(6, I.1.2.)

�¥®°¥¬  3.20 (¬®¹­®±²¼ £°³¯¯» ¯®¤±² ­®¢®ª). �¨±«® ¯®¤±² ­®¢®ª n ½«¥¬¥­²®¢ ° ¢­® n!.

(5, 5.1.1, 5.1.2.)
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�¯°¥¤¥«¥­¨¥ 3.21. �¨ª«.
(5, ±. 112.)

(6, I.1.3.)

�¥®°¥¬  3.22. �±«¨ n > 2, ²® £°³¯¯  Sn ­¥ª®¬¬³² ²¨¢­ .

3.7 � §«®¦¥­¨¥ ¯®¤±² ­®¢®ª ¢ ¯°®¨§¢¥¤¥­¨¥ ­¥§ ¢¨±¨¬»µ ¶¨ª«®¢

[5, 5.3], [3, 4.2.4], [6, I.1.3], [21, II.3], [18, IV.1.9], [10, 10]

�¥®°¥¬  3.23 (¥¤¨­±²¢¥­­®±²¼ ° §«®¦¥­¨¿¯®¤±² ­®¢®ª ¢ ¯°®¨§¢¥¤¥­¨¥­¥§ ¢¨±¨¬»µ
¶¨ª«®¢). (5, 5.3.1.)

(6, I.1.3.)

3.8 � §«®¦¥­¨¥ ¯®¤±² ­®¢®ª ¢ ¯°®¨§¢¥¤¥­¨¥ ²° ­±¯®§¨¶¨©

[5, 5.2], [3, 4.2.4], [6, I.1.3], [21, II.3], [10, 13], [18, IV.1.9]

�¯°¥¤¥«¥­¨¥ 3.24. �° ­±¯®§¨¶¨¥© ­ §»¢ ¥²±¿ ¶¨ª« ¤«¨­» 2.

(5, ±. 115.)

(6, I.1.3.)

�¥®°¥¬  3.25. (5, 5.2.4.)

(6, I.1.3.)

3.9 ��¥²­»¥ ¨ ­¥·�¥²­»¥ ¯®¤±² ­®¢ª¨

[5, 5.4, 5.5], [3, 4.2.4], [21, II.3], [10, 13], [6, I.1.3]

�¯°¥¤¥«¥­¨¥ 3.26. �­¢¥°±¨¿.
(5, ±. 118.)

�¥®°¥¬  3.27 (¨§¬¥­¥­¨¥ ·�¥²­®±²¨ ¯®¤±² ­®¢ª¨ ¯°¨ ³¬­®¦¥­¨¨ ­  ²° ­±¯®§¨¶¨¾).
(5, 5.4.2.)

�¥®°¥¬  3.28 (·�¥²­®±²¼ ¯°®¨§¢¥¤¥­¨¿ ¯®¤±² ­®¢®ª). (5, 5.5.1.)

�¥®°¥¬  3.29 (·�¥²­®±²¼ ®¡° ²­®© ¯®¤±² ­®¢ª¨). (5, 5.4.5.)

�¥®°¥¬  3.30. (5, 5.5.3.)

�¥®°¥¬  3.31. (5, 5.5.4.)

�¥®°¥¬  3.32. (5, 5.5.5.)

3.10 �­ ª®¯¥°¥¬¥­­ ¿ £°³¯¯  (£°³¯¯  ·�¥²­»µ ¯®¤±² ­®¢®ª)

[5, 5.5], [21, II.3], [10, 13]

�¥®°¥¬  3.33. (5, 5.5.6.)

�¥®°¥¬  3.34 (¯®°¿¤®ª §­ ª®¯¥°¥¬¥­­®© £°³¯¯»). (5, 5.4.3.)

3.11 �§®¬®°´¨§¬ £°³¯¯

[3, 4.3.1], [5, 1.9], [6, I.5.1], [10, 9], [18, IV.1.2], [19, 2.2.2]

�¨¥ª¶¨¿, ±®µ° ­¿¾¹ ¿ ¡¨­ °­³¾ ®¯¥° ¶¨¾. �¨¥ª¶¨¿, ±®µ° ­¿¾¹ ¿ ³­ °­³¾ ®¯¥° ¶¨¾, ­³«¼ °-

­³¾ ®¯¥° ¶¨¾.

�¯°¥¤¥«¥­¨¥ 3.35 (¨§®¬®°´¨§¬ £°³¯¯). (5, 1.9.30.)

�¥¬¬  3.36. (5, 1.9.32.)

�¥®°¥¬  3.37. (5, 1.9.33.)

�¢®©±²¢  ¨§®¬®°´¨§¬®¢ £°³¯¯. �®µ° ­¥­¨¥ ­¥©²° «¼­®£® ¨ ®¡° ²­»µ ½«¥¬¥­²®¢ ¯°¨ ¨§®¬®°-

´¨§¬¥.

�¢²®¬®°´¨§¬.
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3.12 �«®¦¥­¨¥ £°³¯¯» ¢ £°³¯¯³ ¯°¥®¡° §®¢ ­¨©

[3, 4.3.1], [21, II.3], [10, 10]

�¾¡ ¿ £°³¯¯  ¨§®¬®°´­  ­¥ª®²®°®© ¯®¤£°³¯¯¥ £°³¯¯» ¯°¥®¡° §®¢ ­¨© (¥�¥ ­®±¨²¥«¿). �¥®°¥¬ 

�½«¨.

3.13 �¨ª«¨·¥±ª¨¥ £°³¯¯»

[3, 4.2.3], [5, ±. 18|19, 24], [6, I.4.1], [12, V.13], [21, II.3], [10, 5], [18, IV.1.4]

�¯°¥¤¥«¥­¨¥ ¶¨ª«¨·¥±ª®© £°³¯¯» ¨ ¥�¥ ¯®°®¦¤ ¾¹¥£® ½«¥¬¥­² . �¾¡ ¿ ¯®¤£°³¯¯  ¶¨ª«¨·¥±ª®©

£°³¯¯» ¿¢«¿¥²±¿ ¶¨ª«¨·¥±ª®©.

�¯°¥¤¥«¥­¨¥ 3.38. �°³¯¯  ¢»·¥²®¢ ¯® ¬®¤³«¾ n.

(5, 1.9.4.)

�¯°¥¤¥«¥­¨¥ 3.39. (a).
(5, ±. 23.)

(6, I.4.1.)

�¥¬¬  3.40. (5, 1.9.19.)

�¯°¥¤¥«¥­¨¥ 3.41. �¨ª«¨·¥±ª ¿ £°³¯¯ .
(5, ±. 24.)

(6, I.4.1.)

�« ±±¨´¨ª ¶¨¿ ¶¨ª«¨·¥±ª¨µ £°³¯¯. �¯¨± ­¨¥ ¯®°®¦¤ ¾¹¨µ ½«¥¬¥­²®¢ ¢ ª®­¥·­»µ ¨ ¡¥±ª®­¥·-

­»µ ¶¨ª«¨·¥±ª¨µ £°³¯¯ µ.

3.14 *�°¿¬®¥ ¯°®¨§¢¥¤¥­¨¥ £°³¯¯

[3, 7.3.4], [6, I.4.3]

3.15 �¬¥¦­»¥ ª« ±±» ¯® ¯®¤£°³¯¯¥

[3, 4.3.4], [6, I.4.2], [21, II.3], [10, 11], [18, IV.1.6]

� §¡¨¥­¨¥ £°³¯¯» ­  ±¬¥¦­»¥ ª« ±±» ¯® ¯®¤£°³¯¯¥. �¥®°¥¬  � £° ­¦ . �¾¡ ¿ £°³¯¯  ¯°®-

±²®£® ¯®°¿¤ª  ¿¢«¿¥²±¿ ¶¨ª«¨·¥±ª®©. �­¤¥ª± ¯®¤£°³¯¯».

3.16 �®°¬ «¼­ ¿ ¯®¤£°³¯¯ 

[21, II.3], [18, IV.1.7], [10, 11], [3, 4.3.2], [5, 5.3], [6, I.4.2]

�¯°¥¤¥«¥­¨¥ 3.42 (±®¯°¿¦�¥­­»© ½«¥¬¥­²). (5, ±. 116.)

�¥®°¥¬  3.43. �²­®¸¥­¨¥ ±®¯°¿¦�¥­­®±²¨ ¿¢«¿¥²±¿ ®²­®¸¥­¨¥¬ ½ª¢¨¢ «¥­²­®±²¨.

(5, ±. 116.)

�®¯°¿¦�¥­­ ¿ ¯®¤£°³¯¯ . �ª¢¨¢ «¥­²­»¥ ®¯°¥¤¥«¥­¨¿ ­®°¬ «¼­®© ¯®¤£°³¯¯». �®¤£°³¯¯  ¨­-

¤¥ª±  ¤¢  ­®°¬ «¼­ . �¥­²° £°³¯¯» ¿¢«¿¥²±¿ ­®°¬ «¼­®© ¯®¤£°³¯¯®©. �­ ª®¯¥°¥¬¥­­ ¿ £°³¯¯ 

¿¢«¿¥²±¿ ­®°¬ «¼­®© ¯®¤£°³¯¯®© £°³¯¯» ¯®¤±² ­®¢®ª.

3.17 �®¬®¬®°´¨§¬ £°³¯¯

[3, 4.3.2, 4.3.3], [5, 1.9], [6, I.5.2], [21, II.3], [10, 9], [18, IV.1.3], [19, 2.2.1]

�¯°¥¤¥«¥­¨¥ 3.44. �®¬®¬®°´¨§¬ £°³¯¯.

(5, ±. 25.)
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3.18 � ª²®°£°³¯¯ 

[3, 1.6.3, 4.3.2, 4.4.4], [6, I.4.2], [21, II.3], [10, 11], [18, IV.1.8]

�¯°¥¤¥«¥­¨¥ 3.45. �¡° § £®¬®¬®°´¨§¬ .
(5, ±. 25.)

(6, I.5.2.)

�¯°¥¤¥«¥­¨¥ 3.46. �¤°® £®¬®¬®°´¨§¬ .

(5, ±. 25.)

(6, I.5.2.)

�¥®°¥¬  3.47. (5, 1.9.27.)

�¥¬¬  3.48. (5, 1.9.28.)

�¥¬¬  3.49. (5, 1.9.29.)

� ª²®°£°³¯¯» ¯® ­®°¬ «¼­®© ¯®¤£°³¯¯¥. �¤°® £®¬®¬®°´¨§¬  ¿¢«¿¥²±¿ ­®°¬ «¼­®© ¯®¤£°³¯-

¯®©.

3.19 �¥®°¥¬  ® £®¬®¬®°´¨§¬¥

[3, 7.3.1], [21, II.3]

�±²¥±²¢¥­­»© £®¬®¬®°´¨§¬.

3.20 *�¢®¡®¤­»¥ £°³¯¯»

[11, 2.2.5]

4 �®«¼¶  ¨ ¯®«¿

4.1 �®«¼¶ 

[5, 1.10], [6, II.1.1], [3, 4.4.1], [21, II.4], [18, IV.2.1], [19, 2.4.1]

�¯°¥¤¥«¥­¨¥ 4.1 (ª®«¼¶® ( ±±®¶¨ ²¨¢­®¥ ª®«¼¶® ± ¥¤¨­¨¶¥©)). �±±®¶¨ ²¨¢­»¬ ª®«¼¶®¬

± ¥¤¨­¨¶¥© (¨«¨ ¯°®±²® ª®«¼¶®¬) ­ §»¢ ¥²±¿ ­¥¯³±²®¥ ¬­®¦¥±²¢® R ± ¤¢³¬¥±²­»¬¨ ®¯¥° ¶¨¿¬¨

+ ¨ �, ®¤­®¬¥±²­®© ®¯¥° ¶¨¥© � ¨ ­³«¼¬¥±²­»¬¨ ®¯¥° ¶¨¿¬¨ 0 ¨ 1, £¤¥ ¢»¯®«­¿¾²±¿ ±«¥¤³¾¹¨¥

²®¦¤¥±²¢ :

1) a+ b = b+ a,

2) (a+ b) + c = a+ (b+ c),

3) a+ 0 = a,

4) a+ (�a) = 0,

5) (a+ b) � c = (a � c) + (b � c),
6) c � (a+ b) = (c � a) + (c � b),
7) (a � b) � c = a � (b � c),
8) a � 1 = a,

9) 1 � a = a.

�¯¥° ¶¨¿ + ­ §»¢ ¥²±¿ ±«®¦¥­¨¥¬, ®¯¥° ¶¨¿ � ­ §»¢ ¥²±¿ ³¬­®¦¥­¨¥¬.
(5, ±. 28.)

� ¬¥· ­¨¥ 4.2. �°¨ § ¯¨±¨ ¢»° ¦¥­¨© ¯°¨­¿²® ®¯³±ª ²¼ ­¥ª®²®°»¥ ±ª®¡ª¨ (¤«¿ ³¤®¡±²¢ ).

�±«¨ ¢ ±®ª° ¹�¥­­®© § ¯¨±¨ °¿¤®¬ ­ µ®¤¿²±¿ ° §­»¥ ®¯¥° ¶¨¨, ²® ¯°¨ ®²±³²±²¢¨¨ ±ª®¡®ª ¢­³-

²°¥­­¥© ±·¨² ¥²±¿ ² , ª®²®° ¿ ¨¬¥¥² ¡®«¥¥ ¢»±®ª¨© ¯°¨®°¨²¥² ±®£« ±­® ±«¥¤³¾¹¥¬³ ±¯¨±ª³, ±®-

±² ¢«¥­­®¬³ ¢ ¯®°¿¤ª¥ ³¡»¢ ­¨¿ ¯°¨®°¨²¥²®¢: ¤¢³¬¥±²­ ¿ ®¯¥° ¶¨¿ �, ®¤­®¬¥±²­ ¿ ®¯¥° ¶¨¿ �,
¤¢³¬¥±²­ ¿ ®¯¥° ¶¨¿ +.
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� ¬¥· ­¨¥ 4.3. �­ ª ®¯¥° ¶¨¨ � · ±²® ®¯³±ª ¾².
�°¨¬¥° 4.4 (ª®«¼¶® ¶¥«»µ ·¨±¥«). (5, 1.10.2.)

(3, ±. 173.)

�°¨¬¥° 4.5 (ª®«¼¶® ª¢ ¤° ²­»µ ¬ ²°¨¶ ¯®°¿¤ª  n ­ ¤ R). (3, ±. 174.)

(5, 8.5.1.)

�°¨¬¥° 4.6 (ª®«¼¶® ´³­ª¶¨©).
(3, ±. 174.)

�°¨¬¥° 4.7 (ª®«¼¶® ­¥¯°¥°»¢­»µ ´³­ª¶¨©). (5, 1.10.2.)

�¯°¥¤¥«¥­¨¥ 4.8 (ª®¬¬³² ²¨¢­®¥ ª®«¼¶®). �®«¼¶® ­ §»¢ ¥²±¿ ª®¬¬³² ²¨¢­»¬, ¥±«¨

³¬­®¦¥­¨¥ ª®¬¬³² ²¨¢­®. (3, ±. 173.)

�¯°¥¤¥«¥­¨¥ 4.9. �¢¥¤�¥¬ ±®ª° ¹¥­¨¥ a � b 
 a + (�b). �¢³¬¥±²­ ¿ ®¯¥° ¶¨¿ � ¨¬¥¥² ²®²

¦¥ ¯°¨®°¨²¥², ·²® ¨ ®¯¥° ¶¨¿ +. �¡¥ ®¯¥° ¶¨¨ ±·¨² ¾²±¿ «¥¢® ±±®¶¨ ²¨¢­»¬¨ (­ ¯°¨¬¥°, ¥±«¨

¢ ¢»° ¦¥­¨¨ °¿¤®¬ ­ µ®¤¿²±¿ ¤¢¥ ¡¨­ °­»¥ ®¯¥° ¶¨¨ �, ²® ¯°¨ ®²±³²±²¢¨¨ ±ª®¡®ª ¢­³²°¥­­¥©

±·¨² ¥²±¿ ² , ª®²®° ¿ ­ µ®¤¨²±¿ «¥¢¥¥).

(6, ±. 95.)

�¥¬¬  4.10. � «¾¡®¬ ª®«¼¶¥ ¢»¯®«­¿¾²±¿ ±«¥¤³¾¹¨¥ ²®¦¤¥±²¢ :

1. a � 0 = 0;

2. 0 � a = 0;

3. (�a) � b = �(a � b);
4. a � (�b) = �(a � b);
5. (�a) � (�b) = a � b;
6. (a� b) � c = a � c� b � c;
7. c � (a� b) = c � a� c � b.

(5, ±. 30.)

(6, ±. 95.)

(3, ±. 175.)

�¯°¥¤¥«¥­¨¥ 4.11 (²°¨¢¨ «¼­®¥ ª®«¼¶®, ¨«¨ ­³«¥¢®¥ ª®«¼¶®). �®«¼¶® ­ §»¢ ¥²±¿ ²°¨-
¢¨ «¼­»¬ ¨«¨ ­³«¥¢»¬, ¥±«¨ ®­® ±®¤¥°¦¨² ²®«¼ª® ®¤¨­ ½«¥¬¥­².

(6, ±. 96.)

�¥¬¬  4.12. � «¾¡®¬ ­¥²°¨¢¨ «¼­®¬ ª®«¼¶¥ 0 6= 1.

(3, ±. 175.)

�¥¬¬  4.13 (¡¨­®¬ �¼¾²®­ ). �³±²¼ R | ª®«¼¶®, a 2 R, b 2 R, ab = ba, n 2 N. �®£¤ 

(a+ b)n =

nX

k=0

C
k

n
a
k

b
n�k

:

(5, 1.10.3.)

(3, ±. 56|57, 176.)

�¯°¥¤¥«¥­¨¥ 4.14 (¯®¤ª®«¼¶®). �®¤¬­®¦¥±²¢® S ª®«¼¶  R ­ §»¢ ¥²±¿ ¯®¤ª®«¼¶®¬, ¥±«¨

1. 0 2 S,

2. 1 2 S,

3. �a 2 S ¤«¿ ¢±¥µ a 2 S,

4. a+ b 2 S ¤«¿ ¢±¥µ a 2 S ¨ b 2 S,

5. a � b 2 S ¤«¿ ¢±¥µ a 2 S ¨ b 2 S.

(5, 1.10.4.)

�¯°¥¤¥«¥­¨¥ 4.15 (£®¬®¬®°´¨§¬ ª®«¥¶). (5, ±. 36.)

(3, ±. 178.)

�¯°¥¤¥«¥­¨¥ 4.16 (¨§®¬®°´¨§¬ ª®«¥¶). (5, ±. 37.)

(3, ±. 179.)
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4.2 *�¥«¨²¥«¨ ­³«¿

[6, II.1], [5, 1.10], [3, 4.4.5]

�¯°¥¤¥«¥­¨¥ 4.17 («¥¢»© ¤¥«¨²¥«¼ ­³«¿, ¯° ¢»© ¤¥«¨²¥«¼ ­³«¿). (5, 1.10.8.)

4.3 �®«¿

[5, 1.11], [3, 4.4.5, 4.4.6], [21, II.4], [18, IV.3.1], [19, 2.4.3], [6, II.1]

�¯°¥¤¥«¥­¨¥ 4.18 (²¥«®). �®«¼¶® R ­ §»¢ ¥²±¿ ²¥«®¬, ¥±«¨ ¤«¿ ª ¦¤®£® a 2 R, ®²«¨·­®£®

®² ­³«¿, ±³¹¥±²¢³¥² ² ª®© ½«¥¬¥­² b, ·²® ab = 1 ¨ ba = 1.

(6, ±. 96.)

(3, ±. 185.)

� ¬¥· ­¨¥ 4.19. �±«¨ ab = 1 ¨ ba = 1, ²® ½«¥¬¥­² b ¬®¦­® ®¡®§­ ·¨²¼ a�1.

�¯°¥¤¥«¥­¨¥ 4.20 (¯®«¥). �®«¥¬ ­ §»¢ ¥²±¿ ²¥«®, £¤¥ ³¬­®¦¥­¨¥ ª®¬¬³² ²¨¢­®.

(5, 1.11.1.)

(3, ±. 185.)

�°¨¬¥° 4.21 (¯®«¥ ° ¶¨®­ «¼­»µ ·¨±¥«). (6, ±. 97.)

�°¨¬¥° 4.22 (¯®«¥ ¤¥©±²¢¨²¥«¼­»µ ·¨±¥«). (6, ±. 97.)

�¯°¥¤¥«¥­¨¥ 4.23. �¢¥¤�¥¬ ±®ª° ¹¥­¨¥ a=b
 a � (b�1).
(3, ±. 185.)

�¥¬¬  4.24 (°¥¸¥­¨¥ «¨­¥©­®£® ³° ¢­¥­¨¿). �³±²¼ K | ¯®«¥, a 2 K, b 2 K, a 6= 0. �®£¤ 

±³¹¥±²¢³¥² ®¤¨­ ¨ ²®«¼³® ®¤¨­ ² ª®© ½«¥¬¥­² x 2 K, ·²® ax = b. (5, 1.11.2.)

�¥¬¬  4.25 (¤¥©±²¢¨¿ ± ¤°®¡¿¬¨). (3, ±. 185|186.)

�¯°¥¤¥«¥­¨¥ 4.26 (¯®¤¯®«¥). �®¤¬­®¦¥±²¢® S ¯®«¿ K ­ §»¢ ¥²±¿ ¯®¤¯®«¥¬, ¥±«¨

1. 0 2 S,

2. 1 2 S,

3. �a 2 S ¤«¿ ¢±¥µ a 2 S,

4. a+ b 2 S ¤«¿ ¢±¥µ a 2 S ¨ b 2 S,

5. a � b 2 S ¤«¿ ¢±¥µ a 2 S ¨ b 2 S,

6. �a 2 S ¤«¿ ¢±¥µ a 2 S ®²«¨·­»µ ®² ­³«¿.

(3, ±. 186.)

�¥¬¬  4.27 (¯¥°¥±¥·¥­¨¥ ¯®¤¯®«¥©). (5, 1.11.8.)

�°¨¬¥° 4.28. Q[
p
2].

(6, ±. 97.)

(5, 1.11.9.)

(3, ±. 186.)

�¯°¥¤¥«¥­¨¥ 4.29 (µ ° ª²¥°¨±²¨ª  ¯®«¿). �±«¨ ¯®°¿¤®ª ½«¥¬¥­²  1 ¢  ¤¤¨²¨¢­®© £°³¯¯¥

¯®«¿ K ª®­¥·¥­, ²® ½²®² ¯®°¿¤®ª ­ §»¢ ¥²±¿ µ ° ª²¥°¨±²¨ª®© ¯®«¿ K. �±«¨ ¯®°¿¤®ª ½«¥¬¥­²  1

¢  ¤¤¨²¨¢­®© £°³¯¯¥ ¯®«¿ K ¡¥±ª®­¥·¥­, ²® µ ° ª²¥°¨±²¨ª®© ¯®«¿ K ±·¨² ¥²±¿ ­ ²³° «¼­®¥ ·¨-

±«® 0. � ° ª²¥°¨±²¨ª  ¯®«¿ K ®¡®§­ · ¥²±¿ char(K).

(5, 1.11.10.)

�¥®°¥¬  4.30. �³±²¼ K | ¯®«¥ ¨ char(K) > 0. �®£¤  char(K) | ¯°®±²®¥ ·¨±«®. (5, 1.11.12.)

�¯°¥¤¥«¥­¨¥ 4.31 (¨§®¬®°´¨§¬ ¯®«¥©). (3, ±. 186.)
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4.4 �®«¥ ª®¬¯«¥ª±­»µ ·¨±¥«

[3, 5.1], [5, 2.0|2.11], [6, ±. 97|98], [21, II.4], [15, 10.1]

�¯°¥¤¥«¥­¨¥ 4.32 (¯®«¥ ª®¬¯«¥ª±­»µ ·¨±¥«). (5, 2.1, 2.2.)

(6, ±. 97|98.)

(3, 5.1.1, 5.1.2.)

�¯°¥¤¥«¥­¨¥ 4.33 (±®¯°¿¦¥­¨¥). (5, ±. 60.)

(3, ±. 197.)

�¥®°¥¬  4.34. (5, 2.3.1.)

(3, ±. 197.)

�¯°¥¤¥«¥­¨¥ 4.35 (¯®«¿°­»¥ ª®®°¤¨­ ²»). (5, 2.4.)

(3, ±. 198.)

�¥®°¥¬  4.36. (5, 2.7.1.)

(3, ±. 199.)

4.5 �®«¼¶  ¬­®£®·«¥­®¢

[3, 5.2], [5, 1.13], [6, II.1.1]

�¯°¥¤¥«¥­¨¥ 4.37 (ª®«¼¶® ¬­®£®·«¥­®¢). (5, ±. 38|39.)

(5, ±. 206|210.)

(6, ±. 93.)

4.6 �®«¼¶® ¢»·¥²®¢

[3, 4.4.2], [5, 1.10], [21, II.4]

�¯°¥¤¥«¥­¨¥ 4.38 (±° ¢­¥­¨¥ ¯® ¬®¤³«¾ m). �¢  ¶¥«»µ ·¨±«  a ¨ b ­ §»¢ ¾²±¿ ±° ¢­¨-

¬»¬¨ ¯® ¬®¤³«¾ m, ¥±«¨ (a � b)
...m. �°¨ ½²®¬ ¯¨¸³² a � b (mod m).

(3, ±. 176.)

�¥¬¬  4.39. �²­®¸¥­¨¥ ±° ¢­¨¬®±²¨ ¯® ¬®¤³«¾ m ¿¢«¿¥²±¿ ®²­®¸¥­¨¥¬ ½ª¢¨¢ «¥­²­®±²¨.

�¥¬¬  4.40. �²­®¸¥­¨¥ ±° ¢­¨¬®±²¨ ¯® ¬®¤³«¾ m ¿¢«¿¥²±¿ ª®­£°³½­¶¨¥© ­  ª®«¼¶¥ ¶¥«»µ

·¨±¥«.

(3, ±. 177.)

�¯°¥¤¥«¥­¨¥ 4.41 (ª®«¼¶® ¢»·¥²®¢). (5, 1.10.2.)

(3, ±. 177.)

4.7 �®«¥ ¢»·¥²®¢ ¯® ¯°®±²®¬³ ¬®¤³«¾

[3, 4.4.6], [5, 1.11], [21, II.4]

�¥®°¥¬  4.42. (5, 1.11.6.)

(3, ±. 189.)

4.8 *� « ¿ ²¥®°¥¬  �¥°¬ 

[3, 4.4.6]

�¥®°¥¬  4.43 (¬ « ¿ ²¥®°¥¬  �¥°¬ ). (3, ±. 189.)

5 *�°³£¨¥  «£¥¡° ¨·¥±ª¨¥ ±²°³ª²³°»

5.1 *�®«³ª®«¼¶ 

5.2 *�¥¸�¥²ª¨

[21, II.8], [18, IV.5.1|IV.5.4], [19, 2.6]
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6 �«¥¬¥­²» «¨­¥©­®©  «£¥¡°»

6.1 �¥ª²®°­®¥ ¯°®±²° ­±²¢® ( °¨´¬¥²¨·¥±ª®¥ «¨­¥©­®¥ ¯°®±²° ­±²¢®)

[3, 2.1.1|2.1.3], [5, 4.0, 4.1, 9.1]

6.2 �¨­¥©­ ¿ § ¢¨±¨¬®±²¼ ¢¥ª²®°®¢

[3, 2.1.4], [5, 9.2]

6.3 � §¨± ¨ ° §¬¥°­®±²¼ ¢¥ª²®°­®£® ¯°®±²° ­±²¢ 

[3, 2.1.5], [5, 9.3]

6.4 �¨­¥©­»¥ ¯°¥®¡° §®¢ ­¨¿

[3, 2.3.1], [12, V.11]

6.5 � ²°¨¶», ¤¥©±²¢¨¿ ­ ¤ ­¨¬¨

[3, 1.3.1, 2.3], [11, 1.1.5], [5, 8.1, 8.2, 8.4, 8.5], [12, V.1|V.4], [21, I.1, I.3], [18, II.1.1], [15, 1.1]

6.6 �®°¬³«  ¤«¿ ¢»·¨±«¥­¨¿ ½«¥¬¥­²®¢ ®¡° ²­®© ¬ ²°¨¶»

[5, 8.7], [3, 3.3.1], [21, I.3]

6.7 � ­£ ¬ ²°¨¶»

[5, 9.16], [3, 2.2.2, 2.4.3, 3.3.2], [21, I.3], [18, I.2.4], [15, 1.3]

6.8 �°¨¢¥¤¥­¨¥ ¬ ²°¨¶» ª ±²³¯¥­· ²®¬³ ¢¨¤³

[5, 3.4, 3.5], [21, I.1], [18, I.2.4]

�«¥¬¥­² °­»¥ ¯°¥®¡° §®¢ ­¨¿ ±²°®ª ¬ ²°¨¶».

6.9 � µ®¦¤¥­¨¥ ®¡° ²­®© ¬ ²°¨¶» ± ¯®¬®¹¼¾ ½«¥¬¥­² °­»µ ¯°¥®¡° -

§®¢ ­¨©

[5, 8.8], [21, I.3], [18, II.1.2]

6.10 �¯°¥¤¥«¨²¥«¨ ª¢ ¤° ²­»µ ¬ ²°¨¶

[5, 6.1|6.6], [3, 1.4, 3.1, 3.2], [21, I.2], [18, I.1.2, I.1.3], [15, 1.2]

6.11 �»·¨±«¥­¨¥ ®¯°¥¤¥«¨²¥«¥©

[5, 6.8], [3, 4.3.5], [21, I.2], [18, I.1.4|I.1.6]

�»·¨±«¥­¨¥ ®¯°¥¤¥«¨²¥«¥© ° §«®¦¥­¨¥¬ ¯® ±²°®ª¥ ¨«¨ ±²®«¡¶³ ¨ ± ¯®¬®¹¼¾ ½«¥¬¥­² °­»µ ¯°¥-

®¡° §®¢ ­¨©.

6.12 �¨±²¥¬» «¨­¥©­»µ ³° ¢­¥­¨©

[5, 3.0|3.2], [3, 1.3], [12, V.5], [21, I.1], [18, I.2.1], [15, 2.1]
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6.13 �¥²®¤ � ³±±  °¥¸¥­¨¿ ±¨±²¥¬

[5, 3.3, 3.6|3.8], [3, 1.3.4], [21, I.1], [18, I.2.2], [15, 2.1]

6.14 �¥²®¤ �° ¬¥°  °¥¸¥­¨¿ ±¨±²¥¬

[21, I.1], [18, I.2.3], [15, 2.2]

6.15 �¥®°¥¬  �°®­¥ª¥° |� ¯¥««¨

[3, 2.2.3], [21, I.3], [18, I.2.5], [15, 2.1]

6.16 �¥®°¥¬  ®¡ ®¡¹¥¬ °¥¸¥­¨¨ ®¤­®°®¤­®© ¨ ­¥®¤­®°®¤­®© ±¨±²¥¬

[5, 4.2, 9.17], [3, 2.4.1, 2.4.2], [18, I.2.6, I.2.7], [15, 2.3]
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