BBeIleHI/Ie B MAaTEMATHYCCKYIO JIOTUKY
KpaTkuii KOHCIEKT JIeKIIUH
(BecHa 2006, mexmat MI'Y, 1-i Kypc, 2-H MOTOK)

M. P. Ilenryc

@DakynbTaTUBHBIE pa3/ie/ibl HAOpPaHbl MEHBILIUM LIPUPTOM.

1 Beenenune

1.1 IIpenBaputenbHble CBeAeHUS

1.1. B 3TOM Kypce HY/b fIBJSIETCS HATypPaJbHbIM YHUCJIOM.

1.2. MHoXecTBO BCeX HaTypasbHBIX 4Mces obosHadaeTcss N. MHoXecTBO Bcex lie-
JIBIX yuces oOo3HayaeTcsl Z. MHOxeCcTBO BCexX palMOHaJ/bHBIX uMces oOo3Hadaercs Q.
MHoxecTBO Bcex NeHCTBUTEbHBIX unces ob6o3Hadaercs R.

1.3. HarypanbHble yucsaa Oymem o6o3HayaThb OykKBaMmu i, j, k, [, m, n (BO3MOXHO,
C HHIEKCaMH).

Omnpenenenne 1.4. MHoxecTBO A HasblBaeTcsl cuémmnoim, eCy CyLIeCTBYeT OUeKLUs
mexay A u N.

1.5. MHOXeCTBO BceX MOAMHOXKECTB MHOXKecTBa A o603HauaeTcst P(A).

Ipumep 1.6. Ecau A = {0, 1,2}, To

P(A) = {2,{0},{1},{0,1},{2},{0, 2}, {1,2},{0, 1, 2}}.

1.7. ®opmyna, HauMHAOIIASCA C KBAHTOPA CYIIECTBOBAHHS MO MYyCTOMY MHOXKECTBY,
JgoxHa. Popmysna, HauMHAWIIASCH C KBAHTOpPA BCEOOLIHOCTH MO MYCTOMY MHOXKECTBY,
UCTUHHA.

1.8. IIpunyun mamemamuueckoli uHOYKYuUU COCTOMT B CJeLylOLleM: yTBepKIeHHe
A(x), 3aBucsilllee OT HaTypasJbHOrO MapaMeTpa z, CUMTAeTCsl AOKa3aHHBIM, eCJH JoKa-
3aHo A(0) u pas 0600 HAaTypasbHOrO YMC/Ia m U3 MPENroJioKeHHs, uTo BepHo A(n),
BbIBEZIEHO, UTO BepHO Takxke A(n + 1).

Hacto yno6HO MOJb30BaThCS CJeAYIOLIEH 3KBHUBaJeHTHOH (hOpMOM MpUHLMMNA MaTe-
MaTH4eCKOH MHAYKLHUH, Ha3blBaeMOHM HHOTNA MNPUHUUNOM 6038pAMHOL UHOYKYUU WU
NPURLUNOM CUAbHOL mamemamuueckol urOyKyuu: yTeepKaeHue A(x), 3aBucsilee OT
HATYPaJIbHOTO IapameTpa x, CYMTAeTCs NOKA3aHHBIM, €CJH [JI BCSKOIO HATypaJbHOIO
4ucaIa n U3 TMpennosoxeHus, 4ro A(z) BepHO MpH JHOOOM HATypasJbHOM = < M, CJIELYeT,
uyto A(x) BepHO Takxe NpU T = n.

[TpuHuun Bo3BpaTHOM HMHAYKLUHMH TECHO CBSI3aH C NPUHUUNOM HAUMEHbULeEO 4UCAq,
rjacslleM, YTO B KaXKJIOM HENyCTOM MHOXKeCTBe HaTypaJ/bHbIX YUCe/ CyLleCTByeT Hau-
MeHbllee YUCJIO.

IMpumep 1.9. Paccmotpum vucasa Quboranuu F, 3anaHHble HadalbHbIMU 3HaueHusmu Fo =0, F; =1
U peKyppeHTHbIM cooTHolleHueM F,, = F,,_1 + F,,_o nasa Bcex m > 2. Bo3BpaTHO# HHIyKLUUeH MO n
MOXKHO 10Ka3aTh, UTO 1Jis KaXK/J0r0 HaTypajbHOTO 1 BBINOJIHsETCsS HepaeHcTBO F, < (5/3)" L. Tlpu stom
B Llare MHAYKUMH HCIOJb3YETCS 3TO »Ke HEPaBeHCTBO A1 n — 1 un — 2.
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ITpumep 1.10. BosBpaTHo#l MHAYKLHEH MOXKHO J0Ka3aTb, UTO KayK[IO€ OTJIMYHOE OT €IWHHIBl HATy-
pasibHOe UHCJIO JeJIUTCS XOTS Obl Ha OIHO MPOCTOE YUCJO.

IIpumep 1.11. Bo3BpaTHOH HHAYKIHEH MOXHO [0Ka3aTh, UTO [/ KaXKAOTO HATYpaJbHOrO a > 2
HAUAETCS KOHEYHAasi MOCJeNOBATENbHOCTb TPOCTBIX YHCEN (1,2, ..., (m, YIOBJIETBOPSIOIIAS YCJIOBHIO
G1°G2 - Gm = a (TO eCcThb YHUCJO G MOXHO Pas3JiOXKUThb Ha MpPoCTble MHOXHTeaH). [Ipu 3ToM B Iuare
WHIYKLUWH UCIOJb3yeTCsl Pa3JoKHUMOCTb BCeX MEHBIIHWX HaTypaJsbHbIX unces, Kpome 0 u 1.

IIpumep 1.12. MHorouseH Ha3bIBaeTCsl HEMPUBOAUMBIM, €CJIU €0 HeJlb3s IPeICTAaBUTh B BUJE IPOU3Be-
JIeHHs1 IByX MHOT'OUJIEHOB MOJIOKUTeNbHOH cTeneHH. Kax bl MHOTOU/IEH MOJIOXKHTeNbHON CTEeNeHH AeIUTCS
Ha HEKOTOPbIH HENMPUBOAUMbIH MHOTOYJIEH. DTO MOXHO J0Ka3aTh BO3BPATHOM MHAYKIMeH MO CTEeNeHH MHO-
rouJieHa.

1.2 Aadasur, 6ykBa, CJI0BO
[I1, 2.2], [KI, c. 168], [JIM, I1.1]

Onpenenenne 1.13. Argasumom HazbiBaeTCs KOHEUHOE HEMyCTOe MHOXeCTBO. Ero
3JIeMEHThl HasblBaloTCs cumsoramu (byksamu).

Onpenenenne 1.14. Crosom (yenoukoti, cmpokoti)B andaBuTe > HA3bIBAETCS KOHEU-
Hasi TI0CJIeI0BATENbHOCTD 3JIEMEHTOB ..

IIpumep 1.15. Paccmorpum andasut ¥ = {a,b,c}. Torna baaa siBasieTcss cl0BOM B
andasnte X.

Onpenenenne 1.16. CoBo, He comeprkalllee HU OIHOTO CHMMBOJA (TO eCTh MocJen0Ba-
TeJIbHOCTb AJHHBL (), Ha3bIBAETCS NYCMolM CA080M ¥ 0003HAUAETCS €.

Onpenenenne 1.17. [auna cioBa w, o603HaYaeMasi |w|, eCTb YHCJO CUMBOJIOB B w,
MPUUYEM Ka>KIbli CUMBOJI CYMTAETCS CTOJBKO Pa3, CKOJIbKO Pa3 OH BCTPeuaeTcs B w.

Omnpenenenne 1.18. Ecau 2 u y — cjoBa B asndaBuTe X, To cJ0BO zy (pe3yabTar
TMPUITUCHIBAHUS CJIOBA Y B KOHeLl CJIOBAa x) Ha3blBaeTcs Kowkamewauuetl (kamenayuelil,
cuenseruem) cJoB x U y. FIHOrIa KOHKaTeHAUMIO CJOB = U Yy 0603HAYAKOT T - Y.

Omnpenenenne 1.19. Eciu x — cnoBo u n € N, To uepes ™ 0603HaUaeTcs CJIOBO

—
n pas

[TosoxuM 2° = & (3HaK = YHTAeTCs «PABHO M0 ONpPEIEJEHUIO»).
Ipumep 1.20. ITo npuHsTEIM corsauedusm ba® = baaa u (ba)® = bababa.
Omnpenenenne 1.21. MHoxecTBO Bcex CJIOB B ajaBuTe ¥ 06003Ha4YaeTcss L.

Omnpenenenne 1.22. [TonMHOXKeCTBa MHOXKECTBA X% HA3BIBAIOTCS CAOBAPHbLMU MHONCECMBAMU.
(Mau, 11.1.)

3ameuanue 1.23. MHoxecTBo ¥* cuéTHO. B camom nese, B andaBute ¥ MHOXKECTBO
BCEX CJIOB JAHHOH JJIMHBI KOHEUYHO, CJIE[0BATENbHO, >* ABJSAeTCS 00beIUHEHNEM CUETHOTO
4Kcsa KOHEUHBIX MHOXKECTB.
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2 Jloruka BbICKa3bIBAHUU

2.1 BpbicKka3biBaHHS U BbICKa3bIBaTeJdbHble (DOPMBI

[VBI, 2.1], [, 2.1], [KI, c. 13-17], [BII2, 1.1]

Omnpenenenne 2.1. Boicka3bi8aruem Ha3biBaeTCs MOBECTBOBATEJNbHOE TMpeNJIOKeHHE,
IJIS. KOTOPOTO MMeeT CMbIC/ FOBOPHUTb O €r0 UCTHHHOCTH WJH JIOKHOCTH.
(IT1, c. 2))

IIpumep 2.2. [Ipennoxenue «JIuccabon — cronuua Mcnanuu» sB/sieTcsl BbICKa3blBa-
HHeM.

Omnpenenenne 2.3. Boicka3vigeamenrvHoll opmori Ha3bIBAETCS BbIPaXKeHHeE, MpeBpa-
L[aiollieecsl B BbICKa3blBaHUe MPU 3aMeHe MepeMeHHbIX UMeHaMH MpeMeTOB.
(KIL, c. 15.)

IIpumep 2.4. BoipaxkeHue «z — crosnnua McnaHuu» sBJASeTCS BBICKa3blBaTeJsbHOH
(hopMoii.

2.2 Jloruueckue onepanuu

[VBI, 2.2], [II1, 2.1], [BII2, 1.1], [T, 1], [Cro, 2.1]

Omnpenenenne 2.5. Jlocuueckas onepayusi — 3TO TaKOH CIOCOO MOCTPOEHHUS CJIOXK-
HOTO BbICKA3bIBAHWUS M3 NAaHHBIX BBICKA3bIBAHWH, MPU KOTOPOM HCTUHHOCTHOE 3HAYeHHUe
CJIOXKHOT'O BbICKA3bIBAHUS TOJHOCTBIO ONpefessieTcs HCTUHHOCTHBIMU 3HAUeHUSIMH UCXOJ-
HBIX BbICKa3bIBaHHUH.

(I1, c. 2.)

IIpumep 2.6. OTpunanue siBnsetcs joruueckoil onepaunei. [Ipennoxenune «HesepHo,
yto Jluccabon — ctonuua Mcnanuu» nocTpoeHo U3 BbicKasbiBaHUS «JIuccaboH — cTosuua
Vcnanun» ¢ moMoIibio OTPUIIAHUS.

2.3 Popmyabl JOTMKU BbICKa3bIBAHUU

[BIN2, 1.1], [VBI, 2.3], [II1, 2.3], [JIM, IL1], [Mes, 1.1], [Kau, 1],
[KI, c. 42-44], [Bil, 1]

Omnpenenenne 2.7 (McTUHHOCTHOe 3HaueHue). CyLIEeCTBYIOT [Ba UCMUHHOCMHbLX
3HAUEeHUs — <«HACTUHA» U «10XkKb». Mbl Oynem o6osnauath ux W u JI cooTBeTCTBEHHO.
(Muorpma yno6Hee ucnosb3oBath 0603HaueHuss 1 u 0.)

Omnpenenenne 2.8 (mpomo3ulMoHAJIbHAs NepeMeHHasi). [Ipono3uuuoraivHol ne-
pemerHol HasblBaeTCs MepeMeHHasi, MOMYCTUMbIMH 3HAUeHHSMH KOTOPOH SIBJISIIOTCS BBbI-
CKa3bIBaHHS.

(YBII, c. 23.)

2.9. [Ipono3uunoHanbHble lepeMeHHble GyneM 0003HauaTh 6ykBamMu P, () u T. 1. (BO3-
MOXKHO, C HHJAeKcaMHu). B 3agmauax W mpumepax HesiBHO TpeAINoJiaraetcs, 4TO pPa3HbIM
0003HAaUEHHUSAM COOTBETCTBYIOT pa3Hble MepeMeHHbIE.

Omnpenenenne 2.10 (mpono3unuoHadbHas CBI3Ka). 3HaKH —, A, V, — (1 aHaAJOrH4-
Hble 3HaKH, KOTOpble OyIyT BBeIEHbI M03:Ke) Ha3bIBAIOTCS APONO3UUUOHALbHOIMU CBS3-
Kamu.
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Onpenenenne 2.11 (mponosuiuoHanbHas opmyaa (¢popmysa JOTMKU BBICKA3bl-
BaHUM)).

1. Ecau P — nponosuuyoHanbHas nepemMeHHasi, To P — nponosuuyoHanbHas GopmyJa.

2. Ecin A — nponosuunoHanbHast Gopmysaa, To 7 A — MPONO3UIHOHANbHAS (hopMYJIa.

3. Ecnmu A u B — nponosuuuoHassisle Gopmyasl, To (AA B), (AV B), (A— B) —

MPOMO3HULMOHAJbHBIE (POPMYJIBI.
Tounee, nponosuyuornarvroie gopmyrvt (WU TPOCTO popmysbl) 00PA3YIOT MUHUMAANb-
HOe MHOXKeCTBO, oOJsajarollee YKa3aHHbIMY CBOHCTBaMU. B nanbHefilieM B aHaJOTMUHBIX
omnpefiesIeHUsIX BCerja MoapasyMeBaeTcCsl Takas OroBOpKa 0 MHHUMAaJbHOCTH.
(BILI2, c. 12.)

2.12. IlponosuunoHanbHblie hopmynbl OymeM o0603HadyaTh 6ykBamu A, B ¥ T. 1. (BO3-
MOXKHO, C WHAeKcaMHu). PasHbiM 0003HaueHHSIM MOXKET COOTBETCTBOBAThb OfHA W Ta XKe
thopmyna.

Omnpenenenne 2.13. [1asroti ceaskoli GopMyJibl Ha3bIBAETCS Ta CBS3Ka, KOTOpas MpU
MIOCTPOEHUH (POPMYJIbl IPUMEHSACTCS MOCJEHEH.

(MeH, c. 23.)

Omnpenenenne 2.14 (9kBUBaJieHTHOCTH (3KBUBajdeHums)). Eciu A u B — nponosu-
LIMOHa/bHble (hopMysbl, TO 3anuch (A < B) siBJsieTcss COKpalLlEHHbIM 0003HaYeHHEM JJIst
dopmysibl ((A— B) A (B — A)).

(BILI2, c. 14.)

2.4 CorgameHus o CKOOKax

[II1, c. 5], [VBII, c. 30], [MeH, c. 27], [KI, c. 539], [Kau, c. 15-16],
[[Ién, c. 35-36]

2.15. Tlpu 3anucy hopMyJ1 IPUHATO ONMYyCKaTb HEKOTOpble CKOOKHU (a5 ynoocTsa). Ilo-
JIydeHHble TIPY 3TOM BblpakKeHUs sIBJISIOTCH COKPALLEHHBIMH 0003HaYeHUAMU AJ1s1 (hOpMYJI.
Bo-nepBbiX, MOXXHO ONMYCTHTh BHELIHIOW napy ckobok. Hampumep, 3anuce P — (Q — P)
o603Hauaet ¢popmyny (P — (@ — P)). Bo-BTopbIX, ec/ii B COKpAIEHHON 3aMUCH PSIOM
HaXONSITCSl JIBe OMepauud A, TO MPU OTCYTCTBUU CKOOOK BHYTpPEHHEH CUMTaeTcs Ta, KO-
TOpast HaxoauTcsl JeBee. JIpyrMMH CJIOBaMH, CBSI3Ka /A CUHTAETCS A€80ACCOUUAMUBHOL.
Hanpumep, PAQ A R u (P A Q) A R 0603Ha4aloT oIHy U Ty ke (opMmyny (OJuUHA 3TOH
dopmysnsl — 9 cumBosioB). Ongnako B 3anmucd P A (QQ A R) HU OIHOH CKOOKH OMYyCTHTb
Hesb3sl. CBsi3Ka \ TOXKe SIBJSIETCS JIEBOACCOLMATHUBHOM, HO CBfI3KA — He SIBJISETCS HHU
JIEBOACCOLIMATUBHOM, HU MTPABOACCOLUATUBHOM (B 3TOM Kypce). B-TpeTbux, ecsu B cokpa-
IEHHOH 3aMUCH PSIIOM HAXOAATCS pPasHble CBSI3KH, TO IIPU OTCYTCTBUH CKOOOK BHYTpPeHHeH
CUMTaeTcsl Ta, KoTopas uMeeT 6oJsiee BBICOKHH MPUOPUTET COMVIACHO CJEAYIOLIEMY CIUCKY,
COCTaBJIEHHOMY B TOpsiiKe yObIBaHHS MPUOPUTETOB: —, A, V, —, «>. MHBIMU cioBamuy,
CBSI3KU C 6oJiee BBICOKHM TPUOPUTETOM CBSI3bIBAIOT CHUJIbHEE.

Bce 3T cokpallleHus1 SABJSIOTCS MPUEMAMU U3JI0XKEHHs, a He 3JeMeHTaMU si3blKa JIo-
THKH BbICKA3bIBAaHHUH.

Pazpemraercs Takxke 106aBUTb BHELIHIOW Mapy cko6ok. Hampumep, 3anucek (—P) o6o-
3Hauaet opmyay —P. Jlo6aBjeHrne CKOOOK MPUTOOUTCS, HAIPUMep, B onpeneseHuu 2.45.
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2.5 Ilogcgopmysubl B Joruke BbICKa3bIBaHUU

[JIM, I11.1], [II1, 2.3]

Omnpenenenne 2.16. [lodgpopmyramu dopmynsl A Has3blBaIOTCA Te IMOACIOBA (OpMY-
Jibl A, KOTOpble caMU SIBJSIOTCS (POpPMYyJTaMH.

dopmMasibHOe onpefesneHne MHoxecTBa mopdopmya opmynsl A (o603HadeHre SubFm(A)) WHIYKTHB-
Hoe.

1. SubFm(P) = {P}.
2. SubFm(—A) = {-A} U SubFm(A).
3. SubFm(AA B) = {(AA B)} USubFm(A) USubFm(B). Ananoruuto g V 1 —.

Onpenenenne 2.17. [londopmyna ¢opmynsl A, otnauyHas oT camoil (opmynbl A, Ha3biBaeTcs cob-
cmeerHoti nodgopmyroil Gopmynsl A.
(11, c. 5.)

2.6 OpHO3HAYHOCTH Pa300pa B JOTHKE BbICKA3BIBAHMU (ses roasarecrsa)
[BII2, 1.1], [I11, 2.3], [Bil, 1]

Teopema 2.18 (6e3 mokasarenbcTBa). Kakaas Mporno3HIIHOHAIbHAS (POPMYJIa, HE SIBJISIOIIAsICS epe-
MeHHO#, MOKeT ObITb IIpeJCTaBJeHa eIHHCTBEHHEIM 00pa3oM Kak —~A, (AN B), (AV B) uau (A — B).
(BLI2, Teopema 2, c. 16.)

(T11, Teopema 2.2, c. 5.)

2.7 Ta0oaunpbl ICTUHHOCTH

[M1, 2.1, 2.4], [Men, 1.1], [VBI, 2.2-2.3], [BII2, 1.1], [JIM, IL.1], [Kamn, 2],
[KI, c. 17, 73-75], [Cro, 2.2], [Tuw, 1], [LIén, 2.2], [Bil, 2]

Omnpenenenne 2.19. Ouenkotl npono3uyuoHarbHbLX nepemerHolx (M IPOCTO OUeH-
Kotl) Ha3blBaeTCsl MPOU3BOJIbHAS (DYHKLHS U3 MHOXKECTBA BCEX IMPONO3ULHOHANBHBIX Tle-
peMEeHHBIX B MHOXKECTBO MCTMHHOCTHBIX 3HAUEHHH.

Onpenenenne 2.20. Hcmunnocmruoe 3nauerue (M MPoCTO 3HaueHue) (HOPMYJbl
MpPYU JAHHOH OlLEHKEe MPOIMO3ULMOHAJNBHBIX TepEeMEeHHBIX OMpeesseTcs HHAYKIMEH Mo Mo-
CTPOEHHIO (POPMYJIBI B COOTBETCTBUH CO CJEAYIOLIUMU TaOJULAMH.

ANB|AVB|A—B

A|l-A
JI| U
niJl

=S e
o= vi={lvy
~ ==
ovilovioii
vl Havaw

®DopmMasibHOe omnpejiesieHHe HHIYKTHBHOE.
1. 3HaueHHe MPOMNO3HLHOHANBHOM MepeMeHHOH P mpu oueHke g paBHO g(P).
2. 3navenue —A paBHo U Torma u TosbKo Torna, Korma sHaueHue A pasHo JI.

3. 3HaueHue AN B paBHo U Torna u Tosibko TOrna, Korna sHaueHue A pasHo M u 3Hauenue B pasHo Y.
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4. 3nauenue AV B paBHo W Torma u Tosbko Torpa, kKorza 3HaueHue A paBHo M uau 3HaueHue B
paBHo .

5. 3nauenue A — B paBHo W Torma u TobKO TOrna, Korna 3HaueHue A paBHo JI uau 3HaueHue B
paBHo H.

Ecau 3HauyeHue opMysabl A Npu AaHHOH oLeHKe paBHO M, To rosopdaT, uto dopmyna A ucmurua TNpH
naHHo# oueHke. Muaue dopmyna A sosxHa npu NaHHOH OLIEHKE.

3ameuanue 2.21. Ecsiu OLleHKH g1 ¥ g2 COBMANAIOT HA BCEX MePeMEeHHBIX, BXOASIINX
B (hopmyy A, To 3HaueHHe A MpH OlleHKe g; COBMAajgaeT CO 3HaueHHeM A IMpU OLEHKE go.
(T11, Teopema 2.3, c. 6.)

Onpenenenne 2.22. [Iyctb naH KOHeYHBIH CMUCOK Py, ..., P,, cOCTOAILMUN U3 n pas-
JIMUHBIX TIPOMO3HLHOHAJbHBIX NepeMeHHbIX. [IycTh (opMyna A comepKHUT TOJNBKO Tepe-
MeHHble M3 NaHHOro chucka. Torna mabauueti ucmuxnocmu (MNA UCMUHHOCMHOL ma-
bauyetl) dhopmynsl A Han cnuckoMm Py, ..., P, Ha3biBaeTcs TabsuIa, yKasblBawoollas 3Ha-
yeHust opMyJibl A MPU BCeX BO3MOXKHBIX OLlEHKaX TepeMeHHbIX Py, ..., P,. (CyuecTByer
2" TaKMX OLEHOK, KaXK/asi U3 HUX 3aMHMCbIBAETCS B OTHAEJbHOH CTPOKE.)

(1, c. 6-7.)
Ynpaxnenune 2.23. [locTpoutsb Tabauy UCTUHHOCTH AJs1 popMyabl P« ().
Ynpaxunenune 2.24. [loctpouts Tabmuily UCTUHHOCTH A/ dopmyasl =P V Q.

2.8 TasroJgorum

[JIM, I1.1], [BI2, 1.1], [V¥BII, 2.3], [Men, 1.2], [II1, 2.5], [Kawu, 2, 3, 8],
[KM, c. 44-45], [Bil, 2], [Cro, 2.3], [lun, 1]

Omnpenenenne 2.25. [IpornosuunonansHasi Gopmysa, UCTHHHAS NPH KaXKAOW OLIEHKe
TMPOTIO3ULIHOHAJBHBIX TIePeMeHHBIX, Ha3blBaeTCsl masmonoeuetl (moxcoecmaerso ucmun-
HOLL).

Ynpaxxnenue 2.26. {dsasercs au taBrosorueid PV —P?

Omnpenenenne 2.27. [IponosuuuonasnbHas (Gopmysaa, UCTHHHAsS XOTS Obl NPU ORLHOH
OLleHKe MPOMO3HUIMOHA/bHBIX lepeMeHHbIX, HAa3bIBAETCS 8bLNOAHUMOL.

Omnpenenenne 2.28. [IponosnuuonanbHass (opmysa, J0KHas MPH KaxKIOH OLleHKe
TMPOTO3ULIHOHAJBHBEIX epeMeHHbIX, Ha3blBaeTCsi npomusopeyuem (moxcdecmsenHo A0xc-
HOLL).

Teopema 2.29. Cuenyrouine ycJa0BHSI PABHOCHJIBHEL.

1. ®@opmyna A — nporHBopeuyue.

2. @opmyna A He SIBJISE€TCS BBIITOJHHUMOH.

3. @opmyna A — TaBTOJOTHS.

Hoxasameavcmeo. TeopeMa HelmoCpPeACTBEHHO CJeLyeT U3 ONpefeseHU . O

2.9 PaBHocuJbHBIE (DOPMYJIbI B JIOTUKE BbICKa3bIBAHUM

[BIL2, 1.1], [Men, 1.2], [, 2.6], [Kuu, 3-5], [JIM, IL1], [KIL, c. 45],
[Cro, 2.3], [Tun, 1]

Omnpenenenne 2.30. Qopmynsl A U B HasblBalOTCS pasgHocurvroimu (3K8usaseHm-
Hoimu) (06o3HaueHre A ~ B), ecyid NPH KaxKA0H OLIEHKEe MPOMO3UIIMOHANBHBIX MepeMeH-
HbIX 3HaueHHe A COBMaJaeT CO 3HaueHHeM B.
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IIpumep 2.31. P - Q ~ -Q — —P.

Ynpaxkuenue 2.32. PaBHocusbHbL 1 Gopmyibl PV (P A Q) u P?

OrtBet 2.32. Jla.

Teopema 2.33.

HmeroT MecTo KOMMYTaTUBHOCTb H aCCOLUATHBHOCTb A\ H V.

Hmeer mecTo gucTpuOyTHBHOCTH A OTHOCHTEJBHO V: AN(BVC) ~ (AAB)V(ANC).
Hwmeer mecTo aucTpuOYyTHBHOCTb N OTHOCHTEJBHO A.

Bepen 3aKoH cHATHS ABOHHOro oTpHLaHHA: ——A ~ A.

CnpaBenJsinBel 3akoHbl ge Moprana: =(A A B) ~ ~AV =B u Ha060por.
CnpaBennBel 3akoHbl norsouienus: AV (AN B) ~ A u Hao6opor.

. A— B~-AVB.

Hokazameavcmso. Teopema caenyet us onpenesenuit 2.20 u 2.30. O
Ynpaxuenue 2.34. PasHocusbHbl 11 opmynsl P — (Q — R) u (P — Q) — R?
OtBer 2.34. Her. PaccmoTpuM Takyto oneHky g, uto g(P) = ¢g(Q) = g(R) = JL.

N ORI —

Yupaxuenue 2.35. Pagrocusbhbl i popmynasl P — (Q — R) u (P A Q) — R?
OTtBer 2.35. [la.
Ynpaxuenue 2.36. Papnocusbhbl au popmyisl P — (Q — R) u Q@ — (P — R)?
OTtBer 2.36. Jla.

2.37. B 3apaue Ha ynpolieHHe GopMyJibl HEOOXOAUMO HAUTH PaBHOCHJIBHYIO, HO OoJiee
KOPOTKYI0 (hopmyay. 31ech (pOpMyJIbl pacCMaTPUBAIOTCS KaK KOHEUHBIE M0CJIeI0BATENbHO-
CTH CHMBOJIOB M3 an(aBHUTa, COAEPKAIIEr0 BCE MPOMO3ULHOHAbHbBIE TIepEMEHHbIE U el
1IeCTh CHMBOJIOB: JieBasi CKoOKa, rnpaBasi CKOOKa U yeThlpe MPONO3ULMOHAJbHbIE CBA3KH.

Ynpaxuenue 2.38. Ynpoctuts (P« Q) — P.

Orteer 2.38. PV Q.

Ynpaxuenue 2.39. Ynpoctuts ~P — Q).

OtBer 2.39. Q — P.

Yupaxuenune 2.40. Ypoctuts (PV Q) A (PV R)A(QV RV —P).
Otser 2.40. (PV (Q AR)) A(QV R).

Yupaxuenue 2.41. Ynpoctuts (P; — (P2 — (P3 — Py))) — (P1L A P3).
OTteer 2.41. P, A Ps.

Teopema 2.42. @opmysisl A u B paBHOCHJIBHBI TOTAA H TOJBKO TOTA4, KOrAa (popmyJa
A < B sBJsiseTcs TaBTOJOTHEH.
Teopema 2.43. OtHoiueHue ~ pegeKCUBHO, CHMMETPUYHO U TPAH3UTHBHO.

Sameuanue 2.44.
1. Eciu A ~ B u A — TaBtoJsiorusi, T0 B — TaBTOJIOTHUS.
2. Eciu A ~ B u A BbinosiHMMA, TO B BBIIOJHUMA.

3. Ecim A~ B n A — npoTuBopeure, To B — NpoTHBOpeyHe.
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2.10 IlogcraHoBKa BMeCTO MPOMO3MLMOHAJIBHON MepeMeHHOU

[JIM, 1L.1], [II1, 2.3, 2.5, 2.6], [Kam, 3, 4], [Cro, 2.3, 2.4]

Onpenenenne 2.45. Eciu C' u D — dopmysb, a P — NpoONo3WLHOHANbHAS Tepe-
MeHHas, To yepe3 C'(P\D) o6o3HauuM pe3ysabTaT MOACTAHOBKH (opmyJbl DD BMecTo P

B (popmyay C.
dopmanbHOe onpesesieHne NAETCS C MOMOIIBI0 HHIYKLIHH 10 NocTpoeHnto (gopmynsl C.

P(P\D) =

Q(P\D) = Q, eciu (Q — nepeMeHHasi, oT/in4Hasi oT P,
(A)(P\D) = ~(A(P\D)),
(AN B)(P\D) = (A(P\D)) A (B(P\D)),
(AV B)(P\D) = (A(P\D)) Vv (B(P\D)),
(A— B)(P\D) = (A(P\D)) — (B(P\D)).

Ipumep 2.46. [Tycts C' = (P, — P») - P, u D = P; — P,. Torna
C(P,\D) = (P, — (Ps — P,)) — (P3s — P2).

Teopema 2.47 (o moncranoBke). Eciu A — rtaBrosorus, B — npousBoJibHas (op-
myna, a P — nponosuunonasnpHasi nepemenHas, to A(P\B) — raBroJsorus.
(I1, Teopema 2.4, c. 8.)

Hoxazamenrvcmso. PaccMOTpUM TPOU3BOJIBHYIO OLEHKY ¢g. O603HaUuM uepe3 ¢’ OleH-
Ky, TOJY4YeHHYI0O M3 ¢ NPUCBOEHHEM TMepeMeHHOH P 3HaueHHsi (opMmysnbl B TpU OLeH-
ke g. Mnpykuueit no nocrpoeruto opmynsl C' MOXKHO H0Ka3aTb, UTO 3HaueHue Hopmy-
abl C(P\B) npH olieHKe g COBMajaeT co 3HaueHueM popmyisl C' npu oueHke ¢'. [Tonoxum
C = A. Tak xak (opmysa A UCTHHHA NP oleHKe ¢', To popmyna A(P\B) UCTHHHA IIpH
OLIeHKE g. U

Ilpumep 2.48. [lna mwo60i dopmynsl B dopmyna B V —B gBjsieTcss TaBTOJOrHeH.
Hanpuwmep, dopmyna (Ps < Py) V —(P; <> P)) sBAsSeTCs TaBTONOTHEH.

Teopema 2.49. I[lycts A, B, C — ¢popmyiibl, a P — npono3uiHoHaJ bHasi epeMeHHasl.
Ecin A ~ B, to A(P\C) ~ B(P\C).

Hoxasameavcmeso. Ilycts A ~ B. Ilo teopeme 2.42 A <+ B — TtaBrojorus. [lo teo-
peme 2.47 (A < B)(P\C) — raBrosorusi. M3 onpenenenuii cnenyet, uro (A < B)(P\C)
cosnagaer ¢ A(P\C) < B(P\C). Ilo teopeme 2.42 A(P\C) ~ B(P\C). O

IIpumep 2.50. [lyctb A = (P, — P) - P, B= P,V P, C = P; — P,. Tak xakK
(P1—>P2)—>P2NP1\/P2, TO (P1—>(P3—>P2))—>(P3—>P2)NP1\/(P3—>P2)

Jemma 2.51. Ecin A ~ B, to ~A ~ —=B. Ecaiu A1 ~ By u Ay ~ By, To0 A1 AN Ay ~ Bi A Bs,
Al\/AQNBl \/BQ, A1 HAQNBIHBQ‘

Teopema 2.52 (00 3kBuBaJieHTHOU 3ameHne). [Iycte A, B, C — ¢opmynbl, a P —
nponosunHoHa bHas nepemenHas. Eciu A ~ B, to C(P\A) ~ C(P\B).
(T11, Teopema 2.5, c. 10.)
Hokasameavcmso. TeopeMa noKasbiBaeTcss MHAYKLHEH MO mocTpoeHuto gopmyss C.
O
IMpumep 2.53. [lyctb A = QV Q, B=Q, C = PAR. Tak kxak Q V Q ~ @, TO
(QVQ)NR~QANR.
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Ynpaxnenne 2.54. CyliecTBYIOT /1 TaKue BbINOJHUMBIE Gopmynbl A U B, 4To ¢op-
myna A(P)\B) He sBisieTCs BbIIOJHUMOK?
OtBer 2.54. Jla. Hanpumep, A = -P;, B= P,V —P,.

2.11 <Popmyabl C TeCHbIMA OTPULIAHUSAMU
[, 2.7]
Omnpenenenne 2.55.
1. Ecau P — npomno3uuMoHanbHas nepeMeHHas, To P 1 P — (opMyJbl C TeCHBIMH OTPUL@HHUSIMH.

2. Ecnu A u B — dopmyJibl ¢ TecHbIMH oTpuliaHusiMu, T0 (A A B) u (AV B) — (hopMyJibl ¢ TECHBIMU
OTPHLAHUAMH.

2.12 JIn3bIOHKTHBHbIE U KOHbIOHKTUBHbIE HOPMaJibHble (hOPMbI

[II1, 2.8], [JIM, II.1], [BII2, 1.2], [Men, 1.3], [Kuu, 8], [KIH, c. 45, 89-90],
[Tun, 2]

Omnpenenenne 2.56. Jlumeparamu HazeiBaoTcs Qopmysbl Buaa P u (hopMmysbl BH-
na —P.
Ilpumep 2.57. @opmyna P sBaseTcss autepasom, a gopmyisl Py V P u —=—P; He
SIBJISIIOTCS JIMTEPaNaMH.
Onpenenenne 2.58. Jnemenmaproll KonvroHKUUel (KOHDIOHKMOM) Ha3bIBAETCS MPO-
M3BOJIbHASl KOHBIOHKLHS JuTepanoB. PopManbHoe onpesnesneHre HHAYKTUBHOE.
1. Eciu L — autepasn, To L — 3/7eMeHTapHask KOHBIOHKLHS.
2. Eciu K — ssiemeHTapHast KOHbIOHKIMS U L — gaurepad, To (KAL) — snemeHTapHast
KOHBIOHKIHSI.
IIpumep 2.59. @opmyna (P A —Q) A =P siBasieTcss 3/7eMeHTapHOH KOHBIOHKLHEH, a
dopmyna P A (—Q A —P) He siBJsieTCsl 37€MEHTAPHOH KOHBIOHKIIMEH.
Omnpenenenne 2.60. JussronKmusHoil HopmaroHol opmoli Ha3bIBAETCS TPOU3BOJIb-
Hasl IM3BIOHKLINS 3/€MeHTapPHbIX KOHBIOHKIUH. PopMasbHOe onpeneseHHe HHAYKTUBHOE.
1. Ecn K — 3jeMeHTapHasi KOHBIOHKLHS, TO K — NHM3BIOHKTHBHAA HOpMaJbHas (op-
Ma.
2. Eciu F' — NU3bIOHKTHBHAs HOpMasbHasl popMa U K — 3j1eMeHTapHasi KOHbIOHKIMS,
10 (F'V K) — OU3BbIOHKTHBHAs HOpMaJibHasi opma.
IIpumep 2.61. ©opmynsl (PA-R)V(QAR) u (PANQAR)V —PV R gBIs10TCS
IM3BIOHKTUBHBIMA HOPMaJbHBIMU (DOPMaMHU.
Ynpaxnenne 2.62. [IpuBecTd K [IHM3BIOHKTHBHOU HOpMasbHOH ¢opme dopmyay
(PVQ)— R.
OtBer 2.62. (WP A—-Q) V R.
Omnpenenenne 2.63. Iremenmaproti oudvronkuueti (0U3DHOHKMOM) Ha3BIBAETCS MIPO-
M3BOJIbHASl TU3BIOHKLUS JUTepasoB. PopManbHOe omnpesiesieHre HHIYKTHBHOE.
1. Eciu L — autepan, To L — 3JeMeHTapHasi AU3bIOHKLHS.
2. Ecan D — snemeHTapHasi IU3bIOHKLMSA U L — autepad, To (DV L) — anemeHTapHas
IU3BIOHKIIUS.
Omnpenenenne 2.64. KonsronKmusHoi HopmasbHol opmoli Ha3bIBAETCS TPOU3BOJIb-
Hasi KOHBIOHKIUS 3JeMeHTapHbIX AU3BbIOHKIMH. PopMasbHOe onpeneseHHe HHAYKTUBHOE.
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1. Ecin D — snemeHTapHast AM3BIOHKLUMS, TO ) — KOHBIOHKTHBHAs HOpMaJbHas (op-
Ma.
2. Eciu G — KOHBIOHKTUBHAs HopMaJ/bHasi (popma U D — 3jieMeHTapHasi AU3bIOHKLUS,
10 (G A D) — KOHBIOHKTHBHAsi HOpMaJibHasi (hopMma.
Ynpaxknenne 2.65. [lpuBecTH K KOHBIOHKTHBHOH HOpPMaJjbHOH (opme Qopmyty
(PVQ)— R.
OtBer 2.65. (-PV R) A (—Q V R).
Teopema 2.66. Kaxnas npornosuuHoHanpHAasi (QOpMyaa PpaBHOCHJIbHA HEKOTOPOH
MH3BIOHKTHBHOH HOPMAaJIbHOH (hopMe H HEKOTOPOH KOHBIOHKTHBHOH HOPMAJIbHOH (hopMe.
Hokazameavcmso. Bbipasum — uepe3 — u V. HMcnosnb3yem 3akoHbl ne MopraHa u
3aKOH CHSITHS JBOHHOro oTpuuaHus. Mcrnonp3yem acconuaTUBHOCTb U AUCTPUOYTHBHOCTD.

B CTpOFOM J0Ka3aTeJbCTBE I/IHllyKHI/Ieﬁ o AJihHe q)OpMyJIbI paCCManI/IBaIOTCH JAE€BATH CJIy4daeB: P,
A— B, AVB, ANB, =P, ﬁ(A—>B), ﬁ(A\/B), —|(A/\B), -—P.

O

Omnpenenenne 2.67. Qopmyna A HasbiBaeTCs cogepuieHHOU OU3DOHKMUBHOL HOp-
MaAbHOU opmoLi, ecah OHa SBJSETCS NU3bIOHKTHBHOH HOpPMaJsbHOH (DopMoOH M Kaxkaas
BcTpeyarolascs B A nepeMeHHasi BXOAUT B KaxKIyl0 3JeMEeHTAapPHYI0 KOHBIOHKLHIO POBHO
OIMH pa3 (C OTpULAHHEM HJIH 6e3).

Teopema 2.68. Ecsiu ¢opmysa A He npoTtuBopeune, To A paBHOCHIbHA HEKOTOPOH
COBEpIIEHHOH AH3BIOHKTHBHOH HOPMaJIbHOH (hopMe.

Hoxasameavcmeso. Ilyctb P, ..., P, — CIHCOK NepeMeHHbIX, BCTpPeyarluxcs B Gop-
myne A. [Toctpoum Tabauuy UCTHHHOCTH opmynbl A Han cnuckoMm Py, ..., P,. Jlias Kax-
IOH CTPOKH, rae opMmysa A HCTHHHA, COCTABUM 3JIeMEHTapHYI0 KOHbIOHKIIMIO, UCTHHHYIO
TOJIBKO TIPYU OLIEHKe, COOTBETCTBYIOLLEH 3TOH CTpoKe. [[M3BIOHKLHMSA BCeX 3TUX 3JeMeHTap-
HbIX KOHBIOHKLHMH SIBJSIETCH HUCKOMOHM COBEPLIEHHOW NU3BIOHKTHUBHOM HOPMaJbHOU (hop-
MOH.

(T1, c. 13.) O

Ynpaxxnenue 2.69. [IpuBecTu K coBeplIeHHOH NU3BIOHKTHBHOH HOpPMaJbHOH (hopme
dopmysty (P < Q).

OtBer 2.69. (-PAQ)V (P A Q).

Omnpenenenne 2.70. @opmyna A HaspiBaeTCs COBEPUIEHHOL KOHBIOHKMUBHOLU HOP-
MaAbHOU opmoti, ecau OHa sIBJsIeTCS KOHBIOHKTHBHOM HOpPMaJsibHOH (opMol M Kaxkaas
BCTpeyarolasics B A nepeMeHHasi BXOAUT B KaXKAyI0 3J€MeHTAPHYIO IU3BIOHKLHIO POBHO
OIMH pa3 (C OTpULAHHEM HJIH 0€3).

Teopema 2.71. Ecsin ¢popmysa A He TaBTOJIOTHS, TO A paBHOCHJIbHA HEKOTOPOH CO-
BepILIeHHOH KOHBIOHKTHBHOH HOPMaJIbHOH (hopMe.

Hoxasameavcmeso. Ilyctb Pi, ..., P, — CIHCOK NepeMeHHbIX, BCTpPeyarluxcs B Gop-
myne A. [Toctpoum Tabauuy UCTHHHOCTH opmynbl A Han cnuckoMm Py, ..., P,. Jlns Kax-
Ioi CTpokH, Tae ¢opmyna A J0KHa, COCTABUM 3JeMEHTAPHYIO0 NU3BIOHKIHIO, JOXKHYIO
TOJIBKO NIPYU OLIEHKe, COOTBETCTBYIOLLeH 3TOH cTpokKe. KOHBIOHKIMS BCeX 3TUX 3JeMeHTap-
HbIX AU3BIOHKLUHU SIBJASETCS UCKOMOW COBEPIIEHHOW KOHBIOHKTHUBHOM HOPMaJbHOU (hop-
MOH.

(T1, c. 13.) O

Ynpaxknenue 2.72. [IpuBecTu K COBeplUeHHOH KOHBIOHKTUBHOH HOpPMaJibHOH (hopme
dopmysty (P < Q).

OtBer 2.72. (PV Q) A (P V =Q).
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2.13 Jlornueckoe cjeqoBaHUE B JOTHKEe BbICKa3bIBAHUU
[I1, 2.11], [Kam, 7], [Cro, 2.4-2.5], [Bil, 2]

Omnpenenenne 2.73. [lyctb [' — HekoTOpoe MHOXKECTBO (POPMYJ JIOTHKH BbICKA3bl-
BaHUH U A — QopmyJsa JOTHKM BbicKa3biBaHUH. [oBopsit, uto opmyna A socuuecku
caedyem (unu mpocto caedyem) u3 MHoxkecTBa I' (o603Hauenue I' F A), ecau popmyna A
MCTHHHA MPH KaXXAOH OlLEHKe MPOMO3ULHOHANBHBIX TePeMEHHBIX, TIPU KOTOPOH HCTUHHBI
Bce (opmyJibl U3 I

pumep 2.74. {PV Q,R,~Q} F P A R.

3ameuanue 2.75. Qopmyna A caenyer u3 mHoxkectBa {Bj,..., B,} TOoraa u TOJbKO
Toraa, korga gopmyna By A ... A B, — A aBasercs TaBToJOrHeH.

(T11, Teopema 2.11, c. 16.)

2.14 IlonHbie cucTeMbl OyJeBbIX (PYHKIIUN
[M1, 3.1], [BII2, 1.2], [Men, 1.3], [JIM, I1.2], [KIL, c. 43], [Tuwu, 6]

Omnpenenenne 2.76. Eciu n € N, To n-mecTHOH 6y1esoll ¢pyuKyueil Ha3bBIBAETCS
npousBosibHast ¢yHKUMs 13 MHOxecTBa {U, JI}" B mHoxectBo {U, JI}.
(BLLZ, c. 12.)

2.77. MoxHO paccMaTpuBaTb (hOPMYJIBl, MCIIOJb3YIOLIMEe U APYTHe MPONO3ULUOHAb-
Hble CBSI3KH (KpoMme —, A, V, —), BBOAUMBIE C MOMOIILbIO TAOJHUL HCTUHHOCTH.

Omnpenenenne 2.78. Beeném nByMecTHbIe onepauuu &, |, |, ACTUHHOCTHbIE 3HAYEHHUS
KOTOPBIX OTPeNessIoTCS B COOTBETCTBHHU CO Cleayollel Tabauiel.

A B|A®B|A|B|A|B
qT | J U | U
J Ul U | U | ]
MJ| U | U | J
MUl A | J | &

Onepauus | HasbiBaeTcs: wumpuxom [llegpgepa, onepauus | HaspiBaeTcst cmpeakoil [Tupca.
Teopema 2.79.
1. A® B~ (A« B).
2. A|B~—=(ANAB).
3. Al B~—=(AVB).
Ynpaxunenne 2.80. Cko/bKO CyIlLleCTBYeT Pa3JUUHBIX Nn-MECTHbIX OyJ/eBbIX (DYHKLIMH?
Otser 2.80. 2%".
Ynpaxunenne 2.81. CKoJbKO CylllecTBYeT pasinyHbIX (-MeCTHbIX OyseBbiX (QyHKLMH?
Oreer 2.81. 2.
Onpenenenne 2.82. Beeném (-mecTHble onepauuy | U T, HCTHHHOCTHBIE 3HAYEHHS
KOTOPBIX OINpPeNeJsIiioTCS B COOTBETCTBUU CO CJEAYIOIMMH TaOJHULaMH.

+

Teopema 2.83.
1. AN-A~ L.
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AV-A~T.
T~ L.
-1l ~T.
ANT ~ A
ANL ~ 1.
AVT ~T.
AV 1~ A

©® N o e W N

Omnpenenenne 2.84. Ecau 3apukcrpoBaH KOHEYHBIH CIHCOK, COCTOSIIIMN M3 1 pas-
JIMUHBIX MPOMO3ULHMOHAJNBHBIX MepeMeHHBbIX, TO Kaxkjaas (opmy/a, coaepzkallas TOJbKO
repeMeHHble U3 JaHHOIrO CIHCKA, 3a0aém HEeKOTOPYI0 n-MecTHYI0 OyJeBy (YHKLHIO.

IIpumep 2.85. Paccmotpum cnucok nepemeHHblx Py, P». Torma dopmyna —FP, A Py
3a1aéT caenyomyo 6y/aeBy (QyHKIHIO:

LI —JI, (LU —J, MU I)—HW (U

Onpenenenne 2.86. [Iycte & — HekoTOopoe MHOKecTBO OyseBbiX (yHKUMH. CHcTe-
mMa ® HasbiBaeTCs n0AHOU, €CaU IS KAXKAOTO MOJOXKHTEJbHOTO n KaXAas n-MecTHas
OyneBa (yHKUHS 3a1aETCS HEKOTOPOU (DOPMYJOH, COCTaBJIEHHON M3 CKOOOK, MepeMeHHbIX
1 0003HaYeHUH onepaunii us P.

Teopema 2.87. Cucrema {V, A\, ~} mosHa.

(BLI2, Teopema 3, c. 18.)

Hoxkazamearvcmso. ToxnecTBeHHO JoxKHasi (QYHKUUS 3agaéres gopmynod P A —P.
st ocTanbHBIX (PYHKIUH MOXKHO HCIOJNB30BAaTh OKA3aTeJbCTBO TeopeMbl 2.68.

(T, c. 13.) |

IIpumep 2.88. Cucrema {V,—} nonHa, tTak kKak A A B ~ =(=AV =B).

IIpumep 2.89. Cucrema {—, L} nosna, tak Kak " A~ A—1 nu AVB ~ (A—1)VB.

IIpumep 2.90. Cucrema {|} nonna, tTak kak " A~ A|Au AVB~ (A|A)|(B]|B).
IIpumep 2.91. Cucrema {|} nosna, tak kak ~A~A| Au AVB~(A|B)|(A]| B).

Ynpaxkuenue 2.92. fIBnsercs M MoJgHON crucTeMa OyJaeBbIX QYHKUUE {V, <>, L }?
OtBer 2.92. la. " A~ A~ 1L, ANB~=(=AV -B).

2.15 BpipaxkeHue OOHHMX JOTMYECKHX ONepanuil yepe3 Apyrue
[M1, 3.1], [JIM, IL.2]

Onpepnenenne 2.93. [Iycte  — HekoTopoe MHOXKeCTBO OyseBbX (PyHKUHUH. ['0BOPAT,
4yTO n-MecTHas OyneBa (DYHKUMSA ¢ soipaxcaemcs vepe3 (PyHKLUHUU U3 MHoxecTBa P, ec-
au dopmyna (P, ..., P,) paBHOCH/IbHA HEKOTOPOH (popMyJie, COCTABIEHHOH H3 CKOOOK,
nepeMeHHBIX U 0603HaueHUH GyHKUWH u3 ®. 3nece P, ..., P, — pasjuuHble NPOMNO3ULH-
OHaJIbHble NlepeMeHHbIe.

Yopaxuenue 2.94. MoxHO JIM BBIpa3uTh A 4epe3 — U 1 ?
OtBer 2.94. Her. 13 nepemenHbix P U () ¥ CBI30K — W | MOXHO MOJYYUTb TOJbKO 6 OyJeBbIX
¢ysxuui: T, P, Q, P—Q, Q— P, PV Q.
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3 Jloruka npenukarosB

3.1 KgpaHTOpBI
[VBI, 2.4], [BII2, c. 86], [IIl, 5.1], [Men, 2.1], [L&n, 2.3], [Cro, 2.6]

3.1. Ksanmop sceobuirocmu (W keanmop obujHocmu) ¥ U K8AHMOP CYu,ecmaosa-
Hus 3 TO03BOJISIOT U3 BBICKA3bIBATEJbHOU (hOPMBI, 3aBUCSIILEH OT HEKOTOPOro MapameTpa,
MOJIYYUThb APYTYIO BBICKA3bIBATeNbHYIO (POPMY, He 3aBUCALLYI0 OT 3TOrO Mapamerpa.

KBaHTOpHas npucTtaBka Vv 4uTaeTcs «[Js1 KaXKAOr0 v UMeeT MecTo. ..». KBaHTopHas
NPUCTaBKa Jv YHUTAETCS «CyLIeCTBYeT TAKOW v, UTO. . . ».

Ilpumep 3.2. BrickasbiBaTesbHas gopma «r -y = 1» 3aBUCUT OT MapaMeTpPoB T U Y.
BrickasbiBaTesibHasl (popma «CylLlecTBYeT TaKOH Y, UTO x -y = 1» 3aBUCUT OT NapameTpa x.
BrickasbiBaHUe «[JI KaXX[IOro = CyllecTBYeT TaKOW ¥, UTO X -y = l» He 3aBHUCHUT OT
napaMeTpoB.

3.2 IlonaTue mpegukara
[VBIL, 2.5], [BII2, 3.1], [I1, 5.2], [LLén, 2.1], [Cro, 2.6]

Onpenenenne 3.3. Ecau M — mHoxkecTBO U k € N, To k-MeCcTHbIM npeduxamom Ha
MHOKecTBe )M HasbiBaeTcs IPOM3BOJLHOE 0TOOpakeHHe U3 MHoxecTBa M* B MHOXecTBO
{H, JI}.

(B2, c. 87.)
IIpumep 3.4. [Ipumep TpéxmecTHoOro npearkara Q Ha MHOoxecTBe R:

U, ecau a} + a3 = a2,

Q(a1>a2,a3) =

JI  uHaue.

Onpenenenne 3.5. Ecau M — wmHoxecTBo U k € N, To k-mecTHOU @QyHKyuel Ha
MHOXecTBe )/ HasblBaeTca IPOM3BOJIbHOE OTOGpaXkeHHe U3 MHOxecTBa M* B MHOXeCcTBO
M.

(BILI2, c. 87.)
Ilpumep 3.6. [Ipumep TpéxmecTHOH PpyHKUUHM f Ha MHOXKecTBe N:

f(al, as, a3) = 2%13%25%,

3.7. Bynem oToXAeCTBJSATh HyJbMeCTHble (DYHKIUU Ha M c sjnemeHTamMu M, a HyJb-
MeCTHble MpefuKaThl Ha M ¢ snemeHTaMu MHOXectBa {H, JI}.

3.3 9H3biku nepBoro nmopsigka

[BII2, 3.1], [I1, 5.3], [JIM, IL.4], [VBII, 2.6], [Men, 2.1], [Kau, 16, 28],
[KII, c. 49-50, 75-79, 120-121], [Lllén, 2.4], [Bil, 5]

Omnpenenenne 3.8. Kaxnbiii 1301k nepsoeo nopadka (W asemeHmapHolli A3blK)
3amaéresi cBoel curHatypod — Habopom u3 aByx MHoxkecTB {2 = (Fn,Pr), rne Fn —
MHOXKECTBO QYHKUUOHANbHBIX CUMB0108 U Pr — MHOXeCTBO npedukamrolx CUMBOAOS.
[Tpy aToM c KaxkAbIM (PYHKLHOHAJbHBIM M MPEeIUKATHBIM CUMBOJIOM CBSI3aHO HEKOTOpOe
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HaTypasibHOEe YHMCJI0 — KOJHWYEeCTBO apryMeHTOB (MJHM BAAEHMHOCMb) 3TOrO CHUMBOJA.
BaneHTHOCTb MOXKeT ObITb HYJIEBOH.

(BLLZ, c. 88.)

(I, c. 33.)

3.9. OyHKUMOHAMbHBIE W MpPeIUKaTHble CUMBOJbBI BaJeHTHOCTH () HAa3bIBAIOTCS HY/Ab-
MeCmHolMU WA HYysbapHoimy. PyHKIUOHANbHBIE W TPEAHKATHbIE CHUMBOJbBI BaJeHTHO-
CTU 1 HasblBalOTCA 0OHOMECMHbIMU WU yHapHoimu. PyHKLIHMOHAIbHBIE U NIPeIUKaTHbIE
CUMBOJIbl BaJIeHTHOCTH 2 Ha3bIBAIOTCS 08ymecmubimu U Ouraproimu. PyHKIHOHANbHbBIE
U NpeauKaTHble CUMBOJIbl BaJE€HTHOCTH 3 Ha3bIBAKTCS MPEXMECMHLIMU WU MEPHAPHbL-
Mu.

IIpumep 3.10. Curnatypa Teopur ynopsiioueHHbIX MHOXKECTB COAEPXKHUT [BA IByMeCT-
HBIX MPEIUKATHBIX CHMBOJIA: = U <. AKCHOMBI YaCTHUHOIO TOPsiIKA 3aMHCBhIBAIOTCS TaK:

Vo —(z < x),
VeVyVz(r <y ANy <z—x<2z).

IIpumep 3.11. CurHatypa Teopuu TPYII COAEPAKHUT ABYMECTHBIH MPeIUKATHHIH CHM-
BOJ = U TPU (PYHKLHMOHAJBHBIX CHMBOJIA: IBYMECTHBIH -, ONHOMECTHBIH inv U HYJIbMECT-
HbIH €. AKCHOMBI T€OPHH T'PYTII 3aMUCHIBAIOTCS TaK:

VaVyVz (z-y)-z=2-(y-2)),
Ve(z-e=zANe-z=ux),

Vo (z-inv(z) = e Adnv(z) -z = e).

(BILI2, c. 90-91.)

Omnpenenenne 3.12. OyHKUHOHAIbHBIE CHMBOJIBI BaJeHTHOCTH () HA3bIBAIOTCH KOH-
cmanmamu (WM UHOUBUOHBIMU KOHCMAHMAMLU).
(BILI2, c. 88.)

Onpenenenne 3.13. /lepemenras — 3T0 s3bIKOBOE BbIpaKeHUe, cayxKallee AJjs 000-
3HaYeHHs MPOU3BOJBHOTO 00BbEKTA U3 HEKOTOPOro (PUKCHPOBAHHOI'O MHOXKECTBA, Ha3bIBa-
eMOro 001acmvio 803MONMCHbLX 3HAUeHuli ITOU mnepeMeHHOH. Bo BCsIKOM si3blKe TepBOro
nopsiiKa UMeeTcsl CYETHBIH HAbOp UHOUBUOHbLX nepemerHblx (npedmMemHbLx nepemerHbLx,
WJIH TIPOCTO NepemMeHHblX).

(YBIL, c. 19, 28.)

3.14. Ml OyzneM paccMaTpUBaTb 00OHOCOpMHbLE I3bIKH N1€PBOTr0 MOPsAKA. DTO 3HAUMT,
UTO B KayKIOH KOHKDPETHOH MHTEpIpeTalry BCe UHAUBHUIHBIE TlepeMEHHbIE UMEIOT OIHY U
Ty 2Kke 00/1aCThb BO3MOXKHBIX 3HaueHUH. (PopmasibHOe omnpesie/ieHHe HHTepIpeTanuu OyaeT
naHo B pasmese 3.8.)

3.15. unuBuaHble MepeMeHHble OyneM 0603HauaTh OYKBaMH u, v, w, T, Y, 2 (BO3MOX-
HO, ¢ UHAeKcaMu). HysnbMecTHble pyHKIIMOHAIbHBIE CHMBOJIB OyieM 0603Ha4aTh OYKBaMH
¢, d v 1. 1. (BOBMOXKHO, ¢ HHIeKcaMu). HeHybMecTHBIe (hyHKIIMOHAbHbBIE CUMBOJIB GyeM
o603HauaTh OykBamu f, g U T. A. (BO3MOXKHO, ¢ uHAeKcamu). [IpenukatHele cuMBOJBL OY-
neMm 0603Hauath OykBaMu P, (Q u T. 1. (BO3MOXKHO, ¢ MHIeKcaMH). B 3ajauax u npumMepax
HesIBHO MpeJroJaraeTcsi, UTo pa3HblM 0003HAUEHHUSM COOTBETCTBYIOT pa3Hble MepeMeHHble
M pa3Hble CHMBOJIBI U3 cUTHaTyphl. Hanpumep, B dhopmyne Vz Jy f(x,y) = ¢ GyKBH = U y
0003HAUaI0T pas3/UuHble NepeMeHHbIe.
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Onpenenenne 3.16. Asgpasumom si3bika nepBoro Mopsiika ¢ CUrHaTypoH ) Ha3bIBaeT-
CSl MHOXKECTBO, COCTOSIlee U3 CUMBOJIOB CUTHATYPHI {2, HHAUBHUAHBIX MepEeMeHHbIX, JIeBOH
U NpaBod CKOOOK, 3amaTOHW U CHMBOJIOB YV, 3, =, A, V, —.

(JIM, 11.4.)

3.17. HekoTroprle KOHeuHble M0CJeI0BaTeJbHOCTH CHMBOJIOB U3 TAaKOro ajdaBuTa Ha-
3bIBAIOTCS mepmamu (WM APABULLHO NOCMPOEHHbIMU mepmamu) u gopmyramy (Anu
NpasuLbHO NOCMPOEHHbIMU HOPMYAAMU) TAHHOU CUTHATYPHI.

Onpenenenne 3.18 (Tepm curHarypsi (2).

1. Ecnu v — vHOMBUAHAS mepeMeHHasi, TO v — TepPM CUTHATyphl ().

2. Ecmu ¢ — HyJbMeCTHBIH (DyHKIMOHAJbHBIH CHMBOJ CHTHATypHl ), TO ¢ — TepMm

CUTHATYypHl €.

3. Ecium f — n-MecTHBI (pYHKUMOHAJNbHBIH CHMBOJI CUTHaTypel 2, rme n > 0, #
t1,...,t, — TepMbl curHatypsl €2, T0 f(t1,...,t,) — TepMm curHatypsl ).
(BLLI2, c. 88.)

IIpumep 3.19. [Ipumepsl TepMOB CHUTHATYpbl Teopuu rpyni: inv(inv(zx)), inv(e),
(,-(, 2)).

3.20. Eciu f — nByMecTHBIH (DYHKLHOHAJNbHBIH CHMBOJ, TO 00bIYHO BMecTO f(t1,1s)
nuwyT (t; f ty) unu naxe ty f to. Hanpumep, B curHaType Teopuu rpymnn 3amuch z - (y - z)
o6o3Hauaet tepm -(z, -(y, 2)).

Omnpenenenne 3.21 (atromapHasi popmyia curHatypsl £2).

l. Eciu P — Hy/JbMeCTHBIH NpeIMKaTHBIA CHUMBOJI CUTHaTyphl (), To P — atomapHas

¢opmysia curHatypsl 2.

2. Ecan P — n-MeCTHBIH NpeIMKaTHBIA CUMBOJ cUTHATYpHl (), tnen > 0, u ty, ..., t, —
TepMbl curHatypsl €2, T0 P(ty,...,t,) — atomapHasi (opMy/ia CUTHATYpHI €.
(BLLZ2, c. 89.)

IIpumep 3.22. [Ipumepsl aToMapHBIX (OPMYJT CHTHATYPBl TEOpPUH Tpynm: =(zx,y),
=(inv(inv(z)), z).

3.23. Eciu P — [BYMeCTHbIH MpeiMKATHBIH CHMBOJ, TO 0ObIYHO BMecTO P(ty,ts)
nuwyt (t; P ty) wau naxe t; P ty. Hampumep, B cHUrHaType Teopuu TPy 3amuch
inv(inv(z)) = x o6o3Hayaet aTomapuyto popmyny =(inv(inv(z)), z).

Omnpenenenne 3.24 (popmyaa curHaTypsl £2).

1. Eciu A — aromapuas ¢opmyna curuatypsl €2, To A — ¢opmyna curaaryps 2.

2. Ecau A — dopmyaa curHarypsl €2, To ~A — ¢opmyna curHatypst §2.

3. Ecnmu A u B — dopmyasl curnatypsl €2, 1o (AAB), (AV B), (A— B) — dbopmysl

CUTHATYypHl €.
4. Ecnin A — dopmyna curHatypsl ), a v — UHAMBHAHASA NepeMeHHas, TO Vv A U
Jv A — dopmysbl CUTHATYPHI €.
(BILIZ, c. 89.)

IIpumep 3.25. Akcuombl u3 npumepoB 3.10 u 3.11 ABasA0OTCS PopMynaMu COOTBET-

CTBYIOLIUX CUTHATYP.

Dopmynbl CHTHATYpBl §) Ha3bIBAIOTCH TaKXKe QOpMysamu S3blKa nep8oeo nopsaoka Wi opmyramu
A02UKU npeduKamos.
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3.26. Tepmbl 6ynem o603Ha4aTh OYKBaMHU s U ¢ (BO3MOXKHO, ¢ MHAeKcaMu). DopMyJbl
13bIKa TepBOro nopsiaka Oyaem o6o3Hauath 6ykBamu A, B ¥ T. I. (BO3MOXHO, C MHIEK-
camu). PasHbiM 0603HaUeHHUSIM MOXKET COOTBETCTBOBATH ONUH M TOT K€ TEPM HJIM OfHA U
Ta xe (popmyna. Hanprumep, B TpeTbeM MyHKTE ONpefesieHUs TepMa 0003HAUEHHUSAM t1 U to
MOXKET COOTBETCTBOBATb OIMH U TOT K€ TEPM.

3.4 Iloacgopmyibl B JOrMKe NMpeInKaToB
[JIM, I1.4]

Onpenenenne 3.27. [lodpopmyramu dhopmyabl A Ha3bIBAIOTCS Te MOACIOBA CjoBa A,
KOTOpBIE CaMU SIBJISIOTCS (POPMYJIaMHU.

DopmMasibHOe onpefesneHne MHoxkecTBa mopdopmya opmynsl A (o603HayeHre SubFm(A)) WHIYKTHB-
Hoe.
1. SubFm(P) = {P}.
SubFm(—A) = {-A} U SubFm(A).
SubFm(A A B) = {(AA B)} USubFm(A) USubFm(B). AnajornuHo pis V u —.
SubFm(Vv A) = {Vv A} U SubFm(A). Ananoruuso aas 3.

W

Omnpenenenne 3.28. [londopmyna Gopmyns A, oTauuHas oT camoi dopmynsl A, Ha-
3bIBaeTcst cobecmaennoll nodgopmyroti hopmyasl A.

Ynpaxuenune 3.29. fpnsercs qu Vo nopdopmysoit dopmynsl Vo P(z)?

OtBer 3.29. Her. ¥V 310il opmynbl TosbKO ABe MoA(OpPMYJbl: oHa cama u P(z).

3.5 OnHO3HAYHOCTb pPa3dopa B JIOTHKE MPETUKATOB (se: soxasareascrsa)

Teopema 3.30 (6e3 mokasarenbcTBa). Kaxjias (popmyna, He SIBJSIONIASICS aTOMApPHOH, MOXKET OBITh
npencraBJieHa eqHHCTBEHHbIM 00pasom kKak —A, (AN B), (AV B), (A— B), Yv A nin Jv A.

3.6 $3bIK TeOpHU MHOMKECTB

[BIN2, 3.1], [YBI, 2.7], [ML, 5.3], [JIM, IL.7], [Bil, 5]

Omnpenenenne 3.31. CurHatypa TeOpHUH MHOXKECTB COIEPXKHUT [IBa IBYMECTHBIX Ipe-
IMKaTHBIX CHMBOJIa: = U €. PyHKUHOHAIbHBIX CHMBOJIOB HeT.

IIpumep 3.32. [Ipumep GopMyJibl i3bIKa TEOPHUU MHOXKeCTB: Vz (2 € © — z € y).

Onpenenenne 3.33. Beném cokpaléHHoe o603HaueHUe

tlth\:\V’U(’Uetlﬁ’UetQ),

IJle B KauecTBe v UCMOMb3yeTcs J00as nepeMeHHas, He BCTpeyarolascs B TepMax ¢y U t.

ITIpumep 3.34 (akcuoma 06bEMHOCTH, HJIM IKCTEHCHOHAJIbHOCTH). [Ipumep dhopmy-
JIBI sI3blKa Teopuu MHOXKecTB: VaVy (r Cy Ay C oz — x = y). dta GpopMmysna Ha3blBaeTCs
akcuomoti 06vEMHOCMU UIN AKCUOMOL 3KCMEHCUOHAAbHOCMU.
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3.7 CBoOoaHble U CBSI3aHHbIE BXOXKJIEHHS MepeMeHHbIX

[VBI, 2.1, 2.6], [BIN2, 3.2, 4.2], [II, 5.1], [Men, 2.1], [JIM, IL.4],
[Kau, 16, 28], [KIL, c. 50, 60-62, 120], [Ién, 2.3, 2.4], [Bil, 5]

Onpenenenne 3.35. Bce BXOoxeHUS NepeMeHHON B opMysy AeisiTCsl Ha c800600HbLe
U ceaszanHbie. BXoxaeHne nepeMeHHOH v B ¢opmyny A HasbiBaeTcss CBOOOAHBIM, €CJIH
OHO He CONEPKHUTCS HU B ofHOU moxadopmyse dhopmynsl A, HauMHaMmeNcs ¢ Yo uand Jo.

dopmanbHOe onpesiesieHre cBOGOIHBIX BXOXKIEHUH NepeMeHHOH B (hOpMysly HHAYKTHBHOE.

1. B atomapHnoi#i hopmysie Bce BXOXKAEHHS MepeMeHHbIX CBOOOIHBI.

2. CBobGopHbIe BXOXKIEHHUsI NepeMeHHOH B hopMysny A siBAsIOTCS €€ cBOOOAHBIMU BXOXKIEHHUSIMH B (pop-
myny —A.

3. CBoOopHBle BXOXKIEHHUS NepeMeHHOH B ofIHY U3 (opmysa A U B saBasTCcs €é CBOOOIHBIMHU BXOXKJE-

HusMH B dopmyabl (A A B), (AV B), (A— B).

4. CBobGoaHble BXOXJEHHs NepeMeHHOH, OTJIMYHOH OT v, B (hopmyny A SABJAIOTCS €€ CBOOOIHBIMH BXO-
JKIEHUsIMU B opmynsl Vo A u Jv A.

(B2, c. 159-160.)

Onpenenenne 3.36. [lepemenHasi, nmeromasi XoTsi 6bl OMHO CBOOONHOE BXOXKIEHHE
B (opmyny A, HasbiBaeTcsi c80600Hol nepemennol (napamempom) popmynsr A. MHo-
XKeCTBO BCeX CBOOONHBIX MepeMeHHBIX Gopmysbl A o603Havyaercss FV(A).

IIpumep 3.37. FV(z -y =z) = {x,y}.

IIpumep 3.38. FV(Vz (z-y =z)) = {y}.

3.39. Eciu t — ums (To ecTh 0003HaueHHe) HEKOTOPOrO KOHKPETHOTO 00beKTa W3
006/1aCTH BO3MOXKHBIX 3HAaYeHWH MepeMeHHOH v, TO MOACTAHOBKA { BMECTO BCeX CBOOOJ-
HBIX BXOXKJEHWH TMepeMeHHOH v B Gopmysay A siBiseTCs OCMBICJEHHBIM (32 HEKOTOPBIMH
UCKJIOUeHUsIMH, cM. pasnen 3.19). AHasornyHasi moicTaHOBKA BMECTO BCEX CBSI3aHHBIX
BXOXK/JI€HUH ABJeTCs 0€CCMBICJAEHHOH.

Urobbl y3HATh 3HaueHHe (opMmysbl A, HYKHO, KaK MPaBU/IO, 3HATb 3HAUYEHHs BCeEX
CBOOOAHBIX TepeMeHHBIX (hopMynbl A.

3ameuanue 3.40.

1. Ecmu n > 0 u P — n-MecTHBIH npefuKaTHbIA cuMBoJ, TO FV(P(ty,...,t,)) COCTOUT
M3 BCeX MepeMEeHHbIX, BCTPEYAIOLIUXCS B TepMax ty, ..., t,.

Ecan P — HyJbMeCTHBIH NMpefuKaTHbINA cuMBog, To FV(P) = &,
FV(=A) =FV(A).

FV(AANB)=FV(AV B)=FV(A— B)=FV(A)UFV(B).

. FV(Yv A) =FV (v A) = FV(A)\ {v}.

Omnpenenenne 3.41. Tepm HasbiBaeTCs 3aMKHYMbIM, €CIA OH HE CONEPKUT HU OLHON
NepeMeHHOH.

Omnpenenenne 3.42. Oopmysna Ha3biBaeTCs 3aMKHYMOL, €CJIM OHA HE UMEET HU OfHOH
CBOOOIHON TepeMeHHOH. 3aMKHYThle (DOPMYJbl HA3BIBAIOTCS TaKXKe 1npedioieHusmu.

Onpenenenne 3.43. Pesynbrat nodcmanosku mepma t emecmo nepemeHHol v
B TepM s o6o03Haudaetcs s[t/v].

AN NN

dopmalibHOE ompeeieHHe HHAYKTHBHOE.
1. vft/v] =t

2. Ecau v ¥ w — pas/inyHble nepeMeHHble, TO ult/v] = u.
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3. Ecnun > 0wu f — n-MeCTHBIA NPeAHKATHBIA CUMBOJ, TO f(t1,...,tn)[t/v] = f(t1[t/v], ... talt/V]).

4. Ecnu ¢ — HyJbMeCTHBIH MpeauKaTHBIH CUMBOJ, TO c[t/v] = c.

3ameuanue 3.44. Eciu v — UHAMBHIHASA TIepeMeHHas1, a S U t — TePMbl CUTHATYPHI {2,
TO s[t/v] TakKe TepM CHUTHATypHI 2.

IIpumep 3.45. 3anucy (x - inv(z))[(y - 2)/x] saBafeTcs o0003HaUeHHEM TepMa
(y-2)-inv(y-z).

Jlemma 3.46. Tepm s[v/v] coBnamaer ¢ TepMOM s.

Hoxasameavcmeso. JleMma n0Ka3biBaeTcsi HHAYKLHEH M0 MOCTPOEHHUIO TepMa . O

Omnpenenenne 3.47. [lodcmanoskoii mepma t emecmo nepemernroti v B popmyny C
HasblBaeTcsl 3aMeHa B (hopmyJse C' BcexX CBOOOAHBIX BXOXKJIEHUH MepeMeHHOH v Ha TepM L.
PesynbraT Takoil mopcTaHoBKH o6o3Havaetcsi (C[t/v]) uau mpocto Clt/v]. PopmanbHoe
onpefiesieHUe UHAYKTHBHOE.

l. Eciu n > 0 u P — n-MeCTHBIH NpeAuKaTHBI! CUMBOJ, TO

P(ty,...,ty)[t/v] = P(t1[t/v], ... t,[t/v]).

Ecin P — HyJbMeCTHBIH MpeaukaTHbIA cuMBoJ, TO Plt/v] = P.

(=AYt /0] = ~(A[t/v]).

(AN B)[t/v] = (A[t/v]) A (B[t/v]). AnanorudHo pas V U —.

(Vv A)[t/v] = Vv A. AnanornuHo nas 3.

Ecau u — otanuunas ot v nepemenHasi, 1o (Yu A)[t/v] = Vu (A[t/v]). Ananoruuno
ans 3.

3ameuanue 3.48. Ecau v — uHaUBUAHAS epeMeHHasi, t — TepM curHatypel Q u C' —
dopmyaa curnarypst €2, To C[t/v] Takxke popmysa curHaTypsl €.

IIpumep 3.49. 3anuch (z - e = inv(x))[(y - 2)/x] ABAseTcss o6o3HaYeHHEM (DOPMYJIbI
(y-2)-e=1inv(y - 2).

IIpumep 3.50. 3anuch (Jyx =y -y A Jzy = x - x)[z/x] sBAsieTcs 0603HAYEHHEM
dopmysbl Jyz=y-yAdey =z -x.

Jlemma 3.51. Popmyna Clv/v] coBnanaer ¢ popmyaoii C.

Hokazameavcmeo. Jlemma nokasbiBaeTcss UHAYKLMEH 1o mocTpoeHuio dopmyinsl C.

U

3.52. Dynem cudTaTh, 4TO MPHOPUTET y MOACTAHOBKH BBILIE, YeM Y MPOMO3ULUOHAIb-
HBIX CBSI30K W KBaHTOpoB. Hampumep, 3anucy A A B[t/v] o6o3HauaeT He (A A B)[t/v], a
AN (B[t/v]).

3.53. Bo mHorux yuebHukax ags gopmyiansl C[t/v] ynorpebasercs o6o3HayeHue C(t).
[Ipu sTOoM mnepemeHHass v (uKcHpoBaHa (mast naHHOM (opmyabl C) WU naHHas (opmy-
na C 06e3 Kpyrabix CKoOOK BooOiie He Bcrpeuaercsi. Cienys 3TOH JOrOBOPEHHOCTH,
MOXKHO, Hanpumep, popmyny A[0/z] A Vo (A — Alx + 1/x]) — Vo A 3anucate B Buze
A(0) ANVz (A(x) — A(x 4+ 1)) = Vo A(z).

3.54. AnasoruuHo onpeneseHuo 3.47 MOXHO ONpeNesUTh Pe3yJbTaT OMHOBPEMEHHON
3aMeHbl 1 Pa3/HYHBIX MepPeMeHHBIX Ha n TepMoB (oGo3Hauenue Clty/vy, ... 1,/ v,]) 1
BBecTH ob6o3HaueHue C(tq,...,t,) nas gopmynsl Clty /vy, ... t, /v,

S Ol O
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3.8 MHHurepnperanumn

[VBI, 2.8], [I1, 5.4], [JM, I1.4], [BII2, 3.2], [Men, 2.2], [Ku, 17],
[[en, 2.5], [KI, c. 28-32, 50, 69-73, 122], [Cro, 2.8], [Bil, 6]

Omnpenenenne 3.55 (unTepnperanus). Humepnpemayus I si3biKa MepBOro MOpsAKa
C CHUTHATYypo# () COCTOUT U3
1) HemycToro MHoxkecTBa M, Ha3bIBaeMOro Hocumenem (U OCHOBHbIM MHOMCECMBOM)
JNAHHOU HHTEpIpeTaLuH,
2) oToOpaKeHHsI, CTABSLIETO B COOTBETCTBHE KaXKIOMY 7-MECTHOMY (DyHKIIHOHAJTBHOMY
CHMBOJy f CHUTHATYPhl §) HEKOTOPYIO N-MECTHYIO (GyHKLHMIO f' Ha MHOxKecTBe M,
3) oToOpaKeHHs, CTaBSLIETO B COOTBETCTBHE KaxKIOMYy nN-MECTHOMY INpeIuKaTHOMY
cuMBosly P curHatyphl §) HeKOTOphIi n-MecTHbIH npenukatr P™ na mHoxecTse M.
Wnorna Bmecto f™ u P™ numyt f u P. VHTepnperanyio HasbIBAOT TakxkKe aizebpaute-
ckoil cucmemoti u o6osnavawt (M, Q).
(I, c. 36.)
3ameuanne 3.56. Eciu ¢ — koncranra, 10 ¢™ € M. Ecau P — HyabMecTHBIH npe-
mMKaTHbIE cumBod, To P™ e {U, JT}.
3.57. Nurepnperanun 6ynem o603HayaTh 6GykBaMu £ U 9 (BO3MOXKHO, C HHAEKCAMH).
PasHbIM 0003HAUEHHUSIM MOXKET COOTBETCTBOBATBH OflHA M Ta K€ MHTepIpeTalus.
DJleMeHThl HOCHUTEJISI MHTepIpeTalnn OyneM 0603HauaThb OyKBaMd a U b (BO3MOXKHO,
¢ vHieKcamu). PasHbIM 0603HauUEHUAM MOXKET COOTBETCTBOBATb OAMH U TOT 2Ke 3JIEMEHT.

3.9 MHcruHHOCTH 3aMKHYTOH (hOpMYJbl B JAHHOU MHTEpHNpeTanuu

[VBIL, 2.9], [Il, 5.4], [JIM, IL.4], [BIU2, 3.2], [Men, 2.2], [Kau, 17],
[Llen, 2.5], [KIL, c. 28-32, 50, 69-73, 122], [Bil, 6]

Onpenenenne 3.58 (curnarypa Q(M)). [lycts (M,€)) — HekoTopasi HHTepIpeTa-
uus. Torna yepes (M) o603HauaeTCsi CUTHATYpa, MOJyUeHHasi U3 CUrHATYpHI {2 nobaBJie-
HHEM B MHOXKECTBO (DYHKIIMOHAJbHBIX CUMBOJIOB HOBBIX KOHCTAHT {a | a € M}. Ilpu atom
IS KaXKAOTro dJeMeHTa MHoxecTBa M n06aBJ/sieTcss pOBHO OQHA KOHCTAHTA U BCE HOBBIE
KOHCTAHTBl OTJIMYHBl IPyT OT ApPyra U OT CUIHAaTypHbIX cHMBosOB H3 (2. KoHcTaHTta a
Ha3bIBaeTCs umexem sneMeHta M.

(VBII, c. 36.)

Omnpenenenne 3.59 (3HaueHue 3aMKHyTOro Tepma). [lycTh naHa uHTepnperauus
M = (M, Q). Jlns Kakaoro 3aMKHYTOr0 TepMa t curHatypbl 2(M) onpenesum ero sna-
wenue B uHTeprperanuu M, o6osHadaemoe [t

1. Ecn a € M, 10 [a]™ = a.

2. Ecnu f — n-MecTHBIH (PYHKUHOHANbHBIH CHMBOJI CUTHATypel 2, rme n > 0, #

ty,...,t, — TepMbl curHatypbl Q, 10 [f(ty, ..., t.)]" = fP([t])™, ..., [6]™).

3. Ecau ¢ — HynbMecTHBIH (DYHKIMOHAIBHBIH CUMBOJ CHTHATYPHI €, To [c]™ = ™.
Wuorna smecro [t]™ nuwyt [¢] wanm |t|.

(I, c. 36.)

Omnpenenenne 3.60 (MCTUHHOCTHOE 3HaUeHNe 3aMKHYTOW (popmyisl). [TycTb naHa
untepnperauus MM = (M, Q). s Kaxnod 3aMkHyToH (opmynbl A curHatypsl (M)
omnpenesiuM UcmunHocmuoe 3naderue Gopmyasl A B uHTeprnperauuu 9, o6o3HauaeMoe
[A]™,
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1. Ecim P — n-MeCTHBIA TpeIMKaTHBIA cumBoa, rae n > 0, U ty,...,t, — TepMbl
curnarypbl Q(M), To [P(ty, ..., t,)]" = PP([t]™, ..., [t1]™).

2. Ecaiu P — Hy/bMecTHBIH MpemvKaTHbIE cumBod, 1o [P]™ = P™,

3. [~A™ = U Torma u tosbko Torna, korma [A]™ = JI.

4. [AA B]™ = U torpa u tonbko toraa, korna [A]™ =W u [B]™ = U.

5. [AV BJ™ = U torna u toabko torna, koraa [A]™ = U uau [B]™ = U.

6. [A— B]™ = U torna u tosbKo Toraa, koraa [A]™ = JI uau [B]™ = U.

7. [3v A™ = U torma u ToJbKO TOrAa, KOraa Halnércss Takod sjemeHT a € M, uTo
[Ala /o] = 1.

8. Vv A]™ = U Torma u TOJBKO TOrAa, KOTAA JAJsi KaXIOro sjemeHta a € M umeer

mecto [Ala /v]]™ = W.
Wuorna smecto [A™ muwyt [A].
(11, c. 36-37.)

Onpenenenue 3.61 (McTMHHOCTBL 3aMKHYTOH dopmyabl B 1), Ecu [A]™ = U,
TO roBopsiT, 4To (hopmyna A ucmunrna B unHTepnperauuun I u numyt M F A. Ecau
[A]™ = JI, To roBopsT, uTo Gopmyna A soxra B uHTepnperaunn MM u numyt M K A.
(1, c. 37.)

3.10 BeIpa3umbie npeauKaTbl
[BII2, 3.3], [VBII, 2.14]

Omnpenenenne 3.62. [lycte ¢ukcupoBaHbl curHatypa ) u uHTepnperauus 9 =
= (M, Q). Ilyctb R — n-MecTHbI npeaukar Ha M. Beibepem n pa3inuHbIX MHAXBHIHBIX

NepeMeHHBIX U1, .. ., U,. [0BOpAT, 4TO opmyna A curHatypsl €2 goipaxaem npeaukar R
OTHOCHTEJIbHO CIIHCKA MePeMEHHBIX Uy, ..., U,, ecad FV(A) C {vy,...,v,} u nas Bcex
ai,...,a, € M nmeer mecto R(ay,...,a,) = [Alar /vi]...[an /va)]™.

(BLLI2, c. 96.)

(VBIL, c. 50.)

Onpenenenne 3.63. [Ipennkar HasbiBaeTcsi Buipasumovim B wHTepnperauun (M, ),
€CJIM CYLIeCTBYeT (hopMyJia CUTHATYPHI §), BbIpakaroliasi 3TOT MPeIUKar.
(BILI, c. 96.)

(VBII, c. 51.)
IIpumep 3.64. PaccmoTprM AByMecTHbIH npenukaT JR Ha MHOXecCTBe Z, Onpene/éH-
Hbld Tak: R(aj,as) = W Torma u TosnbKo TOrAa, Korma as = ap + 2. B cranmaprHo#t

MHTEpIpeTalund CHUTHATYypel (=, <) Ha 7 3TOT MpPeAHKAT MOXHO BbIPA3UTb (HOPMYJIOH
rx<zANz<yAVw(r <wAw<y— w=2)) (OTHOCUTEJbHO CIHCKa Tepe-
MEHHBIX I, ).

3.65. [Ipu 3agaHuM NpenuKaTOB B 3aJayax Ha BBIPA3HMOCTb 3JIEMEHTHl HOCHUTEJIS
UHTeprpeTaluy 4acTo 0003HaualoTcs TeMH OYKBaMH, KOTOpPble OOBIYHO HCIOJb3YIOTCS
B KauecTBe MHAMBUIHBIX MepeMeHHbIX. Torna ornanaer HeoOXOAMMOCTb yKa3blBaTh B OT-
BeTe CIHUCOK NepeMeHHBIX. Hampumep, ¢opmyna us nprumepa 3.64 BbipaxkaeT mpeiuKaT
«y = + 2» B CTaHAAPTHOU MHTEPIPETALNH CUTHATYPHI (=, <) HA MHOXKeCTBe Z.

Ynpaxuaenue 3.66. Boipasuth AByMecTHBIH MpequKaT «r < y» B CTAaHAAPTHOU MHTEpHpeTaluU CHUTHA-
TypHl (=, +) Ha N.

Oteer 3.66. 3z (z+ 2z =y) A ~(z =y).

Ynpaxuenue 3.67. BoipasuTb TpEXMeCTHbIH NpeauKaT «4UCJI0 & ABJSeTCS HAaUOOJbIIMM OOLIMM fe-
JITeIeM UHcesa y U z» HopMyJol curHatypel (-, =) B CTaHIApPTHOH HHTeprpeTauuu Ha N.
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OTtser 3.67.
Jw(y=z - w)AJw(z=x -w) AVe; Gw(y =21 -w) A Jw(z =21 - w) — Jw(z =z - w)).

3.11 OOme3HaYuMOCTb M BBIIOJHUMOCTb (hOPMYJ A3bIKa NEPBOro Mo-
paaKa

[VBI, 2.10], [II1, 5.5], [JIM, IL.5], [BII2, 4.1], [Mesn, 2.2], [Kuau, 17-19],
[KIL, c. 50-51, 81-84, 123], [Bil, 6], [Cro, 3.8]

Jlemma 3.68. Ecaim w M v — pas/iuyHEle NepeMeHHble, ¢ U d — KOHCTAHTHl, TO
slc/ul[d/v] coBnanaet c s|d/v][c/u] u Alc/u]ld/v] coBnanaer ¢ Ald/v][c/ul.

Hoxkazamearvcmso. JlemMa 10Ka3blBaeTCsl HHAYKLHEH 110 MOCTPOEHHUIO TepMa s U (op-
MyJbl A. U

Onpenenenne 3.69. [Iycte A — dopmyna curnatypst  u FV(A) = {vy,...,v,}, toe
BCe MepeMeHHble v; Pa3jnUHbIe.

1. ®opmyna A HasweiBaetcst obuje3nauumoll (moxcdecmeerHo UCMUHHOL), eCNn AJs

Jmo6oil untepnperaund M = (M, Q) curHatypsl 2 U Aas AOOLIX ag,...,a, € M
nmeer Mecto M E Alay /v1]. .. [an /vn).

2. @opmyna A Has3blBaeTCs BbINOAHUMOL, €CJU JJis HEKOTOPOH HWHTepIpeTaluu
M = (M,Q) curHatypel ) W [/ HEKOTOPHIX aj,...,a, € M ¥MeeT MecCTo
ME Alar /v1]. .. [an [vn].

(I, c. 37.)

3ameuanue 3.70. KoppekTHocTb onpesenenus 3.69 cienyer U3 jeMmbl 3.68.

3ameuanue 3.71. 3amkuyTas Gopmyna A curHatypsl 2 obiie3HaurMa TOrAa U TOJbKO
TOrAa, Koraa aJs Jiob6ol uHTeprnperauuu M curHatypel {2 umeer mecto I F A.

3ameuanne 3.72. 3amkHyTas GopMmyna A curHatypsel () BBIOJHHMA TOTAA U TOJBKO
TOTZa, KOrjaa /sl HEKOTOPOH HHTeprpeTaund I curHatypel {2 umeer mecto I = A.

Ynpaxkuenue 3.73. Obwesnauuma au gopmyna JzVy R(z,y) — Yy Iz R(x,y)?

Ortset 3.73. [la.

Ynpaxknenue 3.74. O6wesnaunma au popmyna Vy Iz R(z,y) — Iz Vy R(z,y)?

OtBer 3.74. Het. Jl11 noKasare/bCTBa HEOOIIE3HAYUMOCTH PACCMOTPHUM HHTEpIpeTa-
wuio ¢ HocutesieM {2,3}, onpenenénnyto Tak: R(ay,as) = Y Torna u TonbKo TOrAa, KOraa
aq 7é Q9.

3ameuanue 3.75. Popmyna Vv A oble3HayuMa Toraa U ToJbKO TOrja, Korga gpopmy-
Ja A oblie3Hauuma.

Teopema 3.76. Kaxknas obie3Hayumasi (popMyJia BEIIIOJHHUMA.

Hokasameavcmso. Ilyctb ¢popmyna A curHatypel ) obmesHauuma u FV(A) =

= {v1,...,v,}. PaccmoTpum mpocreiimryio unrepnperanuio MM = (M, Q), rne M = {ap} un
BCEM MpeNHKATHbIM CHMBOJIAM CTaBHUTCS B COOTBETCTBHE TOXKIECTBEHHO MCTHHHBIH mpe-
nukar. [lo ompenenenuto obuiesHauumoctn MM E Alag /v1]...[ag /v,]. CrenoBaressHo,
thopmysa A BBITIOJHHUMA. O

Ynpaxuenune 3.77. O6mesnaunma au ¢opmyaa dx P(x) V 3z —P(z)? BeinonnuMa mu
OHa?

Ortger 3.77. ObuesHaunma.
Ynpaxknenune 3.78. O6uiesHaunma au gopmyna Jx P(z) A 3z =P (x)? BoinonnuMa su
OHa?
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Otser 3.78. Brinosinuma, HO He 00lLle3HayUMa.

Ynpaxkuenue 3.79. O6uiesHauuma au gopmyna Vo P(x) A Ve —P(x)? BoinonnuMa su
oHa?

OtBer 3.79. HeBbinosnHuma.

Teopema 3.80. @opmysa A obuiesHauuma Torna U TOJbKO TOrAa, Koraa ¢opmynaa —A
HEBbIITOJIHHUMA.

Hoxkazamenrvcmso. TeopeMa HEMOCPEACTBEHHO CJELYET U3 ONpeeJeHHUH. O

3ameuanue 3.81. [lycTb B hopmyse A Bce npefrKaTHble CUMBOJBI HylbMeCTHbI. Dop-
MyJsa A oOlle3HaunMa TOrJa U TOJNBKO TOr[A, KOrhga €€ eCTeCTBEHHbIH MepeBol B JIOTHKY
BBICKA3bIBAHUU sIBJIsieTCsl TaBToJorded. [Ipu aToM mepeBoie mpeiHdKaTHblE CHMBOJbI 3a-
MEHSIIOTCSI Ha TPONO3ULHOHAJbHEIE TlepeMeHHble, TIPUYEM pa3Hble MPeJIUKATHBIE CHMBOJIbI
3aMeHSIIOTCSl Ha pasHble MPONO3ULHOHANbHbIE NTePEMEHHBIE.

Ynpaxuenune 3.82. O6ue3nauuma au hopmysa

2V Jy (Q(z, 2z, 2) A (Q(z, z,y) « Qx, 2,2)) = Q(z,x,y))?

Orset 3.82. Her. PaccMoTpuM MHTepIpeTalyio ¢ HocuTeeM Z, onpefendéuuyo tak: Q(ai, az,asz) = U
TOTZIa U TOJIBKO TOTHA, KOTAA a1 < ag (IOCTaTOYHO MOMOXKHUTb & = z — 1).

Yupaxuenune 3.83. Iz (P(x) — P(f(x)))

Ortser 3.83. [a.

Ynpaxuenue 3.84. Boinonnnma au dopmyna Vo (P(z) A =P (f(x)))?
Otser 3.84. Her.

3.12 PaBHocUabHOCTBH (pOpMYJ A3bIKa MEPBOro MopsAaKa

[VBIL, 2.10], [II1, 5.6], [JIM, IL.5], [BII2, 4.1], [Men, 2.2], [Kuau, 19, 24],
[K]1, c. 85-87, 123]

Omnpenenenne 3.85. @opmynsl A u B curHatypsl () Ha3blBAIOTCH PABHOCUNLbHLIMU
(axsusarenmmuoimu) (o603HaueHue A ~ B), ecnu popmyna A < B oblie3Hauyuma.

Jlemma 3.86. Ecan v ¢ FV(A), to A[t/v] coBnanaer c A.

Hoxkazamearvcmso. JlemMma [0KasbiBaeTCsi MHAYKLHEH MO MOCTpoeHH0 (opmyssl A.

U
Jlemma 3.87. I[Ilycte A uw B — ¢opmyanl curHatypel 2 u FV(A) U FV(B) C
C {vi,...,v,}, rme Bce mepeMmeHHble v; pasJjudHble. Toraa cJjenyrolHe YCJaOBHS paB-
HOCHJIbHBI.
1. A~ B.
2. Jlns so6ori mHTeprnpertanud M = (M,Q) curHatypel ) H miasi JOObIX 3Je-
MEHTOB 1, ...,Q, € M HCTHHHOCTHble 3HaYeHHS (opmyn Alay /vi]...[a, /v,] B
Blai /v]...[an /v,] B9 coBnanaror.

Hokasameavcmso. B cuny JsemMmbl 3.86 10CTaTOYHO MPOBECTH J0KAa3aTeJNbCTBO [IJs Cjydasi, Korpa
FV(A)UFV(B) = {v1,...,v,}.

CorJiacHoO onpefieIeHHI0 001e3HaYUMOCTb A« B 03HauaeT, 4To 1151 J1060H uHTeprnpetauuu MM = (M, Q)
CHTHaTypbl U AJs JOOBIX a1, . . ., an, € M umeer MecTo [(A < B)la1 /v1]...[an [v,]]™" = H. O

Teopema 3.88. OtHoiuenne ~ pegieKCUBHO, CHMMETPUYHO U TPAH3UTHBHO.
(VYBII, teopema 4, c. 41.)
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3.13 HekoTopble paBHOCUJIBHOCTA C KBaHTOPAMM

[VBIL, 2.10], [II1, 5.6], [JIM, IL.5]

Teopema 3.89 (HekoTOpBIE 3aKOHBI 0 KBAHTOPAX).
—Jv A ~ Vv -A.
Vv A ~ Ju-A.
Ecimmv ¢ FV(B), To 3vA A B ~ Ju ( ).
Ecimmv ¢ FV(B), toVv AN B ~Yv (AN B).
Ecimv ¢ FV(B), To JvAV B~ 3Jv(AV B).
Ecimv ¢ FV(B), ToVv AV B ~Yv(AV B).
AV IVB~Iv(AV B).
Yo AAYvB ~Yv(AAB).
Ecimv ¢ FV(A), To v A ~ A.

10. Ecan v ¢ FV(A), ToVv A ~ A.

1. Judv A~ JvIuA.

12. YuVv A ~ Vo Vu A.
(T11, Teopema 5.2, c. 38-39.)
(YBII, teopema 2, c. 39.)
(JIM, Ynpaxuenue 11.5.16.)

PN O W~

©

Llokazameabcmeo. Yoenumes, uTo crnpaBeiiuBO yTBepkaeHue 1. CHauana JoKaxkeM, 4YTO
—Jv A ~ Yv-A, nas caydas, korna FV(A) C {v}. Ing atoro He0GXOAMMO MPOBEPHUTb, UTO AJIs JOGOH
uHTepnperauun M = (M, Q) curHarypsl 2 ycjaoBus

[~ A =1 (1)

Vo-A™ = U 2)

paBHOCHJIBHBI. YcioBue (1) o3Hauaer, 4YTO HeBEPHO, YTO [Jsi HEKOTOPOro a € M HMeeT MecTo
[Ala /v]]™ = U. Yenosue (2) osnadaer, uto mjs Kaxaoro a € M umeer mecto [A[a /v]]™ = JI. Care-
noBaTeJbHO, ycaoBus (1) u (2) paBHOCHJIbHHI.

Hokaxem Ternepp =Jv A ~ Vv -A B obuem caydae. [lycts FV(A) \ {v} = {v1,...,v,}, rie Bce

nepeMeHHble v; pasaudHble. Heo6xonnmo noKaszath, 4To Ajs Ji060d uHtepnperaunu I = (M, Q) curHary-

pel Q U A/t MOOBIX a1, ...,a, € M umeer Mecto [(—Fv A« Vo —A) a1 /v1]...[a, [v,])]™ = U, 10 ecTb
[—Fv Alar fv1]. .. [an /o))" = [Vo—A[as fv1] ... [an /va]]™. Tem cambiM, 06wuii cydail cBefdH K yxke
II0Ka3aHHOMY 4aCTHOMY cJayyalo, Tak Kak FV(A[a; /vi]...[an /vs]) C {v}.

Y6enumcsi, uto crnipaBelIMBO yTBepxkaeHHe 3. [lokaxkem, uto Ju A A B ~ Jv (A A B),
nast cnydast, korna FV(A) C {v} u FV(B) = @ (o6wuil cayyail CBOOIUTCS K ITOMY
YaCTHOMY cJjydaio). JlJjisi 3Toro Heo6XOAMMO MPOBEPHUTh, YTO IJis OGO HHTEpPIpeTaluy
M = (M, Q) curHatypsl {2 yCa0BHS

[FvAAB™=H (3)

[Fv(AAB)™=U (4)

paBHOCHJ/IbHBI. YcioBue (3) osnadaet, uto [B]™ = U u aas Hekotoporo a € M umeer
mecto [Ala /v]]™ = W. Ycaosue (4) o3Hauaet, 4To AJisi HEKOTOPOro b € M HUMEIT MecTo
pasenctBa [A[b/v]]™ = U u [B[b/v]]™ = WU. Cornacro semme 3.86 B[b/v] coBnanaer
¢ B. CnenoBatesibHo, ycJoBus (3) u (4) paBHOCHUJIBHBI.



24 20.10.2006

Y6enumes, uto cnpaBennuBo yrBepxaenue 7. Jokaxem Jv AV Jv B ~ Ju (A V B) aas caydasi, Koraa
FV(A) C {v} u FV(B) C {v} (obuwuii cnyyaii cHoBa CBOAUTCS K TOMY YacTHOMY caydaw). s aToro
HeoO6XOIMMO MPOBEPUTh, UTO IJs J1060i uHTeprnperaunu I = (M, Q) curHatypsl § ycaoBus

[AV B =1 (5)

[Fv(AvVB)™ =1 (6)

paBHOCHJIbHBI. YcioBHe (5) 03Hauaer, uTo mas HeKoToporo a; € M umeer mecto [A[ay /v]|™ = W nau ans
HeKOToporo as € M nmeer mecto [Blag /v]]™ = . Veaosue (6) osnauaer, uto aas HekoToporo b € M
umeet mMecto [A[b /v]]™ = U uan [B[b/v]]™ = WU. Uro6sl BeiectH (6) 13 (5), paccMOTpuM jBa caydas.
Ecan [A[a; /v]]™ = U, 10 B Kauectse b BboiGepeM ai. Ecau [B[as /v]]™ = U, 10 B KauecTse b BbiGepeM as.
Anasoruuno MoxHO BhiBecTH (5) u3 (6).

Y6enumcsi, uto crnpaBemiuBo ytBepxkaeHue 9. Iokaxem Jv A ~ A nas cayudasi, korna FV(A) = &
(o61m#i cayuait CHOBa CBOAHMTCS K 3TOMY YacCTHOMY cJjydaro). J{sisi 3Toro Heo6XOAUMO MPOBEPHTH, YTO IJIsi
mo6o# untepnperauud M = (M, Q) curnatypsl §) yc/ioBus

[Fv A = U (7)

[A™ =1 (8)

paBHOCHJIBHBI. YcsioBue (7) 03Hauaet, 4To AJs HekoToporo a € M umeer mecto [A[a /v]]™ = WU. CornacHo
aemme 3.86 A[a /v] coBnanaer ¢ A. CaenoBarenbHo, yciaoBusi (7) u (8) paBHOCHJIbHBL.

Y6enumcsi, uto crpaBensuBo yTBepxaeHue 11. Jlokaxkem Ju3v A ~ FvIuA naas cayuas, xorma
FV(A) C {u,v} (obmmi ciayuaii cHOBa CBOOMTCS K 3TOMY udacTHOMY ciyuaio). Ecin w u v o6o3Haua-
10T OJIHY M Ty 2Ke MHIMBHUAHYIO NepeMeHHYI0, To ¢opmynasl Ju3Jv A u Jv3Ju A npocto cosnanarmT. IlycTb
u ¥ v — pasjauuHble nepeMeHHble. Heo6xoaumo mpoBepuTh, 4To AJst M0G0 HHTepnpeTaunu M = (M, Q)
CUTHATYPHI {1 ycJaoBUd

[FuIvA™ =HU (9)

[FvIuA™ =HU (10)

paBHOCHJIbHBL. Ycs0BHe (9) 03HauaeT, 4To AJIst HEKOTOPOro a; € M U HeKOToporo az € M HMeeT MeCTo
[Al a1 /u][az /v]]™ = W. Yenosue (10) o3Hauaet, 4to Anst HeKOTOPOro by € M u HeKoTOporo by € M umeer
mecto [A[by /v][by /u]]™ = H. Uro6sl BeiBectr (10) u3 (9), B KauecTBe by BbIOEPEM ap, B KadecTBe bo

BeIOEpeM a1 W MpUMeHUM JeMMy 3.68. AHasoruuno moxHo BbiBecTH (9) u3 (10). O

3ameuanue 3.90.
1. Eciu A ~ B u A obue3sHauuMma, To B ollie3Haynma.
2. Eciu A ~ B u A BbINOJHUMA, TO B BhIIOJHHUMA.

Ynpaxuenue 3.91. PagHocusbhbl u popmynsl Va Iy R(x,y) u Jy Ve R(z,y)?

Orteer 3.91. Her.

Yupaxuenue 3.92. PapHocusbnbl i Gopmyisl —Vz (P(x) — —Vz R(z,2)) u 3z (P(z) — Vz R(z, 2))?
Ortser 3.92. Her.

3.14 3ambikaHue (POPMYJIbI

Omnpenenenue 3.93. 3ambikanueMm Gopmyssl A co cBOGOAHBIMHU MepeMeHHbIME {v1, . .., Uy } Ha3bIBAETCS
tdopmyna Yoy ... Vo, A.

Jlemma 3.94. Bce 3ambikaHHA (hopMysabl A paBHOCHJABHBI APYT APYTY.

Omnpenenenue 3.95 (McTMHHOCTD He3aMKHYTOH (popmyusr B IN). [lycts FV(A) # &. Popmyna A
ucmunHa B UHTepHpeTaund M, ecau 3aMblkaHue GopMyJabl A HCTUHHA B UHTeprpertaund M.

3ameuanue 3.96. B cuny nemmer 3.94 onpenenenne 3.95 KoppeKkTHO.
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3.15 Teopema o TaBTOJIOrHSIX

[VBII, 2.10]

Omnpenenenne 3.97. [lycte P, ..., P, — pas3inyHble MPONO3WLHOHAIbHbBIE MEPEeMeH-
uble. [Tycts C' — Qopmysa JOrMKK BbICKa3blBaHUH, He colepxKallas APYTUX MPOMNO3ULU-
OHaJ/IbHBIX NepeMeHHbIX, KpoMe P, ..., Py. Ilyets Dy, ..., Dy — dopMyJbl cUrHatypsl €.
Torna uepes C(P\ Dy, ..., P\ D) o603HauaeTcst pe3y/ibTaT OfHOBPEMEHHOH MOACTaHOBKH
B popmyay C ¢opmya Dy, ..., D BMeCTO pa3jMUHbIX NIepeMeHHbIX P, ..., Pj.

Teopema 3.98 (o moacraHoBKe, 0e3 moKasareabctBa). [Iycte Py, ..., P, — pas-
JIMYHble MPOMNO3HLHOHA/IbHbIE MepeMeHHble. Ilyctb A — ¢opmy/a JIOTHKH BbICKA3bIBa-
HHUH, He colepxallasi ApyruX NPONO3HIHOHAIbHbBIX lepeMeHHBIX, Kpome Py, ..., Py. IlycTb
Dy, ...,Dy — ¢opmyasr curHatypsl ). Ecau ¢opmyna A — taBroJiorus, To ¢hopmysa
A(P\Dsy,...,P\Dy) obme3Haunma.

(VYBII, teopema 1, c. 38.)

Hokaszameavcmso. Jlokaxkem TeopeMy cHauana Ijsi ciaydasi, koraa ¢opmyiabl Dy, ..., Dy 3aMKHYTHI.
PaccmoTprm npounsBosibHyto uHTeprperauuio MM = (M, Q) curHatypol 2. Ompenennm OLEHKY MPOIMO3H-
LMOHAJbHBIX MepeMeHHbX Tak: g(FP;) = [Di]m IJIsT KaXJoro uHaekca i < k. MHaykuue# mo moctpoe-
HUIO MPOMO3HLHOHANBHOA (opMmysnbl B, He comepxkaliasi IPYTUX MPONO3ULHOHAIBHBIX [epeMeHHbIX, Kpo-
Me Pp,..., Py, MOXHO [0Ka3aTb, UTO HCTHHHOCTHOe 3HaueHHe (GopMynbl B Npu olleHKe ¢ COBMAajgaer
¢ [B(Pi\Ds,...,P:\Dy)]™. Tlycts ¢opmyna A — tasrosorus. Torna [A(Pi\D1,..., P\Dy)|™ = U,
4TO U TPeGOBasOCh 0KA3aTh.

Tenepp nokaxem Teopemy B obiieM caydae. [lycts FV(Dq) U ... UFV(Dy) = {v1,...,v,}, Tae Bce
nepeMeHHble v; pasanuHble. [lycTb nanbl unTepnperauus MM = (M, Q) u 3JeMeHTH aq,...,a, € M. Hano
nokasatb, 4t0 [A(P\D1, ..., Pi\Dg)[a1 /v1]...[an /va]]™ = HU. Ocranoch NpUMEHHTb 3Ty XKe Teopemy
nast curHatypel (M) 1 3aMKHYTBIX QopMys1 D;[aq /vi]...[an /vs), Toe 1 <i < k. O

Teopema 3.99. [Iyctp Pi,...,P, — pasiudHble MOpPONO3ULHOHAJbHBIE MepeMeHHble. Ilycth A
H B — c¢opmyabl JIOTHKH BEICKa3bIBAHHH, He coOAepxKallHe JAPYTHX MPOMNO3HLIHOHAJNBHBIX Iepe-
MeHHbIX, Kpome Pi,...,P,. Ilycts Di,...,Dy — ¢opmyabl curHatypel ). Ecam A ~ B, TO
A(P\Dq,...,P\Dy) ~ B(P\D1,...,P\Dy).

Hokasameavcmso. TeopeMa HelmocpeACTBEHHO cenyeT U3 TeopeM 2.42 u 3.98 u onpeneneHu#. O

IIpumep 3.100. M3 npumepa 2.31 u  rteopemb 3.99 cjaenyer, 4TO
D1—>D2N_|D2—>_|D1.

3.16 Teopema o 3ameHe
[VBII, 2.10]

Omnpenenenne 3.101. Eciu C' u D — dopmynsl curHatypsl €2, a P — HyJbMeCTHBIH
NpeIuKaTHBIH CUMBOJ CUTHATYPHI €2, To 4epe3 C(P\D) 0603HAaUUM pe3y/bTaT MOACTAHOB-
Ky popmysel D Bmecto P B opmyny C.
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dopmasibHOe onpenesieHHe TaETCs ¢ MOMOLILBIO HHAYKLHU 110 TTocTpoeHHIo popmyasl C.

P(P\D) = D,
C(P\D) = C, ecan C' — aromapHasi hopmyJia, OTJIHYHAs 0T P,
(Vo A)(P\D) = Vv (A(P\D)),
(3v A)(P\D) = Jv (A(P\D)),
(mA)(P\D) = ~(A(P\D)),
( J(P\D) = (A(P\D)) A (B(P\D)),
( J(P\D) = (A(P\D)) v (B(P\D)),
(A— B)(P\D) = (A(P\D)) — (B(P\D)).

ANB
AV B
A

Jlemma 3.102. Ecin A~ B, 10 - A~ —-B,VvA~Yv B, JvA~ 3JvB. Ecain A, ~ B
H Ay~ By, 10 Ay NAy ~ By A By, Ay V Ay ~ By V By, Aj — Ay ~ By — Bs.

(YBII, teopema 3, c. 40.)

Hoxkazameavcmso. [lpuBeném n0Ka3aTenbCTBO YTBEPXKAEHHS MPO KBAHTOP CYLIECTBO-
BaHusl. [lyctb A u B — ¢opmyabl curHarypsl 2 u A ~ B. JlokaxeM, yto JvA ~ FJu B
past caydasi, Korga FV(A) UFV(B) C {v} (o6wuil caydail CBOAUTCS K 3TOMY YaCTHOMY
cJayuaro).

PaccmoTpuM npousBosibHyt0 HHTeprnpetauuto I = (M, Q) curnarypsl 2. Hago noka-
3aTh, 4TO yCJIOBHSA

[Fv A = U (11)

[FvB™ = U (12)

paBHocusbHBL. [lycTh BeIMOsIHseTcss (11). DTo o3Hauaer, uto AJs HekoToporo a € M
umeet Mecto [A[a /v]]™ = W. Heo6x0auMo NpoBepuThb, 4TO A/ HEKOTOPOro b € M nmeer
mecto [B[b /v]]™ = WU. Ilna storo B KadecTBe b BhIGepeM a ¥ BOCIHOJIb3YeMCs TeM, 4TO
[Ala /v]]™ = [Bla /v]]™, Tak kak A ~ B. O
Teopema 3.103 (06 sxBuBaJeHTHOH 3aMeHe). Eciin A ~ B, o C(P\A) ~ C(P\B).
(T11, Teopema 5.3, c. 39.)
(YBII, teopema 5, c. 41.)
Hokazameavcmso. Teopema n0KasblBaeTcsl HHAYKLHEH MO MocTpoeHUto (opmysbl C.
B mware nHaykuuu ucnosnb3yercs jgemma 3.102. O
ITpumep 3.104. U3 npumepa 3.100 u teopemnt 3.103 caenyer, uto

JyVz (R(z,x) — R(y,x)) ~ JyVz (-R(y,x) — - R(x, z)).

3.17 IlepenMeHOBaHNe CBA3aHHBIX MepPeMEeHHbIX

[BII2, 4.6], [KI, c. 85-86]

3.105. Ecau B popmysie A 3aMeHUTB BCe CBsI3aHHble BXOXK/EHHsl NlepeMeHHOH v Ha u,
rie uw — HOBas TepeMeHHas, He BcTpevamouiascs B ¢opmysne A, TO CMBICa (HOPMYJIbI
OT 3TOro He HM3MeHHTCS. Takoe rnpeo6pasoBaHue (POPMYJIbl HA3BIBAIOT NEPeUMEHOBAHUEM
CBA3AHHOU NepemeHHoul.
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IIpumep 3.106. [I151 nefCTBUTEbHBIX YUCEN MOXKHO JI0Ka3aTh PABHOCHJBHOCTb yCJIO-
BUH © < y U Jz(z2 > 0 A -z < y-z). Bropylo dopmyny MoKHO 3aMeHHTb Ha
Jw(w>0Ax-w<y-w), HO HeJb3s1 3aMeHUTb Ha 32 (2 >0 Az -2z < w - 2).

Jlemma 3.107. Ecau nepemeHHass u He BcTpedaeTcss B opmyrne A, To Alu/v|[t/u]
coBnanaet ¢ Alt/v].

Hokazamenvcmso. Jlemma NokasbiBaeTcsi MHAYKLMeH 10 MOCTpoeHHI0 (opmysbl A.

U

Teopema 3.108. Ecsin nepemeHHasi u He BCcTpedaeTcsi B popmyse A, TO UMEIOT MECTO
paBHOCHJIBbHOCTH Yv A ~ Yu Alu/v] H v A ~ Ju Alu/v].

Hokazamenvcmeo. TeopeMa HeNOCPENCTBEHHO CJIEAyeT M3 ONpelesNeHHH W JeM-
Mol 3.107. O

Ynpaxkuenune 3.109. O6uiesnaurma au popmyna 3y (R(z,y) V Vz -R(y, 2))?

Ortset 3.109. [la.

3.18 Bapuautsl (popMyJibl
[BILI2, 4.6], [KI, c. 62-65], [Kuu, 16], [Llén, 2.3, 3.4]

3.110. TpeGoBaHHs HOBU3HbI IEPEMEHHOH © U 3aMeHbl 8cex CBSI3aHHBIX BXOXKIEHHH NpH NeperMeHOBa-
HUM CBI3aHHOH TepeMeHHOH MOXHO HeCKOJbKO 0cjabUTh (3TO chenaHo B onpenesneHun 3.113). Pesyabrat
nono6HOTO TlepeHMeHOBaHUS, He MEHSIOLIEro CMbICA (GOpMyJibl, OyaeM Ha3blBaTh gapuarmom GopMyssl A.

IIpumep 3.111. loxaxkewm, uTto u3 z < y caenyer —y < —x. [lycte x < y. MI3BecTHO, 4TO U3 3TOrO CJle-
nyet Vz x+z < y+z. B3siB B KauecTBe 2z BelpaxkeHHe —z+(—y), nonyuuM z+(—z+(—y)) < y+(—z+(—vy)).
CaenoBatesibHO, —y < —.

Ecsu ucnosb3oBath Gopmyny Yw x + w < ¢ + w, CMBICT OT 3TOrO He U3MEHUTCS.

Ipumep 3.112. [Iycts nana ¢pyuxuusa f: R — R. Yucno yo HaseiBaeTcs npenenoM (PyHKIUH f B TOU-
Ke T, €CJU

Ve(e >0—35(0 >0 AVa(x#xg Aabs(z —xg) < 6 — abs(f(z) —yo) < &.
Ecnu ucnosb3oBath Gopmyny

V(6 >0—Fe(e>0AVz(z# 20 Aabs(z —x0) < e — abs(f(z) —yo) <9,
MOJTYYHTCS SKBUBAJEHTHOE OTpefiesieHue npefiesia (PyHKIHH, a eCJIM HCIOJb30BaTh (OPMYJTy

Ve(e>0—35(0 >0AVe(z#yo Aabs(z —yo) <6 — abs(f(z) —xo) <e,

TO HeT.
Omnpenenenue 3.113. Onpenenum nousitie «popmyna Coy siBasietcs: sapuarnmom popmyner Cp» (060-
3Hauenue C; =~ C) UHAYKIKEH N0 mocTpoeHuo Gopmyisl Cf.

1. Eciu C7 — artomapHas ¢opmyna, To C; ~ Cy Toria U Tosabko Torma, koraa dopmyisl Cp u Co
COBIMAJAIOT.

2. Ecau Cy coBnagaer ¢ —A;, To C; ~ Cy Torma u ToJbKo Toraa, korma Co uMeeT BUL —As 1 A1 =~ As.

3. Ecau Cy coBnapaer ¢ (A1 — By), To C7 = Cy Toraa u TogbKo toraa, koraa Cy umeet Bup (As — Ba),
A1 ~ Ay v By = By. Anajioruysdo g A u V.

4. Ecau C; cosnagaet ¢ Jv; Ay, 1o C1 =~ Ca torma 1 ToJbKo Toraa, korna Co UMeeT BUA Juy As U 1
BCSIKOH HOBOH MepeMeHHOH u, He BeTpeuawluedicss HA B Aq, HU B Ag, uMeeM Ap[u/vi] &= Aau/ve).
AHanoruuso nais V.

(K, c. 64.)
Jlemma 3.114. Ecau Cy = Cy u nepeMeHHast us He BcTpeyaercss HH B ¢opmyse Cy, HH B popmyie Co,
10 C1[ug/ui] = Calug/uq].
Horazamesvcmeo. JlemMa JloKasblBaeTcsl MHAYKLHKeH 10 nocTpoeHuio gopmyisl C. O
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Teopema 3.115. OtHoleHHne ~ pegeKCHBHO, CHMMETPHYHO H TPAH3HTHBHO.
Hokazamearvcmso. Unnykuuelt no niauHe dopmyasl C; MOXKHO HoKasaTb, 4To U3 C; ~ Cs u Cs = (5
caenyer C1 = Cs. [Ipy 3ToM B 11are MHAYKLUHH HCMoJb3ytoTes Jemmbl 3.107 u 3.114 (npu pas6ope KBaHTO-

poB).
Pe1eKCHBHOCTD ¥ CUMMETPUYHOCTb TOXKE JOKA3bIBAIOTCS MHAYKLUHEH Mo MocTpoeHHio opmynbsl. [
Ipumep 3.116. Vo Vy (R(z,y) — 3z (R(x, 2) A R(z,y))) = VzVz (R(z,z) — Jy (R(z,y) A R(y, 2))).
Teopema 3.117. Ecin C = D, o C ~ D.
Hokasameavcmso. TeopeMa 0Ka3blBaeTcsl MHAYKIMeH Mo nocTpoeHuto popmynsl C'. B mare HHAYKUHH
ucnosb3ytores semma 3.102 u Teopema 3.108. O

3.19 KoppekTHble MOACTAHOBKHU

[BIN2, 4.2], [VBII, 2.6], [Mesn, 2.1], [JIM, IL4], [IIl, 5.5], [Kau, 18],
[K]L, c. 65-69, 121-122], [Cro, 2.8], [II&n, 2.4], [Bil, 7]

Onpenenenne 3.118. Tepm ¢ HasbiBaeTcsi c80600HbIM 045t nepemeHHOl v 8 GPopmy-
s1e C, ecau HUKaKoe cBoOOIHOe BXOXIeHHe v B C' He HAaxomUTCs B 00J1acTH NEHUCTBHUS
KBaHTOPOB I10 MepeMeHHbIM, BXOASALIUM B T€PM .

MoxHo naTh Gosee opMasibHOE ONpeNesieHHe HHIYKIUEH MO MOCTPOEHHIO POPMYJIBL.
1. Ecnu C — atomapnas ¢opmyaa, To ¢ cBoboneH aast v B C.
2. Tepm t cBobGonen nsst v B —A Torma u TOJbKO Torna, Korna ¢ ceoboeH ais v B A.

3. Tepwm t cBoGomeH st v B A — B Torma 1 ToJbKO TOraa, Koraa ¢ cBoOoneH ajsi v B A U t cBobGoseH
g v B B. AHaJoruyHo s A U V.

4. Tepwm t cBoGoneH ass v B Vu A TOrIa ¥ TOJNBKO TOTJA, KOTJA BBIMOJHSIETCS XOTS Obl OJHO U3 CJefly-
IOLIUX IBYX YCJOBHH:
(a) v¢ FV(Vu A),
(b) TepMm t cBOGONEH /ISl v B A U TepM ¢ He CONEPKHUT MEePEMEHHYIO .

Anajiornyso pas 3.

Onpenenenne 3.119. [loncranoBka Tepma ¢t BMecTo nepeMeHHOH v B opmyay C Ha-
3bIBaeTCsl c80600HOL (UK KoppekmHoti), ecau t cBoboaeH aas v B Gopmyne C.

3.120. Tosibko cBOOOLHBIE MMOACTAHOBKU SIBJSIOTCH «OCMbBICJIEHHBIMU» .

IIpumep 3.121. Tepm y He siBAsieTcs CBOOOAHBIM [JI TNepeMeHHOH x B Qopmyse
Vy (z < y). [losaTomy noacraHoBka y BMeCTO x B 3Ty (OPMYJy SIBJsSETCS HEKOPPEKTHOH.
Kcratu, 3mech, KOHEUHO, & U i — pa3JIMuHble TIepeMeHHbIE.

Teopema 3.122 (6e3 mokasareabctBa). Ecan opmyna A obiiesHauuma H Tepm t
cBOOOIEH AJIs1 TepeMeHHOH v B hopmyne A, To ¢opmysa Alt/v] obiie3HaunMa.

ITpumep 3.123. O603HaunM yepe3d A obiIe3HaYUMYI0 (PopmyTy

JxVyy+z2>x—VYydey+ 2 > x.
O6o3Hauum uepes ¢t Tepm w - w. Popmyna Alt/z] umeer BuUn
Vyy+ (w-w) >z —-Vydry+ (w-w) > z.

CornacHo Teopeme 3.122 sta dopmyna siBasieTcss 0611e3HAYUMON.
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IIpumep 3.124. O603HauuM uepe3 A obuie3HadYUMYI0 (HOPMYJTY
Fy (R(z,y) v Vz=R(y, 2)).

Tepm y He sBasieTcss cBoGomHbIM It = B Qopmyie A. Popmyna Aly/x| umeer Bun
Jy (R(y,y) VVz—R(y,z)). D1a dhopmyna He siBasercs obuie3HauuMoi. Hampumep, oHa
JOXKHa B MHTeprperanuu ¢ HocuteseM {2, 3}, onpenenéunoi tak: R(ay,as) = W Torna u
TOJIbKO TOTJa, KOTJa a1 # as.

3.20 Popmyast Vv A — Alt/v] u Aft/v] — Jv A

[VBI, 3.4], [BII2, 4.3], [Men, 2.2], [, 5.5], [Kau, 18]

IIpumep 3.125. Gopmynsl R(c,c) — Iz R(x,x) u Vo R(x,x) — R(c, ¢) 06Le3HaYUMBbl.
Jlemma 3.126. Ecan FV(A) = &, to ¢popmysta A — Jv A obliesHauuma.
Hokazameavcmso. CornacHo TeopeMme 3.89 popmyna A« Jv A obuiesHaurmMa, Tak Kak

v ¢ FV(A). O
Jlemma 3.127. Econ FV(A) = {v}, T0 ¢popmyna A — Fv A obiesHaynma.

Hokasameavcmeso. Tlyctb nana taxkas ¢opmyna A curHatypel §2, uro FV(A) = {v}. OuesuaHo,
FV(A — Jv A) = {v}. llycrb nansl uHrepnperauus MM = (M,) u anement b € M. Hano nokasats,
41O

(A= v A)b/o]” =1,
TO €CTh
[(A[b /v] — Fv A)]™ = W.

Ecau [A[b /v]]™ = JI, To umnaukauus uctunHa. Ecaun xe [A[b/v]]™ = U, To [Fv A]™ = U (cornacHo
orpe/ie/IeHHI0 UCTHHHOCTH) U CHOBA MMIIMKALMs UCTHHHA. O

IIpumep 3.128. Dopmyna R(z,z) — Iz R(x,x) oblie3HauumMa.
Jlemma 3.129. @opmysna B — Jv B obuiesHauuma.
Hokasameavcmso. Ilyctb nana dopmyna B curHatyper 2 u FV(B) \ {v} =
= {v1,...,v,}. [lyctb mauwl unrepnperauuss M = (M, ) u 3jeMeHTH aq,...,a, € M.
Hapno nokasats, 4To
(B—3vB)[ay fou). .. [ay fa])™ = 1,

TO €CThb
[Blay /v]- - [@n /vn] = Fv Blay fvi] .. [@n /on]]™ = K.

O6o3nauum A = B[ay /v1]...[an /v,]. OueBuano, FV(A) C {v}. Ocranoch npuMeHHTD

aemmy 3.127 wan 3.126 k popmyne A — Jv A. O

Jlemma 3.130. @opmysna Vv A — A oblie3Hayuma.

Hoxazameavcmeo. Tlonoxus B = A u npumeHus Jemmy 3.129, nonyuum, yro popmya ~A — Jv-A4
o6mesnaynma. CornacHo npumepy 3.100 u 3amevanunio 3.90 popmyna —3v -A — —-—A obuesnaynma. Ocra-
JIOCh TIPUMEHHUTH TeopeMbl 3.89 u 3.103. O

Teopema 3.131. Ecsiu Tepm t cBOGOAEH AJIS1 TepeMeHHOH v B hopmyJie A, TO popMy.ibl
Vo A— Alt/v] u Alt/v] — Jv A obrie3HaUHMBL.

Hoxasameavcmeso. Ilo nemme 3.130 dopmyna Vv A — A — TtaBrosorusi. Ilo Teope-
Me 3.122 ¢popmyna (Vv A — A)[t/v] — TaBTOJOrMS, TaK Kak TepM t CBOOOIEH AJs Ie-
pemeHHOH v B Qopmyse Vv A — A. M3 onpenenenns 3.47 caenyert, uto (Vo A — A)[t/v]
coBnazaet ¢ Vv A — A[t/v].

Bropoe yTBep:KaeHHe TeopeMbl 10Ka3bIBAETCSI aHAJOTHUHO. O
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3.21 IIpenBapénnbie opmMyibl

[VBI, 2.11], [Men, 2.10], [II1, 5.7], [JIM, IL.5], [BIN2, 4.7], [Kau, 25],
[[en, 3.5], [KI, c. 87-88]

Omnpenenenne 3.132. [Ipedsapénnoil ¢opmyaoti Ha3biBaeTcs Jawodas Gopmyna BUAA
Q101 ...Qnu, A, Tie Qq,...,0Q, — KBaHTOpe, a A — OeckBaHTOpHas dopmyaa. Pop-
MaJibHO€e OIpefie/ieHHe WHAYKTHBHOE.

1. Kaxnas 6eckBaHTOpHas popMmysia fIBJSIETCS NpeaBapEéHHON (HhOPMYJIOH.

2. Ecniu A — npenBapénHasi hopmyna v v — UHIUBHAHAS TepeMeHHast, To Vo A u Jv A

SIBJISIIOTCS TIPeABAPEHHBIMH (HOPMYyJIaMH.

IIpumep 3.133. Dopmyna Vo Jy (R(x,y) V R(z,z)) siBaseTcs npeaBapéHHON dhopmy-
JIOH.

IIpumep 3.134. Qopwmyna Vo Iy R(z,y) V R(z, z) He sBJseTcs npeaBapéHHON hopmy-
Joii. C BOCCTAaHOBJNEHHBIMH CKOOKamu oHa uMmeeT BuA (Va Jy R(x,y) V R(z,z)), To ecTh
nepBBI CUMBOJ — CKOOKa, a He KBAHTOP.

Teopema 3.135 (o mpuBeneHnu popmMya K npeasapéHHoi ¢opme). Kaxnaas op-
MyJ1a paBHOCHJIbHA HEKOTOPOK MpeaBapéHHOH (opmyie.

(T11, Teopema 5.4, c. 39.)
(YBII, teopema 7, c. 42.)

Hokasameavcmso. Teopema noKa3blBaeTcsi MHAYKLHEH I10 MOCTPOEHHUIO (DOPMYJIBL.
B mare nuaykuuu ucnosnb3yiorces teopemsl 3.89, 3.108 u 3.103. O

Omnpenenenne 3.136. HaxoxneHnre npensapéHHoit (opMyJibl, 5KBUBaJEHTHOH NaHHON
(dopmysie, Ha3bIBaeTCS npusedeHruem Kk npedsapéHroli HOpmMarbHol gopme.

Yopaxuaenune 3.137. [lpusectu Kk npeaBapéHHON HOpMasbHOH hopme Gopmyny
(—3z -3z Iy Q(w,y,2)) — P(z).

Oteer 3.137. 3w Vz 3y (Q(w,y, z) V P(z)).
Ynpaxuenne 3.138. Ilpusecty K npenBapéHHON HOpPMaJsbHOU hopme opMyTy

Jw(y=z - w)AJw(z=x -w) AV Guw(y =21 -w) A Jw(z =21 - w) — Jw (z =1 - w)).

OtBer 3.138. Va1 Vws Vwy Jws Jwy Jwse (y=z-w1 A z=x-we A (y=x1 w3 A 2=21 W4 — T=2T71 Ws).
Ynpaxuaenne 3.139. Ilpusecty K npenBap&HHON HOpMaJsbHOH hopme PopMyy

Yy Ve (rz-y=x) - y=ce).

Otser 3.139. Vydz (z -y =2z — y =e).

3.22 MH3omopchpusm uHTEpHpeTanu
[BIN2, 3.9], [VBII, 2.13], [Bil, 9]

Yopaxuaenue 3.140. MoxHO /i BbIpa3uTh ABYMECTHBIH MpeIUKaT «r < y» B CTAHIAPTHOMU HWHTepIpe-
TallUK CUTHATYpHl (=, +) Ha Z?

Oteer 3.140. Her. ABTromMopdhuaM ¢, 3a1aHHBIH PAaBEHCTBOM ¢(a) = —a, He COXPaHseT Mpeaukar <.

Ynpaxuenue 3.141. MoxXHO /11 BBIPa3UTb OJHOMECTHBIH MpeAHKaT «x = 1» B CTaHAAPTHOU HHTepIIpe-
tauun curuatypsl (0, +,=, <) Ha Q?

OtBer 3.141. Her. ABromMopdusMm ¢, 3amaHHBIE paBeHCTBOM ¢(a) = 2a, He COXpaHseT NpeIuKar
«x = 1».
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Omnpenenenne 3.142. [lyctb naHbl ABe (He 0053aTe/bHO pa3JUUuHble) HHTEPIIPETALUN
£=(L,Q) u M = (M,Q) oxxoit u To# ke curnarypsl 2. [lycTb ¢ — HekoTOpas PyHKIUS
us L B M.

1. ToBopsT, 4TO DyHKUUSA @ cOXpaHaem n-MeCTHbIH (DYHKLUHUOHAJIbHBIA CUMBOJ f, ecan

ISl BCEX a1, . . .,a, € L Boinonneno o(f(ay, ... a,)) = [ (par, ..., pa,).
2. ToBopsT, uTO (DYHKUHUSI ¢ COXpaHsem n-MeCTHBIH TMPeIWKaTHBIH CUMBOJ P, eciu
Il BCEX a1, . ..,a, € L Boimosneno P(ay, ..., a,) = P™(pay, ..., pay).

3. @yHKUUSA  HaszbiBaeTcs ugomoppusmom uz £ 6 IM, ecau ¢ sipasercs OUeKUUeH U
COXpaHsieT Bce (PYHKIHOHA/NbHbIE U MPEeIUKATHBIE CUMBOJbBI CUTHATYPHI §).
(VBII, c. 46-47.)

Omnpenenenne 3.143. [IBe nntepnperaunu £ u 91 oQHON U TOH XKe CUTHATYpPbl Ha3bl-
BaloTCs usomop@proimu (0603Hauenre £ ~ M), ecau cyuiecTByeT u3omopdusm us £ B M.
(YBIL, c. 47.)

Ilpumep 3.144. Paccmotpum curHatypy (2, copmepxkallylo ABYMECTHBIH (YHKLHO-
HaJbHBIH CHMBOJI © W [JBYMECTHBIH MNpPeIMKATHBIH CUMBOJI <. BBeném o6osHaueHue
R, = {a € R | a > 0}. Paccmorpum untepnperanuio £ = (R, Q), rme ao*b =a+b, u
unreprnperawuio N = (R, Q) rae ao™b = a-b. B 06eux uHTepnpeTauusx CUMBONY < CO-
OTBETCTBYET OObIYHBIN MPeIUKAT HECTPOTOro Mopsiika Ha AeHCTBUTENbHBIX Uncaax. PyHK-
uusi ¢: R — R,, onpenenéHHasi paBeHCTBOM ¢(a) = e, siBasieTcss U30MOp(U3MoM U3 £
B 9, Tak Kak 15 J00bIX a,b € R BoinonHsiercss paBeHcTBO ¢(a o b) = p(a) o™ ¢(b) u
ycJoBre a < b paBHOCHJIBHO YCJI0BUIO ¢(a) < ¢(b).

Ynpaxuenne 3.145. Paccmorpum curnatypy €2, comepKallyio ABYMeCTHbIH (DYHKIHOHAJNbHBIH CHM-
BOJI O ¥ IBYMECTHBIH NpeIUKaTHBIH CUMBOJ =. PacCMOTpUM Be MHTEpHPETALHH 3TOH CUTHATYPbl Ha HOCH-
tesie Ry = {a € R | a > 0}. B unrepnperauun £ nosoxum

0ot b= d(e- b 40— f T E 4o 1R),

a

a B unTepnpetauuu I nonoxkum a o™ b = a - b. Usomopdusl 1u uuTepnperauuu £ u MNM?
Ortser 3.145. Jla. Uzomopduamom n3 £ B 9N sBasieTcsi, HapuMep, (QYHKLHUSA @, ONpelNeséHHAs Tak:
1

a— L

pla) =e"a.

Teopema 3.146. OtHoienue ~ peghIeKCUBHO, CHMMETPUYHO H TPAH3UTHBHO.
(VYBII, teopema 10, c. 47.)

Hoxazameavcmeo. VicnonbdyeM ToxAeCTBeHHOe 0ToOpaxKeHHe, o6paTHOe 0TOOpaXKeHHe U KOMIIO3ULIHIO
JBYX OTOOpaXKeHUH. O

3.23 Jlemma o 3HaueHHMsIX (pOpMYJbl B U30MOP(HBIX UHTEPIpeTaALU-
X

[BI2, 3.9], [VBII, 2.13], [Bil, 9]

Jlemma 3.147. [lycts (QyHKLUHA @ SBJAAETCA H30MOP(QHU3IMOM H3 HHTeprpeTaluu

£ = (L,Q) B unrepnperanuro M = (M,Q)). Ilycth mepeMeHHBbIE V1, ..., U, Pa3JHYHbIE.
IlycTh S — HEKOTOPBIH TepM CHTHATYPHI ), He COAep KaIlHH APYTHX MepeMeHHbIX, KpoMe
V1,...,V,. Torga ajs Jo6bIX 9J€MEHTOB aq, . . ., G, € L HMeeT MecTo paBeHCTBO
e m
e([slay /v1]. .- [an /oa]]7) = [s[par /v1] .. [ an fon]]™

(YBII, nemma 1, c. 48.)
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Hoxkazameavcmso. Jlemma foKa3biBaeTCsl HHAYKLHEH MO MOCTPOEHUIO TepMa .
CHayasa paccMOTPUM CJyudal, Korga TepMOM S SIBJsieTcsl TepeMeHHas v;. Torma

s[ay /v1]...[an /va] coBnamaer ¢ a; u s[pai/vi]...[pa, [v,] coBnanaer ¢ a;. Cre-
noBatesbHo [s[ay /1] ... [an /va]]® = a; 1 [s[pay /u1] ... [@a, [v,]]™ = @a;. Bugxo, uto
o6e CTOPOHBI I0KA3bIBAEMOI0 PABEHCTBA PaBHbI JEMEHTY ©a;.
Tenepp paccmoTpuM coyuait, Korna TepMm s uMmeeT BUL f(ty,...,tx). [loaydaem
P([f (b, to)lag /o] - ag fva]]%) =
= o(f*([tlar /v [an /val)%, o Itelas for] - [ aw f0a]]) =

= [T (e(trlay fvi] - [an fvall®), - - @ftelar /o1] - - [an /0a]])) =

= ([t par 1] - [pan [oall™, - ., e[ par f01] - . [ an fva]]™) =

= [f(tilpar fui] ... [@an [val, - til gy fo1] . [pan fva])]™" =

= [f(tr,- - t)lpaa fv1] - [@an [va]]™.

[lepBoe paBeHCTBO MOJIyueHO M3 ompeneseHus 3.59, BTopoe U YeTBEPTOE paBEHCTBA MMe-
IOT MECTO, TaK Kak (DYHKLHS  coxpaHsieT (PYHKIMOHAJbHBIH cHMBOJ f (cM. ompeje-
JeHue 3.142), TpeTbe paBeHCTBO BEPHO B CHJY MPEAINOJOXKEHHS HHIYKIHH, MOCJeNHee
PaBEHCTBO COOTBETCTBYET OMpefieseHnio 3.43. O

IIpumep 3.148. Paccmorpum uHTeprnperauuu £, 90 U usomopdusM ¢ U3 INpHUMe-
pa 3.144. O6o3Haunm uepe3 s TepM (z o y) o x. B KauecTBe mepeMeHHBIX ¥; H Uy BO3b-
MEM IepeMeHHBle T W Y COOTBETCTBEHHO. B KauecTBe 3/1€MEHTOB a; M ay BO3bMEM 3
U 5 cooTBeTCTBeHHO. [/ BBIOpaHHBIX s, vy, V2, G1, Gz JeMMa 3.147 yTBepxkpaaet, 4To
e((3+5)+3) — (63 . 65) e

Jlemma 3.149. [lyctb ¢ siBasieTcst H3oMoppHuaMoM U3 uHTepnperanuu £ = (L,€)) B HH-
repnperannio M = (M, Q). Ilycts C — ¢opmyna curHatypsl 2 u FV(C) C {vy, ..., v},
rae Bce nepeMeHHbIe v; pa3Jju4Hble. Torna ajst jq06bIX ay,...,a, € L HMeeT MecTo pa-
BEHCTBO

[Clay /v] . [an foa]]* = [Clepas fv1] ... [an /va]]™

(VYBII, teopema 11, c. 48.)
ﬂoxasame/zbcmeo. Jlemma IOKa3bIBaeTCHd HHJlYKHHeﬁ 10 TTIOCTPOEHHIO q)OpMy.HbI C.
CuayaJia paccMOTpUM cnyqaﬁ, Korma q)OpMYJIa C umeet BUL P(tl, ... ,tk). HonyqaeM

[P(ty, .. te)ay /v1] .. [an /o)) =

= P([ta[ay fo1] . Law fa]]%, Tkl aa o] - [ J0n]]%) =
= P (p([trlar /v1] .- [an /0al]®), - o([te[ an fo1] - - - [an f0a]]®)) =
= PM([ti[par [v1] ... [an o)™, .. [tk pas fv1] .. [pan [va]]™) =

P(ti[way /v1]...[@an [vnl, ... te[par [v1] ... [%/vn])]Sm =

P(ty,....tp)[ar Jvi] ... [pan /v, )]™.

-
-

[TepBoe paBeHCTBO MOJIy4YeHO U3 OnpeseseHus 3.47, BTOPOe U YeTBEPTOE PaBEHCTBA UMEIOT
MeCTO, TaK Kak (DYHKIHS  COXpaHsieT NMpeAuKaTHbIH cuMBosl P (cM. onpenesienue 3.142),
TpeTbe PaBEHCTBO CJenyeT U3 JeMMbl 3.147, mocjenHee paBeHCTBO COOTBETCTBYET OIpe-
neseHuio 3.47.
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Tenepb paccmoTpuMm cayuait, Koraa dopmyna C umeer Bug —A. [lo npeanosnoxxkeHuio
MHIYKLUHH YCJIOBUS

[Alay /o] Jan foa]]* =0 w0 [Algas fv1]... [gan /va]]" = U

PaBHOCHJIbHHBI. CJIG}IOBaTeJIbHO, PaBHOCHJIbHBI U YCJIOBUSA

[F(Alay /o] an /o))" =W [2(Algar fo1] ... [pan fo.])] = H,

To ecTb paBHOCHUJIbHBI YCJOBHUS

(A as /1] - fan foall" =W 1 [(RA)[gas Jv1] .. [pan [o,]]™ = U,

4TO U TPeboBaNOCh I0KA3ATh.

Pacemotpum cayuait, korna gopmyna C' umeet Bua Jv A. Ecau v — ogHa U3 nepemeH-
HBIX ¥;, TO 3Ty MepeMeHHYI MOXXHO HCKJIUHUTh U3 CIMCKA Vy,...,U, U MPU 3TOM (op-
myabl Clag /v ... [a, fvn] 1 Clpar Jvi]...[pa, /v,) ocTatores HenameHHBIMH. [losToMy
6e3 orpaHHUeHHS OOLIHOCTH MOXKHO CUMTATh, YTO NEPeMeHHasi v OTJIHYHA OT BCeX v;.
[Tycts £ = (L, Q) u M = (M, Q).

JlokaxkeM cHauasa, 4TO U3

(o A)ar /). [a foal]* =1

cjenyer
(3o A)[par fon]. .. [pan foa]]™ = H.

Mycrs [Fv (Ala /vi]...[a, /va])]® = H. Torpa cornacho onpenenenuo 3.60 Haiinér-
csi Takoit aseMeHT a € L, uto [Alay /vi]...[an /va)[a/v]]™ = W. Ilo mnpeamosioxe-
nuio uHAYKUEA [A[a; /vi]. .. [@a, Jv.][@a /v]]™ = HW. Cornacuo ompenenenuio 3.60
[Fv (Al pay /v1]...[pa, [va.])]™ = U, uto u TpeGoBaIOCh N0KA3aTh.

Temeppb HOKaXKeM, 4TO M3

(BvA)[gar /o] [paw /o] = W

caenyet
(o A)ar /). [ay foa])* = ]

Mycrs [Fv (Alpay fv1] ... [pa, /va])]™ = W. Torna naitnércs Takoil siemeHT b € M,
aro [A[pay /vi]...[pa, /va)[b/0]]™ = M. O6osnauum saement ¢~ '(b) uepes a. U3
[Alar /v1] ... [@an [va][pa /v]]™ = W 1O MpeAnonoKeHHIO WHAYKLHH MOJYy4aeM, UTO
[Alay /v1] ... [an Jva][a /v]]™ = U. Caepoarensho, [Fv (Alay /v1]. .. [a, /va))]* = H.

Cayuau AN B, AV B, A— B, Vv A 10Ka3blBalOTCSl aHAJOTMUHO MPeAbIAYLIUM. O

IIpumep 3.150. Paccmorpum wuntepnperaunu £, 9 U u3oMoppU3M ¢ H3 HpUMe-
pa 3.144. O6o3naunm yepe3 C' popmyny Jy (r < y Ay < xox). B KauecTBe nepemMeHHOH
v1 BO3bMEM IepeMeHHYI x. B kauecTBe ajemeHTa a; Bo3bMéM 5. Jlas BbiOpaHHBIX C,
v1, a; aemma 3.149 obocHoBbiBaeT, nouemy ytBepxkaenus (Jy € R) (5 <yAy<5+5)u
(Jy eRy) (e’ <y Ay < €’ - €e’) paBHOCHIIbHBL.
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3.24 ]Jloka3aTeJbCTBO HEBBIPA3UMOCTHU C NIOMOLIbIO aBTOMOP(PU3MOB
[BINI2, 3.5], [YBII, 2.14]

Omnpenenenne 3.151. Msomopdpusm nz M B 9N HasbiBaeTcss asmomoppusmom urnmep-
npemayuu M.
(VBII, c. 51.)

Omnpenenenne 3.152. [Iyctb R — HeKOTOPBIH n-MeCTHBIH NIpeaMKaT HAa MHOXKecCTBe M,
a ¢ — Hekoropas ¢pyHKuus U3 M B M. T'oBopsaT, yTo hyHKLHUSA @ coxparsem npenukar R,
€CJIM 1Jis1 BCeX g, ..., a, € M BbimoaHeHo R(ai,...,a,) = R(pa,...,pa,).
(VBII, c. 51.)

Teopema 3.153. Eciin ¢ — aBTtoMoppusm uHTeprnperaunu I, TO ¢ COXpPaHSET Bce
BbIpasuMele B 9 NpeaHKaThl.
(B2, Teopema 27, c. 104.)
(YBII, teopema 13, c. 52.)

Hokasamenrvcmso. Tlycts MM = (M, Q). Tlycts dopmyna A curHatypsl § ssipascaem
npenrdkaT R OTHOCUTENbHO CIHUCKA MepeMeHHBIX vy, .. ., U,. CornacHo onpenenenuio 3.62
u gemme 3.149

R(ay,...,a,) = [Alay Jv1] ... [an /)™ = [Alpay Jv1] ... [pa, [v,]]™ = R(pas, ..., pay).

O
IIpumep 3.154. PaccmoTpuM TpéxMmecTHbI npenukat R Ha MHOXKeCTBe Z, omnpeje-
JéHHbIH TaK: R(ay,as,a3) = W Torna u TonbKo TOrna, KOraa aj + as = agz. DTOT NMPeAHKaT
HEBO3MOXKHO BBIPa3UTh (POPMYJIOH CUTHATYPHI (=, <) B CTAHAAPTHOH MHTEpIpeTaluH Ha Z,
Tak Kak aBToMopdusM m — m + 1 He coxpaHsieT npeaukar R.
(VBII, teopema 14, c. 52.)

3.25 AkcuoMaTu4eCKHH METOJ,

[VBII, 3.1], [IL, 5.8], [Cro, 3.1-3.4], [Ll&x, 1.1-1.2]

3.155. Axcuomamuyeckum memodom HasbiBaeTCsl CoOcod MOCTPOEHHsT HAyUHOH Teo-
pUH, P KOTOPOM HEKOTOPBIE YTBEPKIEHUS, Ha3bIBAEMbIE AKCUOMAMU, TPUHUMAIOTCS 6€3
[I0Ka3aTebCTBA, a BCe OCTaJbHbIE YTBEPXKAEHHUS STOH TEOPUU, HA3bIBAaeMble meopemamil,
TMOJIy4aloTCsl KaK JIOTHYeCKHe CJIeICTBUSl aKCHOM.

AxcuomaTHyecKHH METOM B MaTeMaTHKe BriepBble Obly1 Hcnosnb3oBaH EBkaunom B 111 Be-
Ke 10 H. 3.

Otkpeitie B XIX Beke HeeBK/IMOOBOH reomeTpud Hukosmaem VpanoBuuem JloGaues-
ckuM U HHowem bBosbsll U mocTpoeHHe pas3fMUHBIX Mofesed reomeTpuu Jlo6aueBckoro
cpeacTBaMM reomeTpud EBK/MIA MpPUBeNH K OCO3HAHMIO BO3MOXKHOCTH pacCMaTpUBATh
aKCHOMaTHUECKYI0 TeOpHI0 (DOPMaJIbHO.

B ¢opmarvroti akcuomamuueckoli meopuu He TpenoJararT Kakoe-aubo omnpeje-
JIEHHOE 3HaueHHe UCXONHBIX (TO ecTb HeompejeJssieMblx) MoHsTHH. Hanpumep, B cucreme
aKCUOM reoMmeTpuu, paspadoranHod JlaBugom ['mibb6eptom Ha pybexe XIX u XX Bekos,
MUMEIOTCSl BOCEMb UCXOIHBIX MOHATHH: «TOUKa», «IIPsiMasi», «IJOCKOCTb», OTHOLIEHHE CBSI3H
TOYKHU W NPSMOU, OTHOILLUEHHE CBSI3U TOUKH M IJIOCKOCTH, TPEXMECTHOe OTHOLIeHHe «Ha-
XOIUTBhCS MeXAy» (IJ/f TOueK), OTHOLIEHHe PAaBEHCTBA OTPE3KOB, OTHOIIEHHE PaBEeHCTBA
yrJ0B. MBI BOJIbHBI BEIOHpaTh 3HAUEHUS 3TUX MOHATHH KaKUM yrogHO 00pa3oM, JIMLIb Obl
P 3TOM OKa3blBaJHUChb UCTUHHBIMH aKCHOMBI.
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3.26 Jloruueckoe ciegoBaHue B JIOTHMKE MPeINKaTOB

[VBI, 3.1-3.2], [II1, 5.10], [BIN2, 5.3], [Kuu, 20, 23], [Cro, 2.9], [Llén, 2.6],
[Bil, 6]

Omnpenenenne 3.156. [Iycte 7' — HEKOTOPOE MHOXKECTBO 3aMKHYTHIX (pOPMYJ CHUTHA-
Typhl §2. Modeavio MHOXKecTBa T’ HasblBaeTCsl UHTeprpeTalust CUTHATYpbl ), B KOTOPO#
MUCTUHHBI Bce GopmyJbl u3 7.

(YBI, c. 58

Omnpenenenne 3.157. [lyctb 7' — HEKOTOpOe MHOMKECTBO 3aMKHYTBIX (DOPMYJ CHT-
Hatypsl §2. Ecau 3amxHyTasi gopmyna A curHatypsl {2 UCTHMHHA BO BCEX MOJIEJSIX MHO-
xkectBa 1', To roBopAT, 4To hopmyna A soeuuecku caedyem (cemanmuuecku credyem,
caedyem) u3 MHOXecTBa 1 (0o603HaueHue T F A).

(YBI, c. 58

3.158. Bmecto {By,...,B,} F A o6buno nuiiyT Bi,...,B, E A. Bmecto @ F A
00BIUHO MUILYT MpocTo F A.

IIpumep 3.159.

Ve —R(z,x), VeVyVz (R(x,y) AN R(y, z) — R(z, 2)) F VaVy (R(z,y) — —R(y, x)).

Omnpenenenne 3.160. [Tycte 77 — HEKOTOpOe MHOXKECTBO 3aMKHYTbIX (hopmys curHatypsl 2. Hesa-
MKHyTas ¢opmyna A curHatypsl §2 noeuuecku caedyem U3 MHoxecTBa 1, eciy eé 3aMblKaHUe JIOTMYECKH
c/lenyeT U3 MHoxecTBa 1.

3ameuanue 3.161. Popmyna A obuie3HayMMa TOraa U TOJNBKO TOTAa, Koraa F A.
3ameuanue 3.162. 3amkHyTble (hopMyJabl A U B paBHOCHUJbHBI TOIA U TOJNBKO TOT/A,
korna AF Bu BE A.

3.27 Teopum nepBoro nopsigka

[II1, 5.9-5.10], [BILL2, 4.4, 4.5, 5.3], [VBII, 3.6], [JIM, IL7],
[K]I, c. 103-104, 125], [Bil, 6, 7], [Cro, 3.8]

Onpenenenne 3.163. Teopueil nepsoeo nopsoka (sremenmapHoil meopueti) B CHT-
HaType {2 Ha3biBaeTCsl MPOU3BOJbHOE MHOXKECTBO 3aMKHYTBIX (hOPMYJ1 CUTHATYphl §2. dne-
MEHTBl 3TOTO MHOXKECTBA HA3bIBAIOTCH AKCUOMAMU ITOH TEOPUH.

(I, c. 41.)
IIpumep 3.164. Teopus ¢ curHatypoii (e, -, =) ¥ aKCHOMaMH
1) Va (z = x),

2) VaVy (z =y — y =x),
3) VaVyVz(z =y ANy=2z— x=2),
4) Vo, Vo Yy Yyo (21 = 11 A 02 = Yo — 21 - T2 = Y1 - Y2),
5) VaVyVz((z-y)-z=x-(y-2)),
6) Vx(z-e=xzNe-x=uz),
N Vedy(z-y=eAy-z=c¢e)
Ha3bIBaeTCs meopuetl epynn.

IIpumep 3.165. Teopusi ¢ curHatypoi (-, =) U akCHOMaMH
1) Vz(z = x),
2) VaVy(z =y —y=x),
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3) VaVyVe(z =y Ay=2z—x=2),
4) Vo Vo Yy Vyz (o1 = y1 A 22 = y2 — 21 - T2 = Y1 - Y2),
5) VavyVz((z-y) z==(y-2))

Ha3bIBaeTCs meopueﬁ noayepynn.

Onpenenenne 3.166. Teopemamu Teopuu neporo nopsinka 7' B curuarype {2 Hasbl-
BAIOTCSl 3aMKHYTble (hOPMYJIbl CUTHATYPHI {2, KOTOPbIE JIOTUUECKU CJAenyoT U3 1.

(I, c. 42.)

3.167. Kak BUIHO M3 MpeablaylIero onpeieseHus, B JTaHHOM Kypce TePMHH «TeOpHsl
MepBOro MOpsiIka» COOTBETCTBYET TEPMUHY «HedopMasbHasi aKCHOMAaTHYecKas Teopus»
(naM «cemaHTHUecKasi Teopusi») U3 yueOHuka [YBII, c. 73].

IIpumep 3.168. Dopmyna VaVy (r -y = e — y - x = e) sABJASETCS TEOPEMOH TeOpHH

TpyIIL.

Ipumep 3.169. Dopmyna VaVy (z -y = y - ) He ABJSETCS TEOPEMOH TEOPHH TPYIII.

3ameuanue 3.170. Ecan A — akcuoma teopuu 1', T0 A siBsieTcs TeopeMoit Teopuu 7.

Onpenenenne 3.171. Teopus HasbiBaeTCst cOBMECMHOL, €CIA OHA UMeeT XOTs Obl OfHY
MOJZieJIb.

(I, c. 41.)

IIpumep 3.172. Teopus rpynn siB/asieTcsl coBMecTHOH. Hampumep, onHosseMeHTHas
MHTEpIpeTanus ¢ TOXKIECTBEHHO UCTHHHBIM 3HAU€HHeM MpeIUKaTHOTO CHMBOJA = SIBJIS-
eTCsl MOJeJIbI0 TEOPUHU TpyTIL.

IIpumep 3.173. PaccmorpuM curHatypy €2, comeprkalllylo IByMeCTHbBIH MpeaUKaTHBIA
cumBos R. Teopus ¢ akcuomamu Vo Jy R(x,y) u Vo -3y R(y, x) sABAs€TCS HECOBMECTHOM.

Ipumep 3.174. HausHoti meopueti mMHOMecm8 Ha3bIBAETCS TEOPUS C CHTHATYPO# (=, €) U aKCHOMaMH
1) VaVy(x =y - Vz(z €x o z €y)).
2) JxVy(y € x — A), rie x u y — pasanunbie nepemennsle 1 FV(A) = {y}.

HauBHasi Teoprsi MHOXKECTB SIB/ISIETCSl HECOBMECTHOM, Tak Kak (opmynaa JzVy (y € x < —y € y) sBasercs
JIOXKHOH B /000N MHTEPIIPeTaLHtH.

3ameuanue 3.175. 3amkHyTass Gopmysa A cUTHATYpHl ) SIBJISETCS JIOTHUECKHUM CJIeICTBHEM (TO eCcTb
TeopeMo#t) Teopun T’ curHatypsl {) TOra U TOJBKO TOrAa, Koraa Teopust T'U{—A} sBasieTcss HECOBMECTHOH.
(I11, Teopema 5.5, c. 42.)
(YBII, teopema 1 B, c. 58.)

3ameuanue 3.176. Ecsnu Teopus 1T' curHatypsl {2 HeCOBMeCTHa, TO BCe 3aMKHYTble (POPMYJIbl CUTHATY-
phl £ SBJASIOTCS TeopeMaMU 3TOH TEOpHUHU.

3ameuanue 3.177. Ecau cyuiecTByet Takas 3aMKHyTas hopmysa A, uto A U —A ABASIOTCA TeopeMaMu
Teopuu 1', To Teopus 1" HeCOBMeCTHa.
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3.28 JaemeHTapHasi Teopus UHTepHpeTaALUU
[BINI2, 5.3], [YBII, 3.6], [Bil, 6]

Omnpenenenne 3.178. Ilycte nana untepnperauusi M = (M, Q). remenmaproti meo-
pueti untepnpetauuu YN HazpiBaeTcst MHOKecTBO Th(9), cocTosiliee U3 BCeX 3aMKHYThIX
(opmys curHatypsl ), UICTUHHBIX B HUHTeprnpetauuu M.

(BILI2, c. 212.)

3ameuanue 3.179. dnemeHTapHas TeopHs UHTepHpeTauuy M ABJSETCS COBMECTHOH.

3ameuanue 3.180. Y ssneMeHTapHOU TeopHH HHTepHpeTalryd T MHOXKECTBO TeOPeM COBMNALAET C MHO-
JKECTBOM aKCHOM.

3ameuanue 3.181. [IBe MHTeprpeTally OTHOH M TOH 2Ke CHTHATYPHl 3JeMEeHTapHO SKBHBAaJEHTHE! TO-
rla ¥ TOJNBKO TOTHA, KOTJAa HUX 3JeMeHTapHble TeopuH coBrajgaor (£ = 9T Torma u TONBKO TOTAa, KOTAA
Th(£) = Th(M))

3.29 IloaHble Teopuu nepBOro nopsiakKa
[BI2, 5.3], [VBIL, 3.6], [JIM, IL.6, I1.7], [KI, c. 158], [Bil, 15]

Onpenenenne 3.182. Teopusi T curHatypsl () Ha3bIBAeTCS NOAHOL, €CU IJs1 KaXK 0K
3aMKHYTOH (opMyJibl A curHatypsl €2 poBHO onHa u3 gopmya A u —A sBjseTcss TeopeMon
Teopuu 1.

3ameuanue 3.183. Kaxnas noJsiHas Teopus s1BJSETCS COBMECTHOH.
3ameuanue 3.184. dneMeHTapHas TeopUs UHTepHpeTaldd N ABJSETCS MOJHOH.

3.30 Teopuu nepBoro nopsifika ¢ paBeHCTBOM
[BIL2, 5.1, 5.3], [Men, 2.8], [JIM, IL.7], [VBII, 3.4], [IIL, 6.5], [K[, c. 106]

Omnpenenenne 3.185. Teopus nepsoro nopsinka 7' curHatypsl {2 HasblBaeTcsl meopueti
nepsoco nopadKa ¢ pasencmesom, eCu CUrHaTypa () ConepKHUT BblIeNeHHbIH 1BYMECTHBIH
MpefuKaT = U CJeAyIollrde (GOpMYJbl SBJASIOTCS TeOpeMaMu Teopuu 1':

1) Va (z = x),

2) VaVy(z =y — y=1x),

3) VaVyVz(z =y ANy=2z— x=2),

4) Vay.. Ve, Yy, .. Yy (x1 =1 A oo Az =y — flar, .o 20) = flyr, -, 0n)),
rae n >0 U f — n-MecTHBIH (DYHKLMOHAJbHBIH CUMBOJ U3 CUTHATYpHI {2,

d) Vay .. Vo, ,Vyi .. Yy (x1 =1 A ... Ay = Yo A P(z1,...,20) — P(y1,. ., Yn))s
roe n >0 U P — n-MecTHBIA NpeauKaTHBIA CUMBOJ U3 CUTHATYpHI (2.

Onpenenenne 3.186. Teopus ¢ curHarypoit (=, <) 1 akCHOMaMH

1) Va (z = x),

2) VaVy(r =y —y=u1),

3) VaVyVz(z=yANy=2—x=2),

4) Ve Veo Vin Vys (11 = y1 A 2o = Yo A 11 < g — Y1 < Ya),

5) Vx—(x < x),

6) VeVyVz(z <y ANy<z—x<2)
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HasblBaeTCsl meopuetl wacmuuro ynopadouernoix mroxcecms. OHa aBJsSeTCs Teopuel
MIepBOTO MOPsiKA C PABEHCTBOM.

Onpenenenne 3.187. Ecau K TeOpUH YAaCTUUYHO YTOPSIOYEHHBIX MHOXKECTB N0OABUTb
akcuoMy Ve Vy (z <y Vo =y Vy < x), TO NIOJYIUM Meopuro AUHetiHO YynopsiooueHHoLx
MHO%MCECms.

Omnpenenenne 3.188. Ecau K Teopuu JMHEHHO yHOPSAOUEHHBIX MHOXKECTB J00ABHUTh
akcromy Ve Vy (x <y — Jz(x < 2z A z < y)), TO NONYUUM MeEOPUr0 NAOMHbLY AUHELHO
YnopsaooueHHbLX MHOHKECmSs.

Omnpenenenne 3.189. Unrepnperauns 91 curHatypsel {2 ¢ BbIIEJEHHBIM JBYMECTHBIM
MPelMKaTOM = Ha3blBAeTCS HOPMAAbHOL WHTEpIpeTaluel, ecad B HHTeprnperaund IN
NpelMKaTHOMY CHUMBOJy = CTaBUTCS B COOTBETCTBHE INpeIuKaT ToxkaecTBa. Ecau Hop-
MaJibHasi WHTeprperauus 9 sBJAseTCS MOJAENbI0 HEKOTOPOH Teopuu, To 9T Ha3biBaeTcs
HOPMANbHOU MOOeAbi0 STOU TEOPUH.

IIpumep 3.190. Ilycts Q = (e,-,=). Untepnperauus (Z,€)), crapsiias B COOTBeT-
CTBHE KOHCTaHTe e yucio 0, (PyHKLUHOHATbHOMY CHMBOJIY - OMEPALUIO CJA0XKEHUS U MpPeiu-
KaTHOMY CHMBOJIy = OTHOILEHHe CPAaBHUMOCTH 10 MOAYJIO 6, SIBJSETCS MOAEJBbIO TEOPHH
TPYII, HO He SIBJSIETCS HOPMAJbHOM MOJEJbI0 TeOPHUH TPYIIIL.

Teopema 3.191. Ilycte Teopus T curnatypbl €) sABJsgeTCS TeopHeH 1epBOro Mopsaka C paBeH-
ctBoM. IlycTb u, v1 H vo — pasiuyHble HHIMBHJIHBIE NepeMeHHble, a t — Tepm curHatypbl 2. Torna
TE V’Ul V’UQ (’Ul = V2 — t[vl/u] = t[’l)g/’u])

Teopema 3.192. [Iyctb Teopuss T curHatypsel §) sIBJIseTCS TeOpPHEH MepBOro MopsiiKa C PaBEHCTBOM.
IlycThb u, v1 ¥ vy — pasJIHYHbBle HHIHBHIHbBIE TepeMeHHble, 8 A — ¢opmysia curHatypbl (). Ecsiu nepeMeHHbIe
V1 H V2 CBOGOAHBI A5 u B (opmyae A, o T E Vv Vg (v1 = va — (Afvy/u] < Alve/ul)).

Omnpenenenne 3.193. Korna paccMaTpuBaioT TeopHio MepBOTo MOPsiAKa C PaBEHCTBOM, TO MOXKHO HC-
noJib30Bath 3anuch v A (mnu 33v A) Kak cokpatienue ags popmynsl Jv A A Vo Vu (A A Alu/v] — v = u),
rie u — HOBas NepeMeHHasi, OTJIHYHAs OT v U He BCTpevawouiasicss B popmyne A.

3.31 HcTUHHOCTb B KOHEUHBIX MHTepIpeTanusax

[VBII, 2.12]

Teopema 3.194. Paccmotpum curHatypy (), comepxallyio TOJbKO OAHH CHMBOJ —
BbIJ€JIEHHBIH JBYMECTHbBIH MPEAUKATHBIH CUMBOJ =.

1. Jns kaxpaoro k > 1 cyuiectByer Takasi 3aMKkHyTast popmyaa Fj, curHatypsl §), 4To
NI KaxnoH HopMaJbHOEH uHTepnperauud (M,Q)) ¢opmyna Fy, uctuaHa B (M, )
Torjga U TOJIbKO TOIAAa, KOrAa MHOXKecTBO M conepxHuT He 6oJiee 4eM k 3/1eMeHTOB.

2. Huas kaxnporo k > 1 cywmecTByeT Takas 3aMKHyTas ¢opmynaa Gy, curaatypsl 2, 4To
NI KX 0K HopMaJibHOH HHTeprpetauuu (M, Q) dopmyna Gy ucrtunna B (M, <)
TOrJa U TOJIBKO TOr/a, KOrna MHOXeCTBO M comep:KHT He MeHee deM k 3/1eMEeHTOB.

3. Hunsa kaxporo k > 1 cymecTtByer Takas 3aMkHyTas ¢opmysaa Ej curaatypel €2, 410
NI KaXKnok HopMaJibHOH HHTeprnpetauuu (M,Q) ¢opmyna Ej uctunaa B (M, )
TOrJa M TOJIbKO TOrAa, KOorna MHOXKecTBO M conep:KHT poBHO k 3/€MEeHTOB.

(YBII, teopema 8, c. 45.)
Jlokasamenrvcmeo. Tlonoxum G; = T. Ilasg kKaxgoro k£ > 1 M0OJOXKUM

Fr=3z..3nYy(y=21 V... Vy=uxg),

Gk—f—l:_‘Fk’ Ek‘iFk/\Gk O
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Onpenenenne 3.195. Murepnperauus M = (M, )) Ha3biBaeTCss KOHEUHOL, €CJU MHO-
KecTBO M KOHEeYHO.

Teopema 3.196. Paccmorpum curHatypy (), comepxallyio TOJIbKO ONHH CHMBOJ — BblJeJe€HHBbIH JIBY-
MeCTHBIH NpeauKaTHBIH cuMBoJ =. CyllecTByeT HeoOlle3HaYuMasi 3aMKHYTasl (popMysia CUrHaTypbl §), HC-
THHHAsI BO BCEX KOHEYHBIX HHTEPIPETALHUsX.

(YBII, teopema 9, c. 45.)
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4 HcuucjieHue BbICKa3bIBaHUH

4.1. B sTom pasnesie 6ykBbl A, B 1 T. 1. 0603HaualoT (hOpMyJibl JJOTUKH BbICKA3blBaHUH,
a 6ykBel I', A u T. 1. 0603Ha4a0T MHOXKeCTBa (DOPMYJI JIOTHKH BBICKA3bIBAHUH.

4.1 AKCHOMBI U MPaBUJa rMJIb0OEPTOBCKOr0 UCYHUCIEHHS BbICKAa3bIBa-
HUU

[BI2, 2.1], [I1, 4.1-4.2], (K], c. 45-48], [Men, 1.4, 1.6], [Kau, 9], [Bil, 3]

OHpelIeJIeHHe 4.2. AKCHOMaMU KAQCCUHLECKO20 UCHUCACHUS BbICKA3bIBAHUL SABJISIOT-
cst GOPMYJIBI CAEAYIOUMX BHIOB:

1) A—-(B—A),

2) (A-B)—= (A= (B—=0))—(A—=0)),

3) ANB— A,

4) ANB— B,

) A— (B— ANDB),

6) A— AV B,

7) B— AV B,

8) (A—-C)—(B—C)—(AVB—=C()),

9) (A— B)— ((A— —B) — -4),

10) ——A — A.
[paBusio BhiBOoga modus ponens: AAT_)B (MP).
(Mew, c. 49.)

Onpenenenne 4.3 (BbiBOm). Boisodom 8 ucuucienuu 8vlckasvi8anuli (AIU TMPOCTO
8b18000M) Ha3bIBAeTCsl KOHEUHAsl MOCJe0BATENbHOCTb (POPMYJI, KaxKaasi U3 KOTOPBIX SB-
JISETCSl aKCMOMOM HJIM TOJIyyaeTcsl U3 HEKOTOPbIX MPEeAbIAYIIUX (HOPMYJ MO MPABUJY Bbl-
BOJIA.

(BILI2, c. 48))
(I1, c. 23))
IIpumep 4.4. Crenytoiias 1nocjaef0BaTeNbHOCTb (POPMYJI SIBJASETCS BbIBOIOM:

P—-QVP

Q—QVP
(P-QVP)—»(Q—QVP)—-(PVQ—QVP)
(@—QVP)—(PVQ—QVP) (MP)
PVvQ—-QVP (MP).

Onpenenenne 4.5 (BbiBomumasi popmyna). Popmyna A HasbiBaeTcss 861800UMOL
B HUCUMCJIEHWH BbICKAa3blBaHWH WJIU meopemoti UCUUCJIEHUS] BbICKa3biBaHUH (0603HaueHHe
- A), ecau CyllecTByeT BBIBOA, B KOTOPOM MocjefHsis (opMysa ecTb A.

(BILI2, c. 48.)
(I, c. 23.)

Ilpumep 4.6. - PV (Q — QV P.

Omnpenenenne 4.7 (BoiBox u3 runotes). [lyctb [ — HekoTOpoe MHOXKeCTBO (hopMyI.
Boigodom u3 1" Ha3biBaeTCs KOHEUHAs MOCJEI0BATEeNbHOCTb (DOPMYJI, KaxkKAash U3 KOTOPBIX
100 MPUHAIJIEKUT MHOXKECTBY ', 16O sABJsSETCS aKCHOMOH, JIMOO MOJNyUaeTcst U3 Mpefibl-
AywuX (GopMyJI M0 TPaBUIY BBIBOAA. DJeMEHTbl MHOXKeCTBa I Ha3bIBAIOTCS 2unomesamu.
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(BLL2, c. 50.)
(I, c. 23.)

IIpumep 4.8. Cienytouas nocnefnoBaTegbHOCTb (DOPMYJ SBJSETCS BbIBOAOM M3 MHO-
xkecTBa runores {P A Q}:

PAQ (runoresa)
PANQ— P

P (MP)
PANQ—Q

Q (MP)
Q—(P—=QAP)
P-QAP (MP)
QAP (MP).

Omnpenenenne 4.9 (BbiBomuMoCTh U3 rumore3). Popmyna A HasbiBaeTcs 861800U-
motl u3 mroxcecmsa ¢opmys I' (o6o3nauyenne I' F A), ecnu cyuiecTByeT BbiBoA H3 I,
B KOTOPOM TOCJenHsisT popmyna ecTb A.

(BILI2, c. 50.)

(I, c. 23.)
4.10. Bmecro {By,...,B,} F A obbluno nuwyt By, ..., B, F A.
Ilpumep 4.11. PAQ - Q N P.

4.2 BeiBog dopmyast A — A

[BI2, 2.1], [I1, 4.2], [Men, 1.4], [Kuu, 9], [KI, c. 48], [Bil, 3]

Jlemma 4.12. @opmysra A — A BeiBoguMa.
(BIL2, remma 1, c. 49.)
(I1, Teopema 4.1, c. 24.)
ﬂonasameﬁbcmeo.
(A= (A—-A) = (A= ((A—A)—A) - (A A))
A—(A—A)
(A= ((A—=A)—A)— (A=A (MP)
A— ((A—A)— A
A— A (MP).

4.3 KoppeKTHOCTb UCUUCJIEHHS BbICKa3bIBAHUU

[BIN2, 2.1], [II1, 4.2], [Men, 1.4], [Kau, 11], [KI, c. 48], [Bil, 4], [Cro, 3.6]

Teopema 4.13 (o kKoppekTHOCTH). Ecan - A, 1o F A.
(BLI2, teopema 17, c. 48.)
(T11, Teopema 4.5, c. 25.)
Hokasameavcmeso. Teopema nokasbiBaeTCs HHAYKLKEH MO IJMHE BBIBOAA (hOPMYJibl A.
O
Teopema 4.14 (0600méHHas Teopema o KoppeKTHOCTH). Ecim ' A, To I' F A.
(T11, Teopema 4.7, c. 25.)
Hokasameavcmeo. Teopema noka3biBaeTcsl aHAJOTHUHO Teopeme 4.13. U
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4.4 Teopema 0 AeAyKUUM AJI MCUUCTEHUS BbICKa3bIBaHUMN

[BII2, 2.1], [Men, 1.4], [I1, 4.2], [Kau, 10], [Bil, 3]
Teopema 4.15 (o mepykuuu). Ectu ' U{A} - B, o'+ (A — B).

(MeH, npennoxenne 1.8, c. 40.)
(BIL2, memma 2, c. 50.)
(T11, Teopema 4.6, c. 25.)
Hokazameavcmso. Teopema noKa3biBaeTcss HHAYKLHEH N0 AJKHE BbiBoAa (popMmysbl B
13 MHOxKecTBa runores I' U {A}.
Ecau B aBasieTcss akCUOMOH WJIM NPUHAANEXKUT ', TO UCKOMBIA BBIBOJ BBITJIIIUT TaK:

B
B — (A — B)
(A— B) (MP).

Ecnu B coBnanaer ¢ A, To ucnosbsyem jemmy 4.12.

Ecau B nosyueHa M3 HEKOTOPBIX MPeAbIAYLIMX (OpPMYJ MO MPaBU/y BbBoAa modus
ponens, To 3TH hopmysbl umetoT Bua C' u C'— B. CornacHo NnpeanosioKeHHW0 UHAYKIUH
'F(A—=C)ulF (A— (C— B)). Uckombiil BEIBOA (opMyJ/ibl B U3 MHOXKECTBA THIOTE3
['U{A} cocTOUT U3 3THX ABYX BBIBOIOB H CJEAYIOILIUX (HOPMYJI:

(A-C)— ((A—=(C—B))—(A—B))
(A= (C—B))—(A—B) (MP)
A— B (MP).

4.16. Bmecto I'U {A} B o6buHo nuiyt I', A+ B.
Ilpumep 4.17. MoxHo npoBeputh, 4yto P — ), Q) F —P:

P—qQ

—Q

(P—Q)—=((P—-Q)——P)

(P ——Q) ——P (MP)
~Q — (P — Q)

P—-Q (MP)
-P (MP).

CaenosaresibHo, P — Q = —=(Q) — —P.
ITpumep 4.18. U3 npumepa 4.11 u Teopemst 4.15 cienyer, uto - PAQ — Q A P.
Teopema 4.19. [Iycte I' — HekoTOopoe MHOKecTBO (popmys. Torna I' = (A — B) B ToM
U ToJIbKO ToM caydae, korna ' U {A} + B.
(B2, remma 2, c. 50.)
(T11, Teopema 4.6, c. 25.)
Hokasameavcmeso. JloctaToyHOCTb NoKasaHa B TeopeMme 4.15. Heo6xomumocTh noKa-
3bIBaeTCsl OMHUM NPUMeHeHHeM MpaBuja modus ponens. O
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4.5 CsoucTBa BBIBOAMMOCTHA M3 THUIIOTE3
[BI2, 2.1], [M1, 4.2], [Men, 1.4], [Bil, 3-4]

Teopema 4.20 (MoHoToHHOCTB). Ecin ACT' u AF A, o'+ A.
(T11, Teopema 4.2, c. 24.)
(Mew, c. 37.)
Hokazameavcmeo. Teopema HeNmocpeACTBEHHO CJeYyeT U3 ONpefeseHnH. O
Teopema 4.21 (komnakTHocTh). Eciu I' B A, To cyuiecTByeT Takoe KOHEYHOE MHO-
xectBo A C T, yto A+ A.
(T11, Teopema 4.4, c. 25.)
(Mew, c. 37.)
Hokazameavcmeso. Teopema HeNmocpeACTBEHHO CJeYyeT U3 ONpefeseHUH. O
Teopema 4.22 (TpaHautuBHOCTb). Ecoin I' = A u nna kaxnaoi ¢opmyasr B € T
umeetr Mmecto A+ B, o A+ A.
(IT1, Teopema 4.3, c. 24.)

(Mew, c. 37.)
ﬂoxasame/zbcmeo. 3aMeHUM B BbIBOLIE CpOpM}/JIbI A KaXXIylo THUII0Te3y Ha €€ BBIBOJ
u3s A. O

4.6 IloaHoTa MCUYUCJEHUS BbICKA3bIBAHUU
[BIN2, 2.1], [Men, 1.4], [Kau, 12], [I11, 4.4], [Bil, 4]

JlemMma 4.23.
A BFANADB.
A, -BF —|(A A B)
-A, BF —|(A A B)
-A, -BF—(AAB).
A, BF AV B.
A, -BFHAVB.
-A, BFAVB.
-A, "BF —|(A \% B)
A BFA—B.

10. A, =B+ —-(A— B).

11. -A, B+ A— B.

12. -A, -B+A— B.

13. AF——A.

14. -AF —A.
(BIL2, nemma 3, c. 55.)

Omnpenenenne 4.24. Beeném o6o3navenve —,; A, rme A — ¢opmyna, a 7 — HUCTHH-
HocTHOe 3HaueHue. [To onpenenenuto —y A obosnavaer A, a —5A o6o3Hauaet —A.
Jlemma 4.25. [Iyctb A — ¢opmyna JIOTHKH BbICKa3bIBaHHH, He COAepXKallasi APYyrHx

MPOMO3HIIHOHAIBHBIX IIePEMEHHBIX, KpoMme Py, ... P,. IlycTh T — HCTHHHOCTHOE 3Ha4eHHE
opmyJibl A MpH OlleHKe MPOMO3HILHOHAJbHBIX MepeMeHHbIX . Toraa

PN O WM~

©

_‘g(Pl)Ph ey _'g(Pn)Pn H —|TA.

(BIL2, nemma 4, c. 56.)
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Hoxkazameavcmso. Jlemma [0KaspiBaeTcsi MHAYKLHEH MO TOCTpPOeHHIO (opmynsl A.
B mare MHAYKUMH UCTOJb3YIOTCS JeMMa 4.23 1 Teopema 4.22. O

Jlemma 4.26. [Iyctb ', BF Aul',—-BF A. TornaT' - A.

Hokasameavcmso. CornacHo TeopeMe o mepykuuu I' = (B — A) u I' F (=B — A).
[TpoBepum, uto B — A, -B— A A:

B— A
-B— A
(74— ~B) = (=4 — ~~B) = —A)
-A— -B (mpumep 4.17)
(wA— —-—-B) — -4 (MP)
-A— B (npumep 4.17)
——A (MP)
-—A— A
A (MP).
Ocranoch NMpUMEHHUTh TeopeMy 4.22. 0J

Ilpumep 4.27. - BV -B.

Teopema 4.28 (o moaunore). Ecain E A, to - A.
(BLI2, teopema 18, c. 49-56.)

Hokasameavcmeso. Ilycte dopmyna A siBasercss TaBToJOrHed. Jlokaxem, uTO MJs
Kaxaoro k < n npu Ja60H oLeHKe NPONO3HLHOHANBHBIX NePpeMEeHHbIX g UMEeT MeCTO

_'g(P1)P17---7_'g(Pk)Pk‘ F A (13)

Ins k = n 3to cienyer u3 jseMMmbl 4.25, TaKk KaKk HCTHMHHOCTHOe 3HauyeHHe (opMysbl A
TIPU OILleHKe MPOMO3UIMOHAJIbHBIX MepeMeHHbIX g paBHO M, a =y A coBnanaer ¢ A. C nomo-
LIbIO JieMMBbl 4.26 MOXKHO BbiBeCTH U3 yTBepxkaeHus (13) miast k = m To ke yTBepKIeHHe
s k =m — 1, ecan m > 0. CyenoBatesnbHO, yTBepKaeHue (13) BepHO mJsi Bcex 3Hade-
Hu#t k ot 0 o n. Ilpu k = 0 nonyuaem F A. O
Sameuanne 4.29. Ecau mHoxkectBO ' Koeuno u I' = A, To I' = A.
Hokasameavcmeso. Ilycts Bi,...,B, F A. CornacHo 3ameuanuto 2.75 dopmyna
F BiA...A\B, — A aBasiercs taBtosorueit. CorsacHo teopeme 4.28 - By A... A B, — A.
Ocranock BbiBeCTH By, ..., B, By A... A B, u npuMeHuTsh npasuio modus ponens. [

4.7 IIpoTuBOpeuynBOe MHOXKeCTBO (hOPMYJ JOTMKHU BbICKa3bIBAHUM
(M1, 4.2], [BIL2, 2.1, 2.2], [Bil, 4]

Omnpenenenne 4.30. MuoxectBo Gopmyn I' HasbiBaeTcss npomusopeuussvim, ecd CyLeCTBYeT Takas
tdopmysa A, uto ' A u I' - —A. B npoTuBHOM cyiyuae MHOXKecTBO ' Ha3bIBaeTCs HenpomusopeuL8uim.
(BLI2, c. 57.)

(11, c. 26.)

Teopema 4.31. MHuoxectBo ¢opmys1 I' npoTHBOpeyrBo Toraa H TOJIbKO TOTAa, Koraa AJs Jio0OH (op-

mysbl A umeet mecto I' - A.
(I1, Teopema 4.10, c. 28.)
Hokasameavcmso. JJocTaTo4Ho MpoBepuTh, 4T0 B, =B - A. O

Teopema 4.32 (npunuun npuseneHns K aéeypay). Ecin ') AF B u T, A+ =B, toT' F —A.
(I1, Teopema 4.8, c. 26.)
(B2, c. 53.)
Hokasameavcmso. [lpumeHnM TeopeMy 0 AeAyKUHUH U NpoBepuM, 410 A — B, A — -B F —A. O
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5 HcuucieHuve npegukKaron

5.1. B satom pasnene 6ykBbl A, B 1 T. 1. 0603Haua0T (GOPMYJibl JOTHKHU NpPeAHKaTOB,
a O6yksbl I, A u T. 1. 0003HaYalOT MHOXKEeCTBA (POPMYJI JIOTUKH MPEIUKATOB.

5.1 Axkcuombl U npaBuJja I‘I/IJIbﬁepTOBCKOI‘O HCYUCJICHHUA NTPEIUKATOB

[M1, 6.1], [BII2, 4.2], [KJ, c. 91-94, 95, 123-124], [VBII, 3.4, 3.5], [Kau, 21],
[Bil, 7]

Onpenenenne 5.2. AKCHOMaMH KAQCCUYECKO20 UCHUCACHUS NpeduKkamos 8 cueHa-
mype ) sBASIOTCS (GOPMYJIBI CJIEIYIOLMX BHIOB!
1) A— (B—A),
2) (A—-B)— (A= (B—0C))—(A—=0Q)),
3) ANB — A,
4) ANB— B,
5) A— (B— AAB),
6) A— AV B,
7) B— AV B,
8) (A—-C)—(B—C)—(AVvB—()),
9) (4= B) = (4= ~B) — ~4),
10) ——A — A,
11) Yv A — Alt/v], rne Tepm ¢ cBoGOnEH 15 v B opmyJe A,
12) A[t/v] — Jv A, rme Tepm t cBoGOnEH s v B popMyse A.
[IpaBuna BhIBONA:
B )

B—A
2) B oo A re v ¢ FV(B),

A—B
3) m , rae v ¢ FV(B)

[Tocnennue nBa mpaBu/ia HasbiBaloTCs npasuramu bepraiica.

Onpenenenne 5.3 (BbiBox). Boigodom 8 ucuucienuu npedukamos 8 cueqamype €
Ha3bIBaeTCsl KOHEeUHasi MOCJeN0BaTeNbHOCTh (POPMYJ CHUTHATYPHI §), KaxKaas U3 KOTOPBIX
SIBJISIETCS aKCHOMOH HJIM TIOJydaeTcsl U3 MPeAblAyIIUX (POpPMYJ 1O HEKOTOPOMY IpPaBHJIY
BBIBOJIA.

Omnpenenenne 5.4 (BbiBogumasi popmynaa). [Iycte A — dopmyna curHatypsr €.
Dopmyna A Ha3bIBaeTCs 8bL800UMOLL 8 ucuucieHuu npeduxamos 8 cuenamype ) (060-
3HayeHue - A), ecyid CylIeCTBYeT BbIBOJ, B KOTOPOM MocJenHsist popmysa ecTb A.

Omnpenenenne 5.5 (BoiBOx M3 3aMKHYTbIX rumote3). [Iyctb I' — HekoTopoe MHO-
’KeCTBO 3aMKHYTBIX (popMys1 curHatypsl 2. Botgodom us I' 6 cuenamype () HaspiBaeTCs
KOHEeUHasi T0CJIef0BaTeNbHOCTb (POPMYJ CHUTHATYpHl {2, KaxKaas M3 KOTOPbIX JHUOO MpH-
HaJIeXKUT MHOXKecTBY I, 6o sBJsieTCS aKCHOMOM, JMOO MOJTydaeTcss U3 TPeabl Iy LHX
(hbopMyJ1 IO HEKOTOPOMY TIPABHJY BBIBOLA. DJeMEHTbl MHOXKeCTBa [ Ha3bIBalOTCS eunome-
3aMmu.

(BILI2, c. 172.)
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Omnpenenenne 5.6 (BbIBOIMMOCTb M3 3aMKHYThIX rumote3). [Iycte A — dopmyna
curHatypsl {2 U I — HEKOTOpOe MHOXKECTBO 3aMKHYTHIX popMmy.1 curHarypsl (2. @opmyna A
HasbiBaeTcst gvigodumoil u3 I' (o6o3Hauenue I' = A), ecan cyuectByer BeiBOmL M3 [
B curHatype {1, B KOTOpPOM ToOCJefHsAsI popMyJia ecTb A.

(BILI2, c. 172.)

Teopema 5.7 (MmoHoTOHHOCTB). EciTt A CT u AF A, o'+ A.
(T, c. 44.)

Teopema 5.8 (kommakTHOCTB). Ecsi I' = A, TO cyiiecTByeT Takoe KOHeYHOe MHO-
x)ectBo A C T, yto A+ A.

(I, c. 44.)

Teopema 5.9 (TpansutuBHocts). Econ I' = A u nis kaxnos ¢opmynel B € I umeer
mecto A+ B, To A+ A.

Hokasameavcmso. 3ameHUM B BbiBole (DOPMYJibl A KaXKAyl0 THUIOTE3y Ha €€ BbIBOJ
3 A. O

5.2 KoppeKTHOCTb uCUHUCIEeHUS MPeIruKaToB

[M1, 6.1], [BINZ2, 4.3], [KI, c. 94, 125], [VBII, 3.4], [Bil, 8]

Teopema 5.10. IIycte A — ¢popmysa curnatypsl 2. Ecau = A, Tto popmyna A o6-
LIe3HAaYHMa.
(BII2, Teopema 43, c. 165.)
(T11, Teopema 6.1, c. 44.)
Hoxazamenrvcmso. Teopema noka3biBaeTcsl MHAYKLHKeEH 10 JJMHE BbiBoga (opMyJbl A.
O
Teopema 5.11 (0000mEHHas TeopeMa O KOPpPeKTHOCTH). [Iyctb A — 3aMKHyTas
opmyna curHatypbl ) u I’ — HeKOTOpoe MHOXeCTBO 3aMKHYTBIX (pOpMYJI CHTHATYphI §).
EcruT'H A, o' E A.
(BLI2, Teopema 44, c. 174.)
(T11, Teopema 6.4, c. 47.)
Hoxazamenrvcmso. IHAyKUKe# N0 [jiMHe BbIBOLA MOXKHO N0Ka3aTb (aHAJOTMYHO Te-
opeme 5.10), uto nsis Kaxmoi (He o6s3aTebHO 3aMKHYTOH) (opmysbl A curHartypsl 2,

ecan I' = A u dopmyna A He coaepKUT APYTUX CBOOOAHBIX MIEPEMEHHBIX KPOME V1, . . ., Uy,
TO 17 J06oi momenu M = (M, €)) mHOokectBa ' M 1y JIOOBIX aq,...,a, € M uMeer
mecto M E Alay /vi] ... [an /vs].

B cnyuae 3amkHyTO#H opmyasl A nonydaem [ F A. O

5.3 Teopema o mexyKuum AJi UCUUCJIEHUS MPEeINKATOB

[BINI2, 4.4], [Men, 2.4], [II1, 6.2], [VBIL, 3.5], [KI, c. 96-97, 125], [Kau, 22],
[Bil, 7]

Teopema 5.12. [Iyctb I' — HekoTOpoe MHOXeCTBO 3aMKHYTBIX (DOPMYJI CHUTHATYPHI §2
u A — 3amkHyTass popmysa curHatypbl §2. Torna I' = (A — B) B TOM H TOJIBKO TOM
cayyqae, korna I' U {A} - B.
(BII2, nemma, c. 172.)



47 20.10.2006

Hokasameavcmso. Teopema 1oKa3blBaeTCsl aHaJOrHUHO TeopeMe 4.15.
[Tpu pasbope npasusia bepuaiica

B;O,
B —=YvC

rie v ¢ FV(B), ucnosnb3ytoress paBHOCHAbHOCTH (A — (B — C)) ~ (AANB —C) u
(AANB—-Yv(C)~A— (B—Yv()).
[Tpu pasbope npasusia bepuaiica

C —-B 7
Jv(C — B

rae v ¢ FV(B), ucnonbsyoress paBHocuabHOCTH (A — (C— B)) ~ (C— (A — B)) u
(FvC —-(A—B))~(A— (FvC — B)). O

5.4 TeOpeMa rélleﬂﬂ O ITIOJIHOTE (6e3 mokasaresnbCTBa)

[VBII, 4.1-4.4], [BIN2, 4.4-4.5], [Men, 2.5], [1l, 6.3-6.4], [KII, c. 208-213],
[Bil, 8]

Teopema 5.13 (Teopema o moaHoTe, 6e3 moKa3ateabcTBa). [Iycth A — ¢popmya
curHarypsi (). Ecau ¢popmyna A obiesHauyuma, 1o = A.
(BLI2, Teopema 49, c. 185.)
(VYBII, teopema 9, c. 87.)

Teopema 5.14 (0000mEHHaA TeopeMa O MOJHOTE, 0e3 HOKa3aTeJabcTBa). [IycTh
A — 3amkHyTas ¢opmysia curHatypbl ) u I — HEKOTOopoe MHOXeCTBO 3aMKHYThIX (hOpMY.JT
curHatypsl ). Ecin I'E A, o I' - A.
(BLI2, Teopema 51, c. 186.)
(YBII, teopema 11, c. 87.)

5.5 TeopemMa KOMNAKTHOCTHU [Jisl JIOTMKU NMPeIUKATOB

[VBIL, 4.4], [BII2, 4.5], [Blx, 17], [JIM, IL.6], [I1l, 6.4], [KI, c. 213],
[Bil, 8, 9]

Teopema 5.15 (Teopema MagbueBa 0 KOMONakTHOCTHU). [Iycte A — 3aMKHYyTas ¢op-
mysia curHatypbl ) u ' — HeKOTopoe MHOXKeCTBO 3aMKHYTHIX popmys curHatypel §2. Ecan
I' E A, To cymecTByetr Takoe koHeuHOe MHOXecTBO A C I', uto A F A.

(YBII, teopema 14, c. 88.)
(BLI2, teopema 50, c. 185.)

Hokasameavcmeso. Ilycts I' E A. CornacHo teopeme 5.14 I' = A. CorsacHo Teope-
Me 5.8 cyuiectByeT Takoe KoHeyHoe MHOoxecTBO A C I', yto A F A. CornacHo Teope-
me 5.11 A F A. O

Teopema 5.16 (10kanbHas Teopema MagasueBa). [Iycts I — HekoTOpoe MHOXECTBO
3aMKHYTBIX (popMyJs1 curHatypsl ). Ec/iu Kaxjoe KOHeYHOe MOAMHOXeCTBO MHOXxecTBa I’
HMeeT MofeJib, TO H CaMO MHOXeCTBO I' HMeeT Mozxesib.

(YBII, teopema 13, c. 88.)
(BLI2, teopema 50, c. 185.)
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Hokazameavcmso. 3aduKcupyeM NPOU3BOJNBHYIO 3aMKHYTYIO (opMmynay B curHary-
pol §2. Ilycte MHOXecTBO I' He umeer HM opHOH Mogmeau. Torma I' E B A =B. CorsacHo
TeopeMe 5.15 cymiectByeT Takoe koHeuHoe MHOXecTBo A C I', uto A F B A =B. Oue-
BU/JIHO, MHOKeCTBO A He UMeeT HU OAHOU MOIEJH, YTO IPOTHUBOPEUUT YCJIOBHIO TEOPEMBI.
[lostomy I' umeer Mozesnsb. U

Teopema 5.17. [Iycte T — HekoTOpasi TeopHsi IePBOro NopsiAKa ¢ paBeHCTBoM. Eciu
teopusi T' umeet mone b, To 1' ©UMeeT U HOPMAJIbHYIO MOZAEJb.

(B2, teopema 59, c. 203.)

Hoxazameavcmso. Ilycts M = (M, Q) siBasiercst Mofesbto Teopuu 1'. CorsacHo omnpe-
JIeJIEHHIO0 TEOPUH TEPBOTO MOPSAKA C PABEHCTBOM OTHOLICHHE =>' SBJIAETCS OTHOLIEHHEM
9KBHBAJIEHTHOCTH (TO €CTb OHO pe(hIeKCHBHO, CUMMETPUYHO U TPaH3UTHUBHO). MHOXKe-
cTBO M pas3buBaeTcsl Ha KJacChl S5KBUBAJEHTHOCTH, MHOXKECTBO 3THX KJaccoB 0003Haua-
ercs M /="', dopmanbHo

(M/="Y={ACM|A={bc M|a=""b} naa nekoroporo a € M}.

Ha muoxectBo M /=" MOXHO cTaHZapTHBIM 06Pa3oM MepeHecTH MYHKIMHK W TpearKa-
Tbl U3 HHTeprnperaunu M. [losyuyeHHas WHTeprnpeTauus SBJASETCS HOPMAJbHOH MOZEJNbIO
Teopuu 1. U
Teopema 5.18. [Iycts T — HekoTOpasi Teopusi mepBOro mopsiaka ¢ paBeHcTBoMm. Eciu
Kak/0e KOHeyHoe IOAMHOXKeCTBO MHOXxecTBa 1 MMeeT HOpMaJlbHYIO MOAeJsb, TO H caMa
Teopusi T UMeeT HOpMaJIbHYI0 MOJEJIb.
(YBII, teopema 13, c. 88.)
Hoxazamenrvcmso. TeopeMa HemocpeACTBEHHO CJenyeT U3 TeopeM 5.16 u 5.17. U

5.6 Hepa3auuumMoCTh KOHEUHOT'0 U O€CKOHEUYHOTO

[VBIL, 4.5], [I11, 6.5]

Teopema 5.19. [lycte T — Teopus nepBoro nopsiaka ¢ paBeHcTBoM. Ilyctb ass Jro60-
ro HaTypaJibHOro yucJa n teopusi T uMeeT HOPMAJIbHYIO MOZIEJ/b, COAEPKALILYI0O HE MEHEE N
asnemeHTOB. Torna teopuss T uMeeT 6€CKOHEUHYIO HOPMAJbHYIO MOJEJb.

(YBII, teopema 20, c. 91.)

Hokazameavcmso. Ilycte Teopusi 1 ynoBieTBOpPsieT YCJOBHUIO TeopeMbl. PaccMoTpum
teoputo T =T U{G,, | m > 2}, tne Gy, = =31 ...z 1Yy (y =21V ...V y = Xy 1).
OueBugHO, MI060€ KOHEUHOE TOIMHOXKECTBO MHOXKecTBa 1’ MMeeT HOPMaJIbHYIO MOJIEJb.
CorsacHo Teopeme 5.18 MHOxecTBO 7" MMeeT HOpMaJbHYIO Monesb. OueBUOHO, OHa Gec-
KOHEYHa U fIBJISIETCS HOPMaJIbHOM MOJEJbI0 Teopuu 1. U

Ynpaxknenne 5.20. CyuectByeT i OeckoHeuHass abesieBa rpymmna, B KOTOPOH Kax-
IbIH 3JIeMeHT siBJsieTCst 0OpaTHBIM caMoMmy cebe?

Otser 5.20. [la. Hanpumep, (P(N), a).

Teopema 5.21. [Iyctp () — HekoTopass curHatypa ¢ paBeHcTBoM. He cyiiectByet
3aMKHYTOH (pOpMYyJibl, HCTHHHOH BO BC€X KOHEYHbIX HOPMaJIbHbIX HHTEPIPeTaLHsX CUTHa-
Typbl () H JIOXKHOH BO BCeX OE€CKOHEYHBIX HOPMAJIbHBIX HHTEPIPETALHUSX CHTHATYPHI ).
(YBII, teopema 21, c. 92.)

Hokazameavcmso. Ilyctb Takas ¢opmynaa cyuectByer. O6o3nauum eé yepes A. Ilpu-
MeHUM TeopeMy 5.19 k Teopun {A}. O
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6 Teopus aaroputrmMoB

6.1 YactuuHble pyHKUUMN
[VBIIL, 5.1]

Omnpenenenne 6.1 (yuactuunas pynkuus). [Iycts f C X x Y. CoorBeTcTBUE f Ha-
3bIBaeTCsl yacmuurHol @QyuKkyueil U3 MHOKecTBa X B MHOXKECTBO Y, eCaM AJsl JIOOBIX
x € X, y1,y2 € Y us (x,y1) € f u (x,y0) € f caenyer y; = yo. [lpu 3tOM numyr
f: X =Y.

(VBII, c. 94.)

Omnpenenenne 6.2. Ecin f siBaseTcs YacTUUHOH (PyHKIMEH M3 MHOKecTBa X B MHO-
KECTBO Y M /Il JAHHOIO 3JeMeHTa r € X CyLIeCTByeT TAaKOH 3JIeMeHT y € Y, uTo
(x,y) € f, TO 3TOT 3JIEMEHT Yy HA3bIBAETCsl 3HAUeHuem PYHKUUH f Ha x U 0003HAUAETCS
f(z). Ilpu 3TOM TOBOPAT, 4TO (YHKUHUS f onpedesera Ha x W muwyT ! f(x).

Omnpenenenne 6.3 (Bcrony ompenenéHHas ¢yHkuus). Uactuunas ¢yHkuus f us
MHOXecTBa X B MHOXKECTBO Y HasblBaeTCsl 800y onpederérHoll GyHukuuell, ecau s
moboro x € X QyHKUHUA [ omlpefneseHa Ha x.

(VBII, c. 94.)

Omnpenenenne 6.4 (yciaoBHoe paBeHCTBO). Ecau o ¥ § — Kakue-TO BblpaxKeHHUs (BO3-
MOKHO, BKJIIOYaollMe YacTHUHble (DYHKLHH), TO Yepe3 o ~ [ 0603HAUaeTcsi cjaeayroliee
yTBepKJeHHe: «x U [3 OJIHOBPEMEHHO ONpefiesieHbl UM He ONpefeseHbl U eCJIU onpejeJe-
HbI, TO UMEIOT OJMHAKOBBbIE 3HAUEHUS».

(VBII, c. 94.)
(K1, ¢. 9)

Onpenenenne 6.5. Ob1acmoro onpedeserus 4acTUUHON PYHKUMHU f HA3bIBAETCS MHO-
xectBo D f = {z | f(z) onpeneneno}.
(VBII, c. 96.)

Omnpenenenne 6.6. Mroacecmeom 3nauweruti 9acCTUUHON PYHKUMUN f HA3bIBAETCS MHO-
xectBo E f = {y | Jz f(z) = y}.

6.2 OOuee NoHATHE aJATOpPUTMA
[VBI, 5.1], [BII3, 1.1], [M2, 1], [Kau, 40], [KI, c. 167-168], [KI, c. 1]

6.7. Arcopumm — npeanycaHue BBINOJHHUTb TOUHO ONpPeNeEHHYI0 TOCJef0BaTeNb-
HOCTb JEeHCTBHH.

C KaXIpIM aJTOPUTMOM CBSI3aHBI 064QACMb B03MONCHLLY UCXO0HbLX OaHHbiX X 1 06-
Aacmo 803moxcHoLx 3Haverutl Y . IIpu 3TOM anropuT™ BBIUMCISIET HEKOTOPYIO YACTHUHYIO
¢yukuuio f: X — Y. [lpouecc npumeHeHus anroputma A K HCXONHOMY AaHHOMY z € X
Bcerjga npoucxofut no maram. Kaxnaplil war obs3atesbHo 3akaHuuBaetcs. [Ipouece npu-
MeHeHMs ajroputma A K x Jaub60 OymeT MPOmo/KAThCs OECKOHEUHO, JUOO OCTAaHOBUTCS
1ocJ/e KOHEYHOro YMCJ/la 1IaroB ¢ pe3y/abTaToM, JUOO0 OCTaHOBUTCS 0e3 pesdy/bTaTta.

B KayecTBe 06/1acTH BO3MOXKHBIX UCXOAHBIX JAHHBIX U 00/J1aCTH BO3MOXKHBIX 3HAU€HHUH
00bIYHO HCIOJb3YIOT MHOXKecTBa Buaa NF uium ¥*, rae ¥ — KoHeuHbIH andaBuT (3TH
MHOXeCTBa — TPUMepBl axncambaeli KOHCMPYKMuUHolxX 065eKmos).
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Omnpenenenne 6.8 (00JacTh IPUMEHNMOCTH/PE3yIbTaATUBHOCTH ajroputma). O6-
AQCMb NPUMEHUMOCMU aNTOpUTMa A COCTOUT U3 TeX NaHHbIX, P MPUMEHEHHH K KOTO-
pbIM ajroputMa A mpouecc 0CTAHOBUTCS C PE3YJbTATOM.

6.9. B mMaremaTuKe yTOUHEHHS TMOHSITUSI AJrOPUTMa HA3bIBAIOTCS BbIUUCAUMENbHDL-
mu modearamu. Hanbosiee u3BecTHblE BBIYMCJAUTENbHbIE MOE/N: MAlIUHbl TbIOpHHTA, Ya-
CTUYHO PeKYpPCHBHble (DYHKIIMH, MAIIHUHBI C HEOTPAHUUYEHHBIMH PErUCTPaMHU, HOPMaJibHbIe
anaropudmsl MapkoBa, KaHoHHUecKHe cucTeMbl [locta, asMOpa-ucunceHue.

6.3 Mamunsl Teropunra

[KL, c. 3-8], [M2, 2], [JIM, II1.2], [KI, c. 169-175, 187-188], [BIx, 3],
[VBI, 5.7], [BII3, 9.1-9.3], [Kuwu, 41], [Bil, 10-12]

6.10. O6pasHo rosopsi, demepmuruposarnnas mauiura Teropurea viMeeT GeCKOHEU-
HYI0 B 00e CTOPOHBI JIEHTY, pa3fe/éHHYI0 Ha f4elKU. B Kaxmol suelike MoxxeT OBITh 3a-
MUCaH 060K CUMBOJ U3 KOHEYHOTrO aj(aBUTa, Ha3bIBAEMOT0 pabouum argasumom (A
AEHMOUHbIM arpasumom) NaHHOW MaluHbl ThropuHra. MiMeercs ynpasJsioliee yCTpoO#-
cTB0. OHO MOXKET HaXOAMTbCS B OJHOM W3 KOHEUHOro MHOXecTBa cocmosaruti. Mmeercs
OJlHA YHTAOlle-3aMUChIBAIOIIAs TOJMOBKA, KOTOpash B KaXKAbli MOMEHT 0003peBaeT OAHY
U3 siueek JeHThl. OOMH TakT paboThl COCTOWUT B CJEAYIOIIEM: MAallMHA YHUTAeT CHUMBOJI
B 0603peBaeMoil siuelike, BbIOMpaeT M3 CBOEH MpOrpaMMbl MHCTPYKIIMIO, COOTBETCTBYIO-
Y0 TEeKYIeMy COCTOSIHHIO U TMPOYHUTAHHOMY CHMBOJY, U UCHOJHSET e€. B MHCTpYyKUUH
CKa3aHO, KaKOH CUMBOJI CJelyeT 3anucaTb B 0003peBaeMylo siueiiKy, KakuM OyieT HOBOe
COCTOSIHHE YIIPABJISIIOLIETO YCTPOUCTBA M KYAa JO/KHA MepeMeCTHTbCs TOJIOBKa (Ha Of-
HY si4edKy BJIeBO, Ha OIHY s'YeHKYy BIIPaBO HJIM OCTAThCsl HA MecTe). DTH MepeMelleHHs
npuHsATo 0603Hauath L, R u N cooTBeTcTBeHHO (B HEKOTOPBIX yueOHHKAaX BMECTO OYKB
UCMONb3yI0T uncaa —1, 1 u 0).

B MHO)KecTBe COCTOSIHHE BBbIAEJNEHBI Ba COCTOSIHHUS — HadajbHOe (g1) M 3aKJ04H-
TesibHOe (gp). IlomaB B 3ak/OUKTENbHOE COCTOSIHME MAlllMHa ocTaHaBjauBaeTcs. OnUH U3
CHMBOJIOB pabouero asdaBuTa BblleseH U HasbiBaeTcsl O6aankom (Unu npobesom). CHaua-
Jla TIOYTH BCsl JIEHTA 3aroJiHeHa 6J1aHKaMU (TOJIbKO KOHeUHOe YHCJIO SYeeK JIEHThl MOXKET
COZlepKaThb CHMBOJIBI, OTJUYHBIE OT OJIaHKA).

(YBIL, c. 109-110.)

Omnpenenenne 6.11. /lemepmunuposannas mawuna Toropurea (A IPOCTO MAULUHA
Toropunea) — 310 Habop M = (Q, X, ag, 9, q1,qo), Toe Q U X — KOHeUHble MHOXKECTBA,
awEX, 1 €Q,@oeQud: (N{qp})xX) = (@QxXx{L,N,R}). 3necb Q — mrosxecmso
cocmosiHutl, . — AeHmounbli argasum, ag — baank (npoben, nycmoi cumson), 6 —
mabauya nepexodos, ¢, — HAUAAbHOE COCMOAHUE, §y — 3AKAOUUMENbHOE COCMOSHUE.

6.12. JIns yno6cTBa 6ymeM 0603HayaTh 6JaHK CUMBOJIOM # (B HEKOTOPbIX y4eOHHKaX
HCIOJIb3YIOT CUMBOJ — HMJIH _).

6.13. OyHkMO 0 TPUHATO 3alMCHIBaTh B BUIe MHOXKecTBa KomaHa P. Ecan
d{(q,a) = (r,b, ), TO 3TOMy COOTBETCTBYeT KOMaHIa qa — 7bs (B HEKOTOPBIX yueOHHKAX
MUIIYT ga — bser). B ynpaxkHeHHsX KOMaHAbl BUIA ga — gaN MOXXHO He 3alUChIBATh.

IIpumep 6.14. [Ipumep mMawuHbl Thiopunra: ¢ # — q21L, @# — qolL.

Omnpenenenne 6.15. B KaxKaplii MOMEHT MMeeTCsl HEKOTOpPas KOH@ueypayus, CKja-
ABIBAIOLIASCS U3 COAEPXKUMOTO JIEHTHI, MOJIOKEHUS TOJMOBKH U COCTOSIHHUS YTPaBJISIOLIETO
yctpoicTBa. Mbl OyieM 3annchiBaTh KOH(UTYPALKIO B BUIE CJI0BA uqav, TAE ¢ — TeKyllee
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COCTOSIHME, @ — CHMBOJ B 0003peBaeMoH siyelike, u — CJIOBO, 3alIMCAHHOE Ha JIEHTe JieBee
0603peBaeMol slUeHKH, v — CJIOBO, 3allMCAHHOE Ha JIeHTe NpaBee 0003peBaeMOd s4elKH.
[Ipu sToM Bce ocTasibHble siTUeHKH (/JeBee CJOBA u M INpaBee CJOBA ¥) COAEPXKAT TOJBKO
O1aHKHU.

(VBII, c. 111.)

Onpenenenne 6.16. [Tycts Xg C X u # ¢ . [lyctb f — yacTuuHass QyHKLUHUS U3 X
B 5. Mawmuna Tetopunra M = (Q, %, #, 6, q1, qo) 8vbiducasem GYHKUHIO f, ecad AJs
KaXKJI0ro €JI0Ba T € Xy BHIIIOJIHEHbI CJeAYIOLIUe yCJIOBUS.

1. HauaB paboty ¢ KoHQUrypalUuH ¢ #z, MaluHa M ocTaHaB/JAMBAETCS B TOM U TOJIBKO

B TOM cJyuae, ecau (DyHKUHsA f ompeneseHa Ha BXOJE .
2. Ecsu mammHa M ocTaHOBHJACh, HauaB paboTy ¢ KOH(UTypaUUU q;#x, TO 3aKJI0-
UHTeNbHON KOH(UTypauuei siBasetcs qo#y, rae f(x) =y.
B HekoTopbix yuyeOHHMKaX Takoe oOfpefeseHHe BbIYUCJEHHS Ha3blBaeTCsl «BbIYMCJEHHEM
B CUJIbHOM CMBICJIE» WUJIH «TIPABUJbHBIM BBIYUCIEHHEM».
(2, c. 3.)
(JIM, c. 137.)

Onpenenenne 6.17. [Iycts 1 € X u 1 # #. [lyctp f — yactuunas pynkuus u3 N B N.
Mauunna Teiopudra M = (Q, 2, #,6, q1, qo) 8viuucasiem QyHKUMIO f, eCJU AJsT KaXKI0TO0
yncaa n € N BbINOJHEHB! CJleyollle yCAOBHS.

1. HauaB paboty c kKoHburypauuu ¢;#1", mamuHa M ocTaHaBJMBaeTCsi B TOM H

TOJBKO B TOM CJydae, ecjqd (PyHKUIUS [ ompenesieHa Ha BXOME 1.
2. Ecau mamuHa M ocTaHOBHJIACh, HauaB paboTy ¢ KOHPUTypauuu q;#1", To 3aKJio-
YMTeNbHOM KOH(HUrypauuei apasercs go#1/™.
(T2, c. 3.)
(VBII, c. 118.)

IIpumep 6.18. Mamuna Teiopunra us npumepa 6.14 Berancaser pyskuuio f: N — N,
3amaHHyto opmyinoi f(x) = x + 2.

Ynpaxunenune 6.19. dyuxkuusa sg: N — N zanaéres dpopmynoi

0, ecauz =0,
1, ecau x > 0.

[loctpouts mMamnHy ThrOpUHra, BEIUUCASAIOLULYI0 (PYHKLHIO SE.
Ynpaxkuenne 6.20. Oyukuus sg: N — N zanaérca dhopmysnoi

1, ecmux =0,

sg(x) =
gl) 0, ecau x> 0.

[Toctpouth mamnHy ThropuHTra, BEIYUCAAIONIYIO (DYHKIHIO SE.
Onpenenenne 6.21. [Tycts 1 € ¥ u 1 # #. [lycts f — yacTuunas (yHkuus uz NF
B N™. MamuHa Telopunra M = (Q, 3, #, 0, q1,qo) 8vbiuucssem QyHKUHIO f, €Cau HJs
KaxXJ0ro Koprexa (ni,ng,...,n;) € N¥ BhINOIHEHb! CleAyIOLLHe YCIOBHS,
1. HauaB pa6oty ¢ koHpurypauuu qi#1™ #1724 ... #1" mamnHa M ocTaHaBJ/U-
BaeTcs B TOM M TOJBKO B TOM cCJjydae, ecid (yHKUMsS f oIlpedeseHa Ha BXO-
me (nq,na, ..., Ng).
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2. Ecsu mawmmHa M ocTaHOBHJIaCch, HauaB paboTy ¢ KOH(HUTypaLuu

QAL AL

TO 3aKJ/IOUUTEJbHOH KOH(pUTypALUed SIBJSETCS
I l2 l
QoA 1 #1241

rae f(ny,ng,...,nk) = (li,lo, ..., Ln).

(T2, c. 3.)
(JIM, c. 137.)

Ilpumep 6.22. MamnHa TeropuHra wu3 mnpumepa 6.14 BbuHCAsSET (QYHKIHIO
f: N2 — N*, zapannyio Gpopmynoi f(ny,ny) = (ny + 2,ns,0,0).

Ynpaxunenne 6.23. I[loctpoutb MalinHy TblopUHra, BbIUHUCASAOULYI0 (DYHKLHIO
f:NxN-—=N,rne f(z,y) =x+y+ 1.

Ynpaxnenne 6.24. Iloctpouts MmawinHy TblopUHra, BBIUUCASAOULYI0 (DYHKLHIO
f:NxN-—=N, rre f(z,y) =z +y+3.

Ynpaxknenne 6.25. Iloctpouts MawuHy TblOpHHra, BHIYUCASIONLYIO IBYMECTHYIO
GyHKUuHIO —, rIe  —y = max(z —y,0).

Yopaxuaenne 6.26. [Toctpouts mMamuHy ThlopuHTa, BHIUKC/SIONLYIO ABYMECTHYIO PYHKUHUIO f, THe

y, ecan x =0,
f(z,y) = {

1, ecanz > 0.

YnpaxxHenue 6.27. Iloctpouts MmawuHy TeiopuHra, Beluucasiomyto gpyHkuuio f: N — N x N| rne
f(x) = <xvx>

OtBer 6.27. 17 — @#R, @1 — @1R, @# — @#L, @# — @#R, ¢l — @#R, @# — ¢1R,
51 — gs1R,  gs# — qe#R, g6l — ¢lR, qe# — qr1L, q¢71 — q71L, qr# — gs#L, gzl — gslL,
gs# — q3#L.

Onpenenenne 6.28. Uepes Com(N¥ N™) 0603HaUMM MHOXKECTBO BCEX BBIUUCIUMBIX
¢ynxumnit u3 N¥ B N™, Yepes TCom(NF, N™) 0603HauMM MHOXKECTBO BCEX BCIOLY OINpe-
NeJEHHBIX BBIUMCAUMBIX (PYHKIUH U3 NF B N™,

Teopema 6.29 (6e3 moka3zarenbcTBa).

1. Iycts f € Com (X, E5) u # ¢ Xo. Torna cyectByer mawnHa TblopHHra ¢ 6aHKOM # H JIEHTOY-
HBIM aJjaBUTOM Yo U {#}, Boruncasomas ¢pyHKummo f.

2. Mycts f € Com(N¥,N™). Torna cymectsyer maunna TblopHHTa ¢ JeHTOYHbIM asnpasutom {#,1},
BBIYHCISIIOI A (PYHKLIHIO f.

(K1, reopema 3.6, c. 8.)

6.4 Te3uc Yépua
[K1, c. 7], [VBI, 5.9], [Kamu, 41], [K]H, c. 175-176], [BII3, 9.3], [BIx, 3, 6]

6.30. Tesucom Yépua (nmu mesucom Teropunea) HasbiBaeTcsl ciefyiollee Hedop-
MaJibHOe yTBepxKIeHHe: Kaxaas BblYUCJUMAs B UHTYUTUBHOM CMbICJIe YyacTHUUHAsS (yHK-
uus f: N — N BeruvcsinMa Ha MmalivHe ThlOpUHTaA.
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6.5 Komnosuuus BbIUMCAUMBIX (PYHKIIUU
[K1, c. 6-7], [VBIL, 5.7], [Bil, 12]

Onpenenenne 6.31. Ecan f — uvactuunas ¢yHkuus u3 X B Y W g — yacTU4Has
¢byHkuus u3 Y B Z, To 4yepe3 g o f obo3HauaeTcss yacTuuHass PpyHkuus u3 X B Z,
onpeneéHHasi cooTHoueHHeM (g o f) (x) ~ g(f(x)).

Teopema 6.32. Ecsiu f € Com(N,N) u g € Com(N,N), 1o go f € Com(N,N).

(YBII, teopema 20, c. 118.)

Hokasameavcmso. Ilyctb mammnHa Telopuara M = (Q, X, ag,d,¢1,Go) BBYHCISET
¢dyuxkuuio f, a mammHa Teiopunra M’ = (Q', X, a0, ', q},q)) BbUKCAfET (QYHKUHIO g.
[lepenmenyem cocTosiHusi MauiuHbl Toiopunra M’ tak, 4tobbl go = ¢; 1 Q@ N Q" = {qo}.
Ocranoch 00bEIHHUTh MHOXKECTBA COCTOSIHUH ABYX MallMH TbIOPHHIa, a TakxXe MHOXe-
cTBa mnepexonoB. HauasbHbIM COCTOSIHHEM HOBOH MallMHBI SIBJISIETCS ¢1, & 3aKJIOUHTEJb-
HBIM — IlepeHMEeHOBaHHOE COCTOSHHE (). O

6.6 PaspemnmMbie MHOXKeCTBaA

[VBI, 5.2], [BII3, 1.2], [II2, 9], [JIM, ITIL.3], [KI, c. 1], [KI, c. 176-178],
[Bil, 13]

Omnpenenenne 6.33 (xapakrepucrtuueckas ¢ynkums). [lycts A C N. Xapakmepu-
cmuueckotl QyHkyueil MHOKecTBa A HasbiBaetTcsi GyHKIHSA X4: N — N, onpenenéHHas
Tak:

1, ecmmaxeA,

Xalz) =
A(@) 0, ecanzx¢ A
(BLUS3, c. 9.)

3ameuanue 6.34.
1. ®ynkuus sg conagaer ¢ GyHKuMed Xy {0} -

2. Dyukuus Sg coBnagaer ¢ GpyHKUHeH Xoy.

Omnpenenenne 6.35 (paspemmnmoe MmHoxkecTBO). [Ilyctb A C N. MHoxecTBo A Ha-
3bIBaeTCsl paspewiumvim (U peKypcushoim), eciar GYHKUHS X 4 BHIYUCIHUMA.
(BII3, c. 9))

Ynpaxuenue 6.36. [loctpoursb MaiuHy TbropuHra, BEIUMCISIOUYO QYHKLUHIO X (1 33.
OtBer 6.36. 1 # — @#R, @# — @#N, @l = @#R, ¢s# — wll, @31 — @u#R, @# — #N,
qal = ¢s#R,  ¢s# — qlL, g1 — ge#R, qe# — @#N, g6l — g#R.

Teopema 6.37. Kaxknoe KoHe4HOe MHOXKECTBO pa3peliuMo.
(BLU3, c. 9.)

Hoxazamesvcmeo. Ilyctb nano MHoxectBo A C N. Ilo o6pasuy ynpaxHeHHs 6.36 MOXXHO MOCTPOUTD
mawuHy Teropunra (Q, X, ag,d,q1,qo), BBUHCAALLYI0 QYHKLUHIO X4, npuuéMm |Q] = 4 + max A, ecau
A# o, n|Q|=3, ecin A=02. O

Ipumep 6.38. MHoxectsa {2n | n € N} u {n? | n € N} pasperumsi.
3ameuanne 6.39. AHasnornyHo onpejessieTcss pa3peliuMOCTb TPOU3BOJBHOIO MHOXKe-
ctBa A C N¥ rme k> 1.
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Mpumep 6.40. Iycts A = {{x,y) € N? | 2 = y (mod 2)}. Torna Xa(z,y) = (z +y + 1) mod 2 aas
Bcex r € NuyeN.

Ipumep 6.41. Muoxectso {(n,m) € N? | 991n? + 1 = m?} paspewumo.

Mpumep 6.42. Muoxectso {(n,x,y,2) EN* |2 #0, y #0, 2 #0, 2™ +y" = 2"} paspemumo.

Jlemma 6.43. Ilycts ¢pyakuus f: N — N Berancauma. Torna Boraucanma v pyaknus u3 Nx N B N x N,
orobpaxkarowasi napy (x,y) B (f(z),y) (eé obaactsio onpenenenus spasercs D f x N), a takxke pyHKIHS
u3 N x N B N x N, orobpaxaromast napy {x,y) B (z, f(y)) (e€ obnacrsio onpenenenns siasgercs N x D f).

Hokazameavcmeo. [lpuBeném une0 nokasaTesbCTBa MepBOro yTBepxkaeHus. [lycTh mamnuHa Toiopus-
ra M Bounciaser QyHkuuio f. [Jo6aBUM K JieHTOUHOMY ajaBUTy MalIuHbl M HOBBIU cuMBoJ >. Pabota
HUCKOMOH MalllMHbl ThIOPUHTA COCTOMT U3 CJEIYIOLIUX ITAIOB.

e 3aMeHHTb OJaHK MeXX1y KOfaMH ABYX apryMeHTOB Ha b.

e 3amycTUTh MOAH(UIMPOBAHHBIH BapHaHT MawKHb M. Monndukauus 3akjadaercs B TOM, 4TO I10-
BeJleHHe HOBOW MallMHbl Ha > B OCHOBHOM TaKoe »Ke, Kak Ha 0JlaHKe, HO IpH MOMNbITKe, 0603peBas >,
clesaTh LIar BIIPaBO MallMHA Mepel 3THUM 3alyCTUT MOANPOrpaMMy, MepeiBHUrarLlyl0 CHMBOJ > H
6J10K M3 1 32 HUM Ha OJHY KJIETKY BIIPaBO.

o [lepensunyTb Ko uncaa f(z) HampaBo IO CUMBOJA 1>, 3aMEHUTD > HA GJIAHK U OCTAHOBUTHCS HEMO-
CpPEeICTBEHHO cJieBa OT Koja yucaa f(x).

O

Jlemma 6.44. Ilyctp ¢pynkunn f: N — N u g: N — N Breryucaumbl. Torga Berauciauma U (QyHKLHS

3 NxN B NxN, orobpaxaromas napy {x,y) B (f(x), g(y)) (e€ o6macrsio onpenenerus sipasercs D f xD g).
Hokazameavcmso. Vickomas ¢yHKUUS siBaseTcss kommosuuued nByx ¢yHkuud n3 N x N B N x N,
MOJIyYeHHBIX U3 JieMMbl 6.43. O

Teopema 6.45.
1. Ecan mHoxkectBo A C N paspemrnmo, to u MHoxkecTBo N\ A pasperumo.
2. Ecau mHoxkectBa A C N u B C N paspeuinmbl, To H MHOKecTBo AU B pasperumo.
3. Ecan mHoxkectBa A C N u B C N paspeuiumbl, To 1 MHOXXecTBo AN B pasperiumo.
(VYBII, teopema 1, c. 96.)
(BILI3, c. 9.)

Hokasamerocmso. VickoMble MalIMHBl ThIOPHHTa MOXKHO TTOCTPOUTh M3 MalIMH ThIOPHHTA, BHIYHUCISIO-
KX (YHKUHH X4 M Xp, U MawuH TolopuHra U3 ynpaxHeHu# 6.20 u 6.26, ucnosnbsys Teopemy 6.32 u
JgemMMmy 6.44. O

6.7 CurHanusupymilee MHOKECTBO
[K1, c. 2], [VBII, 5.4]

Omnpenenenne 6.46 (curHaausmpyromee MHOXKecTBO). [lycth 4 — asnroputm ¢ 06-
JIaCThIO BO3MOXKHBIX MCXOMHBIX AaHHBIX X . MHOXecTBO

{{z,n) € X x N | Boiuncserue no aaroputmy .A Ha BXoje x

3aKaH4YMBaeTcs 3a He OoJee YeM n I_UaI‘OB}

Ha3bIBAETCS CUSHAAUIUPYOUUM MHONcecmeom anroputMa A u obo3Havdaetcs S4.
3ameuanne 6.47. {15 Kaxporo anaropurMa .4 ero CUrHaJU3Upylollee MHOXKECTBO
paspeLnmo.
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6.8 Ilonypaspemnmbie U nepeunciauMbie MHOXKeCTBA

[VBI, 5.3], [BII3, 1.3], [II2, 9], [JIM, IIL.3], [KI, c. 1], [KI, c. 178-180],
[Bil, 14]

Omnpenenenne 6.48 (moayxapakrepucruueckas ¢pyHkuums). [Iyctre A C N. [lo-
Ayxapakmepucmuueckolt @Qynkuueil MHoXKecTBa A HasblBaeTcs yacTU4YHAas (PYHKLHS
X% : N — N, onpenenénnas Tak:

1, ecau x € A,
Xa(z) ~
He onpefesieHo, ecau = ¢ A.

3ameuanue 6.49. Oynkuus X coBnafaeT ¢ GyHKIHeH Xy.

Omnpenenenne 6.50 (monypaspemumoe mHOxkecTBO). [Tycts A C N. MHoxkecTtBO A
Ha3bIBAETCS NOAYPA3PEULUMbIM, €CTA PYHKIUS X' BBHIYUCIHMA.

Teopema 6.51. Kaknoe pasperinmoe MHOXKECTBO MOJIyPa3peIiumo.

Hokazamenvcmso. Ilycte X% € Com(N, N). Paccmorpum dynkuuio g: N — N, omnpe-
IeJIEHHYIO TaK:

( Y, €CJin Yy P ]-7
TW=1 ke ompeneseHo, ecau y = 0.

Mawnna Teropudra ¢ # — @ #R, @1 — qlL Beuncaser ¢pynxkuuio g. OueBUIHO,
X% = g oX4. CornacHo teopeme 6.32 X% € Com(N, N). O

Omnpenenenne 6.52 (mociaexoBaTeabHOCTH). [l0c1e008aMEAbHOCMBIO  3JIEMEHTOB
MHOKecTBa X Ha3bIBaeTCsl IPOU3BOJIbHAS BCIOAY OnpesienéHHast PyHKIHs U3 MHOxKecTBa N
B MHOXecTBO X.

Omnpenenenne 6.53 (nepeuncanmoe mHoxkecTBO). [Iyctb A C N. MHoxecTBO A Ha-
3bIBaeTCs nepeuuciumoim (UM peKypcusHo nepeuucaumsim), eciu A mycto unu A sBJjs-
€TCsl MHOXKEeCTBOM 3HAUeHHH HEKOTOPOH BBIUMCJIHUMOH MOCJeN0BAaTEJbHOCTH HATYpPaJsbHbBIX
qUCeI.

6.9 Hymepauus KopTexelnl HaTypaJbHbIX UMCeJ

[JIM, II1.1.13-111.1.14], [K], c. 186], [Bx, c. 208, 218]

Onpenenenne 6.54 (kaHTOpOBCKasi Hymepylomas (pyHKuus). PaccMoTpum JuHeH-
HbIH TOpsiIoK < Ha N2, onpenesiéHHBIH ceayomuM 06pasom: (x1,y;) < (w2, ys) TOrAa U
TOJIBKO TOTJIa, KOrJia JIU0O X1 + 11 < T+ Yo, MU0 1+ ¥y = To+ Yo U 1 < 2. OUEBHIHO,

(0,0) < (0,1) < (1,0) <(0,2) < (1,1) <(2,0) < (0,3) < ....

Jlerko nmpoBepHTh, 4TO st 060N mapel (z,y) € N? MHOXKeCTBO map, MeHbIINX 4eM (T, y)
(B cMbicsie oTHoWIeHHsI <), KoHeuHo. CuemoBaresnbHo, (GyHkuus u3 N? B N, crapsuias
Kax ok nape u3 N? B COOTBETCTBHE KOJMYECTBO 11ap, MEHbLIUX €& (B CMbICJe OTHOLLe-
HUS <), siBJsieTcs OWeklHed. DTa (YHKLHS HA3bIBAETCS KAHMOPOBCKOU Hymepyroujetl
Qynkyueri 1 0603HaYaeTCs C.

IIpumep 6.55. ¢(0,0) =0, ¢(0,1) =1, ¢(1,0) = 2.

Jlemma 6.56. c¢(0,y +1) =c(0,y) +y + 1.
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Jlemma 6.57. c¢(z,y) = ¢(0,z +y) + .
(

Jlemma 6.58. ¢(z,y) vtylzty+l) +x
(Bx, nemma 14.1, c. 218.) 2

Onpenenenne 6.59. Beiony onpenenénuble pyHkuuu [: N — N u r: N — N 3aganbl
cootHotenueM (Vn € N)c(l(n),r(n)) = n.

Jlemma 6.60.

L. U(c(z,y)) = =.

2. rlc(,y)) = y.

3ameuanue 6.61. OyHKUUU ¢, | U 7 BBIYUCJUMBI.

Omnpenenenne 6.62 (kaHTOpOBCKasi HyMepanus KOpTexked (DMKCHPOBAHHOW IJIU-
ue1). Jaa kaxgoro k > 1 onpegeaum dynxuuio cf: N¥ — N cienyomum o6pasom:

cl(xl) = 11,

c”+1(x1, ey Ty Tpyr) = (T, ), T

Onpenenenne 6.63. Bciony onpenenénnble GyHKUUU ¢ N — N, roe 1 < @ < n,

sananbl cootHowenueM (Vo € N) ¢™(cpi(2), ..., can(2)) = .
Jlemma 6.64. /{151 s1100bIX 1 U @, yIOBJIETBOPSAIOUIUX YCJA0BHIO 1 < i < n, BBIOJHAETCSA
PaBeHCTBO Cpi(C™(T1, ..., %p)) = ;.

Teopema 6.65. [l kaxznoro k > 1 cymectByer Boraucaumas onexuus u3 NF g N,

Jlokazameascmeo. dynkuusa c* apnsercs 6uexkumeit u3 N¥ B N. MoxKHO 10Ka3aThb,
yto c® € TCom(NF N). O

Teopema 6.66. /[15 Kaxa0ro HemycToro KOHEYHOrO MHOXECTBA Y. CYLIeCTBYeT BEbI-
yucsaumasi ouekuus us X* B N.

Hokasameavcmeso. O6o3HaunM 4epe3 k KOJUUECTBO 3JEeMEHTOB MHOXKecTBa Y. Ecsn
k =1, To nonxonut OGHUeKLUs, CTABSALLAs B COOTBETCTBHE KaXKJIOMY CJIOBY €ro AJIHHY.

[Tyctb k > 2. Be3 orpaHuyeHHs1 0OLIHOCTH MOXKHO cyuTaTh, uto 3 = {0,1,... k—1}.
PaccMoTpuM (PyHKLHMIO, CTaBSILLYI0 B COOTBETCTBUE CJIOBY @y ...d, B aadaBUTe > HATY-

paJsibHOE YHCJIO
n

n—1 n
DR A ak" =D (a;+ DE
=0 i=1 i=1
MoxxHO 10Ka3aTb, UTO 3Ta (PyHKLUS BbIUMCAUMA U siBJsieTcsl Ouekuued us >* B N. O
3ameuanue 6.67. OyHxuus U3 10Ka3aTe bCTBa TeopeMbl 6.66 cooTBeTCTBYeT JNHHEH-
HOMY TOPSIAKY Ha X, COTJIaCHO KOTOPOMY MPH PasHBIX AJHHAX 0ojiee KOPOTKOE CJIOBO
MeHbllle, yeM OoJsiee JJMHHOE, a MPU OAMHAKOBBIX IJMHAX CJ0BA CPABHUBAIOTCS JIEKCHKO-
rpauyecKH.

IIpumep 6.68. Paccmorpum Ouekuuio Mexnay {0,1}* u N, nocrtpoeHHywo B Jo-
KasarejabcTBe TeopeMbl 6.66. CsoBy 101 oHa CTaBUT B COOTBETCTBHE YHCJO
(1+24+4)+(1-2240-2"+1-29)=7+5=12 (3necb k=2 u n = 3).

[Tocuuraem cioBa, Menbire cjoBa 101 B cMmbic/e mopsinka u3 3amedanus 6.67. Cpenu
CJIOB JUIMHBI 3 UMeeTcsl 5 Takux cjoB. OO6liee KOJTHUECTBO CJIOB MeHbIIEeH AJUHBI PABHO
14+2+4=7. Uroro, cyuectByer 12 cjoB, MeHbLIHUX cjoBa 101.

Onpenenenne 6.69. Oynkunio U3 10KasaTesbCcTBa TeopeMbl 6.66 Oynem o6o3HaYaTh
wordsy:.
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6.10 Kpurepuu nepeyucinMocT

[VBI, 5.4], [BII3, 1.4-1.5], [II2, 9], [JIM, II1.3], [KI, c. 1-3]

Omnpenenenne 6.70 (Hurae He onpenenénHasa pyHkums). Yactnunas GyHkuus u3 N
B N, 3HaueHHe KOTOPOH He ONpefeseHO HU MPU OJHOM 3HAYEHUH apryMeHTa, Ha3blBaeTcs
Huede He onpedenrérHoli Qynkyuei n ob6o3Hadaetcs (.

3ameuanue 6.71. D( =0 u E( = 2.

Jlemma 6.72. Oynkuns ( BbIYHCIHMA.

Hokazameavcmso. Mamnna TelopuHra ¢i# — ¢;#N BbluncaseT QyHKUUIO (. U

3ameuanue 6.73. Pyukuusa X cosnanaer ¢ (pyHkuueil (. CaenoBaTesbHO, MyCTOE MHOXKECTBO IOJY-
pasperinumo.

Onpenenenne 6.74. [Tycte B C X x Y. Torna

np, B={z X |(3yeY)(ry) e B}

np, B={yeY | (Ir € X)(x,y) € B}.

MuoxecTtBa np,; B u 1p, B Ha3bIBAIOTCS COOTBETCTBEHHO NepEOLl U 8mopoll npoekyuell
MHOXeCTBa B.

3ameuanue 6.75. [Iycte A — HekoTopblil ajaroputM. Ecau m € mp, S 4, To A1 Bcex n > m BBHINOJ-
HAETCS M € NPy S 4.

3ameuanue 6.76. Eciu anroput™ A Bbluucaser gpyHkuuio f, To np; Sq =D f.
Jlemma 6.77. ITyctb f € Com(N¥,N). Torna cymecTByeT Takoe paspermnMoe MHOXKe-
ctBo B C N* x N, yro np, B =D f. 3zecb np, B 0603Ha4aeT MHOXeCTBO

{{ny,...,n) € N*| 3m € N) ({n4,...,nx),m) € B}.

Hokazameavcmso. Ilycte M — mawumHa TolopuHra, Boluucasiomas gpyskuuwo f. Ilo-
JOXUM B = S ). O
Teopema 6.78. IIycts A C N*. Torna caenyrouse ycaoBHs pPABHOCH/IBHEL:
(1) X% € Com(N*¥ N) (1o ecTb A mosypaspeusmo);
(2) cymecrsyer takas ¢pynkuus f € Com(NF N), yro D f = A;
(3) cymectByer Takoe paspeuinmoe MHOX)ecTBo B C NF x N, uro np, B = A (31ech
np, B o6o3HauyaeT MHOXeCTBO

{{ny,...,n) eN*| (3m € N) {{ny,...,n;),m) € B});

(4) A = @ nan cymectyer rakas ¢pyakunsa f € TCom(N,N¥), uro E f = A (1o ecTs
A nepeuncuMo);
(5) cymecrsyer takas ¢pynkuus f € Com(N,N¥), uro E f = A.
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Jlokasamearvcmeo. JlokaxkeM MATb UMIIMKALUH.
(1) — (2). [Monoxkum f = X%.
(2) — (3). D10 nokaszaHo B semme 6.77.
(3) — (4). IlpoBeném mokaszartesnbctBo s caydas k = 1. [lyctb ag € A. [osoxum
[(n), ecau ({(n),r(n)) € B,
f(m:{() (1(n).(n)

ag HHaue.

(4) — (5). Eciu A = &, To mosioxkuM f ~ ¢ ¥ BOCNOJb3yeMcsi leMMOH 6.72.

(5) — (1). IlpoBeném mokasatenbctBo Hns caydass k = 1. CornacHo Jjemme 6.77
cyulecTByeT Takoe paspewnmoe MHoxecTBoO B C N x N, uro np; B = D f. Caenyromuii
aJrOPUTM BblYKcsieT 1o = € N 3HaueHue X7 (x).

i=20;
while (TRUE) {
if ((1(i),r(i))eB) {
if (£(1(i)) == x) { return 1; }

}
i=1+1;

IIpumep 6.79. PaccMoTpuM MHOXKeCTBO
A={neN|@FreN;y)(FyeNy)(Fze N )z" +y" =2"}.

OueBupHo, 0 ¢ A, 1 € A, 2 € A. MHOXXeCcTBO A TIOJypa3pelInMo, TaK KaK OHO SIBJISETCS
NpoeKIlMel pa3pelIMMOro MHOXKeCTBa U3 NpuMepa 6.42.

6.11 Teopema Ilocra

[VBI, 5.4], [BII3, 1.4], [II2, 9], [JIM, ITIL.3], [K], c. 181], [KI, c. 1],
[Bil, 14]

Jlemma 6.80. @ynknus z: N — N, 3agannas ¢opmynok z(x) = 0, BeIYHCTHMA.

Hoxkaszameavcmseo. Mamuna Telopudra i # — @#R, @l — #R, @# — q@#N
BBIYUCJIACT PYHKIHIO 2. U

Teopema 6.81 (Teopema Ilocta, Teopema Yépua—Ilocta). [Tycts A C N¥. MHuoxe-
cTBo A pasperiumo Toraa H ToJbKO Toraa, korna A mepeducaumo u N\ A nepeuncumo.
(VYBII, teopema 10, c. 102.)

Hoxazamearvcmso. Heo6xomumocThb cienyet u3 Teopem 6.45 u 6.51. Jlokaxem pocra-
TOUHOCTb. Ect A = &, 10 Xa(x1,...,2%) = 0 0pH MOOBIX X1, ..., T U, CJAEIOBATENBHO,
X4 € Com(N* N) (nns caydas k = 1 370 nokasano B jemme 6.80; mpu k > 1 nokasaresb-
ctBo ananoruynoe). Ecaim NN\ A = &, 1o cuoa X4 € Com(N* N). Ocra/noch paccMoTpeTh
cayyait, korna A = E f nns mekoropoit pynkuun f € TCom(N,N¥) u N\ A = Eg aaa
nekotopoit GpyHkuu g € TCom(N,N¥). Caenyromuit anroput™ Beruucaser no x € NF
3HayeHHe X4 ().
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i=0;

while (TRUE) {
if (£(i) == x) { return 1; }
if (g(i) == x) { return 0; }

i=1i+1;

6.12 CpoiicTBa nepeuyncJINMbIX MHOXKECTB

[VBIL, 5.4], [BII3, 1.3, 1.5], [II2, 9-10], [JIM, IIL.3], [K], c. 1-3]

Teopema 6.82. [Iycte A C N¥ uw B C N*. Ecsin MHoxecTBa A u B nepeyrucauMbl, TO
MHOXecTBo AU B nepednc/umo.

(YBII, teopema 9, c. 101.)

Jlokazameavcmso. Ecin A =@, to AUB =B. Eciu B= @, to AU B = A. Ocra-
JIOCh paccMoTpeTh cayuai, korna A = E f nas Hekotopoil pynkuun f € TCom(N, NF)
u NN A = Eg nas nexkortopoit ¢yHkunu g € TCom(N, Nk). Onpenenum (QyHKLHIO
h: N — N*, nonoxus h(2m) = f(m) u h(2m + 1) = g(m) ana xaxmoro m € N. Ouepun-
Ho, h € TCom(N,N*) u Eh=E fUEg= AUB. O

Teopema 6.83. ITycts A C NF u B C N¥. Ecain MmHOXKeCcTBa A 1 B 1mepevuc/iuMbl, TO
MHoxKecTBo A N B nepeyucaumo.

(YBII, teopema 9, c. 101.)
Jlokasameavocmso. Crenyomuil anroputm Beiaucaser no @ € N* snadenue X% 5(7).

if (X (x) == 1) {
if (X3(x) == 1) { return 1; }
}

O

Onpenenenne 6.84. [lycts f — uactuunas ¢pyukuust us X B Y. Ipagukom GhyHK-
uun f HaseiBaeTcst MHOXKeCTBO {(z,Y) | f(x) ~ y}, oGosnauaemoe [p,.

3ameuanue 6.85. [p, = 2.

3ameuanue 6.86. np, [p, =D f.

3ameuanue 6.87. np,[p, =E f.

Teopema 6.88. [Iycte f — yactuunas ¢ynkuusg u3 N B N. QyHkuusa f BbluHCIHMA
TOra U TOJILKO TOTAA, Koraa eé rpapuk rnepequcIHM.

(YBII, teopema 11, c. 103.)

Hokazameavcmso. Jlokaxem HeoO6xonumocThb. CorsiacHo Teopeme 6.78 mHOX)ecTBO D f
nepeuncaumo. Eciu D f = &, 10 Ip; = &. Eciu D f # @, o D f = Eg nas Heko-
topoit ¢pyHkunu g € TCom(N,N). Onpenenum ¢ynkuuio h: N — N x N, nonoxus
h(n) = (g9(n), f(g(n))) ans xkaxmoro n € N. Ouesuano, h € TCom(N,NxN) u Eh =TIp,.

Hokaxem nocraroynocts. Ecin I'p, = &, 1o f = (. Ecu I'p, # &, 1o I'p; = Eh st
Hekotopolt GyHKUMH h € TCom(N,N x N). Cyenyomuil aaroput™ Belduc/aser no r € N
3HaueHwue f(x).
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i=0;

while (TRUE) {
(u,v) = h(i);
if (u == x) { return v; }
i=1+1;

O

Omnpenenenne 6.89. Uactnunas ¢yuxkuus f: X — Y  Ha3biBaeTcss UHBEKMUBHOL, eCld
(Vz1 € X) (Ve € X) (M f(x1) AL f(z2) A f21) = fm2) — 21 = x2).

Onpenenenne 6.90. [lyctb f — uHbekTUBHas uyacTuuHas Qynkuus w3 X B Y. Torma uepes f~1
o603HavaeTcs Takas 4acThuHas QyHKUus u3 Y B X, uTo mus Jobbx € X uy € Y yeaoBus f(x) =y u
f~Yy) = x paBHOCH/IBHBI.

Teopema 6.91. [Iyctb f — HHbekTHBHAsS yacTuyHasa (yHkuusa H3 N¥ B N™. Ecqu (yHkuus f Bbluuc-
JIHMa, To U GyHKuus f~1 BelyHcaHMA.

(YBII, teopema 5, c. 98.)
Hokasamervcmeo. Ouesnpno, I'pp = {{y,z) | (z,y) € I'p;}. HUs nepeuncaumoctr muoxectsa I'p,

CJleflyeT MepevrcluMOCTb MHOXKecTBa [ y—s. |
Teopema 6.92. Ecau f — BoiyncauMas 6uexuus u3 X B'Y, To obpatHas 6uekuus f~' Toxe BbIYHC-
JHMA.

Teopema 6.93. [Tyctb A C N¥ u B C N™. Ecan MHOxecTBa A M B nepeducaHMbl, TO MHOXeCTBO
A X B nepeuucsiumo.

Hoxazamesvcmeo. Ecnn A = @ wimm B = &, 10 A x B = @. OcTanocb paccMoTpeTb cjydai,
korna A = Ef nas nekoropoit gpynkumu f € TCom(N,N¥) u B = Eg nia HekoTopoll (QyHKLMH
g € TCom(N,N™). Onpenenum ¢ynkunio h: N — NF x N™ nonoxus h(n) = (f(I(n)),g(r(n))) nas
kaxaoro n € N. Ouesuano, h € TCom(N,N* x N") u Eh=Ef xEg= A x B. O

Teopema 6.94. [Tycte A C N x N. Ecsu MHOoxecTBO A nepeunc/iHMO, TO H MHOXecTBO np,; A mepe-
YHCIHMO.

(VYBII, teopema 9, c. 101.)

Hokasamesocmso. Ecnu A = &, to np; A = @. Octajoch paccMoTpeTh cayuail, kornia A = E f nas
nekoropoit pyHkunu f € TCom(N,N x N). Pacemorpum ¢pyukuuio g: N x N — N, zananuywo dopmysoi
g(x,y) = . O603Hauum h = g o f. OueBunHo, h € TCom(N,N) u EhL =np, E f = np; A. O

Omnpenenenue 6.95. Ilycts f — uvactuunas ¢pynkuus u3 X B Y. [lyets A C X. Torna uepes f(A)
o6o3Hauaetcst MHoxecTBO {y € Y | (Fx € A) f(x) = y}.

Onpenenenne 6.96. [Tycts f — wactuunas pynkuus us X B Y. Ilycts A C Y. Torna uepes f~1(A)
o6o3Havaercst MHOXKecTBO {z € X | f(x) € A}.

Teopema 6.97. ITyctb A C N* u f € Com(N* N™). Eciu A nepeuncammo, To f(A) nepeuncumo.
(BIL3, Teopema 5, c. 15.)

Jloxaszameascmeo. Ecin A = Eg, rne g € Com(N,N¥), 1o f(A) = E(f o g). O

Teopema 6.98. [Tyctb A C N u f € Com(N*¥,N™). Eciu A nepeuncanmo, 1o f~1(A) nepeuncaumo.
(B3, Teopema 5, c. 15.)

Hoxazameavcmso. Ecniu A =D g, rne g € Com(N™,N), to f(A) =D(go f). O

6.13 Hywmepauus mamun Teropunra

[K1, c. 8-9], [VBII, 5.8], [KI, c. 187-188], [JIM, II1.2], [BLI3, 2.1], [I12, 6],
[BIx, 5], [Bil, 14]

Onpenenenne 6.99. Argasumom npoepamm HazbiBaeTcs: andaBUT

bl = {—,L,N,R,q,a,1}.
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Omnpenenenne 6.100 (kox mamuns Teiopuara). Paccmorpum MamnHy Toloputnra M
C MHOXXECTBOM COCTOSIHHI () U JeHTouHbIM ajidaButoM X. Ilyets Q = {qo, ¢1,--.,qs} (TO
ecTb 3ajlaH JIMHeHHbIH Tmopsaok Ha MHoxecTBe Q). [lyets ¥ = {ag,aq,...,a,} (To ecThb
3a[laH JIMHEHHBIH MOPSAIOK Ha MHOXKecTBe X). [TycTh HayasbHBIM COCTOSTHHEM SIBJISIETCS ¢,
3aKJ/IIOUUTENbHBIM COCTOSIHHEM SIBJISIETCS ¢y M OJIaHKOM sIBJIsIeTCs ag. [locTaBuM MarinHe
Teropunra M B cOOTBeTCTBHE CJIOBO B as(aBUTe MPOrpaMM, Ha3blBaeMoe K0OOM MallM-
Hbl M (0603Hauenne Code(M)) u onpenesseMoe caenyouuM oopasoM. Kogom komaHbl
giax — qjais, tae » € {L,N,R}, siBasercs cnoBo glial® — glial'se. Kogom maimubl
TeloprHra siBJsieTcst KOHKaTeHalMsl KOIOB BCeX KOMaH/ 3TOH MallMHbl (HX POBHO s(r+1)).
Il onpeneIéHHOCTH MOXHO KOMaHJBl CHauyaja OTCOPTHPOBATb B aJ(aBUTHOM IOpPSIKE,
cyuTas, uto Ha andasute bl 3agaH ciaenyomMi JUHEHHBIH TOPSAOK:

—<L<N<R<g<a<l

IIpumep 6.101. Komom mnpoctediiell MawuHbl TblOpUHra, BbIYUC/SIOLIEH (YHK-
oy r — x + 1, siBasgercs caoBo gla—qgallLglal—qlalN.

6.14 JlamOma-o003HaueHUusd
(112, 7]

6.102. MHorna ¢gyHkuMs 3a7aéTcsl MyTEM BblpaKeHUsl e€ 3HauyeHMs yepe3 3HaueHUs
apryMeHTOB B BHIe MMeHHO# (opMbl. Hanpumep, rosopst o dyHkuud 2. UToObl Bbi-
paxatbcs 6ojlee aKKypaTHO, OOBIYHO HCIOJB3YIOT A-0603HaueHus. Hanpumep, GpyHKUHIO
BO3BEJIEHUS B KBAAPAT MOXKHO 0003HAUUTDH Tak: \r.z2.

Ecau ¢ — HekoTOpoe BbIpaxKeHHWe, a vq,...,U, — CIHCOK PA3JUUYHBIX TE€PEMEHHBIX,
TO AUy ... U, t(v1,...,v,) CUATAETCS 0003HAYEHHEM n-MeCTHOH (DYHKLHH, KOTOpas Kax-
fOMy Habopy ai, ..., G, 3HaUeHHH MepeMeHHbIX Uy, . .., V, CTABUT B COOTBETCTBHE 0OBEKT,
MMeHeM KOToporo siBJjsetcs t(aq, ..., a,).

IIpumep 6.103. \z.z + 1.
IIpumep 6.104. = = \z.0.
IIpumep 6.105. \z x223.75.
IIpumep 6.106. \u.u + 7.

6.15 YHuBepcaabHas mamuHa TblopuHra

[K1, c. 9-10], [VBII, 5.8]

Teopema 6.107. [IycTb 3apuKcHpOBaHA KOHeYHasl MOCJEeN0BATEJIbHOCTb PAa3JHYHBIX
CHUMBOJIOB ag, 1, . . .,q,, He MpHHaadexawux ajapasuty bl. O6osnauum yepes C, KJjacc
Bcex MalIHH TblOpHHTra ¢ JIeHTOYHBIM ajpaBuToM % = {ag, ay, . .., a,}, YAOBAETBOPSIOLIHX
ycaoBusiM onpeneserus 6.100. Paccvotpum ¢pyHknuro F' u3 (blUX)* B 3*, onpenenéHHyto
rak: F(x) = vy, ecan Haiinyres mamuHa Teroopuara M € C, u caoBo v € {ay,...,a,}*,
rakue 4To © = Code(M)v u mamuHa M, HauaB paboTy C KOH(UIYpPaUHH qi#x, OCTa-
HOBHTCSI B KOH(QHUrypauuu qo#y, npuuém y € {ay,...,a.}*. @ynkuus F BeraucIHMA.
(Mammuna TeropuHra, Beryucasoouias QyHKLUHIO F', Ha3plBaeTCs YHUBEPCAJTbHOU MallUHOH
Teropunra aus kaacca C,.)

(K1, reopema 3.8, c. 10.)
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Hokazameabcmeso. YHuBepcaNbHYI0 MalWIMHY TbIOPUHTA MOXKHO IOCTPOUTH CJEAYIO-
wuM obpasom. Mcrnosbayem seHTounbiit andasut bIUYX U {1, a)}. Bnankom siBisiercs ag.
Pa6oTa yHHBepcanpHOH MallMHbl TbIODHHIA COCTOUT M3 CJEAYIOMIUX 3TAMOB.

e [IpoBeputb, 4TO Ha JieHTe (OT TeKylleH s4elKH m0 O/aMXKaiilero crnpaba 6JaHKa)
zanucano c/108o Buaa Code(M)v nast Hekotopeix M € C, u v € {ay,...,a,}*. Ecau
3TO He TaK, TO 3aLHUKJIUTHCS.

e Jlo6aButb Mexnay Code(M) u v cumBoabl glay,.

e DMyJHpPOBATh MpPOLECC BbIYKCAeHHUS M Ha KOH(UrypaLuH, 3alMCaHHOH CIpaBa OT
Code(M), ncronb3ys BMECTO @y CHMBOJ ag. IIpy 3TOM A/ cpaBHHUBaHMS KOIOB
coctosinuit MaiunHbl ThiopuHra M paspeliaetcst 3aMeHsiTh CUMBOJIBL 1 U 1 fpyr Ha

npyra.

e [Ipoeputs, yto cnpasa ot Code(M) no Gaurkalilero CUMBOJA g 3alHCAHO CJIOBO
BUAA a . ..apqapyay - . . aj L1 HekoTtoporo y € {ai,...,a,}*. Ecain 310 He Tak, To
3aLUUKJHUThCS.

e 3aMeHHUTb BCE, KPOMe CJIOBA Y, HAa CHMBOJBl Gy M OCTAHOBHUTHCSI HENOCPENCTBEHHO
cseBa OT ¥.

O

6.16 YHuBepcaJbHasi BbluUCIUMAsA (PyHKIUSA

[K1, c. 9-11], [BII3, 2.1], [YBI, 5.5, 5.8], [II2, 8], [JIM, III.1, IIL.2],
[K]L, c. 191-193, 194], [Blx, 5], [Bil, 14]

Onpenenenne 6.108. Oyukuus G: N x X — Y HasblBaeTcs yHusepcasvHou st
kaacca Com(X,Y'), ecan nas Kaxao# yactTuyHoi ¢pyHkuuu f u3 X B Y cienyroline nsa
YCJIOBUSI PAaBHOCHJIbHBI

1) feCom(X,Y),

2) (FieN)(VeeX) f(r) ~G(i,x).
(BLL3, c. 17.)
(VBII, c. 104.)

Omnpenenenne 6.109 (ungekc ¢pynkumm). [lycte G — yHuBepcasnbHash GyHKIUS AJI51
knacca Com(X,Y). Ilyets f € Com(X,Y) — uvacruunas ¢yuxkuus u3 X B Y. Ecam
(Vx € X) f(x) ~ G(i,z), To 4ucyo ¢ HasbiBaeTcsl urdekcom (MYHKUUH f OTHOCHTEJBbHO
YHHBepcanbHOH (YHKIMH G.

Teopema 6.110. Cyuiectsyer ¢pynkumusa Ut € Com(N x N, N), gpusiowasics yHHBep-
casnpHOH nisi kaacca Com(N, N).

(VYBII, teopema 12°, c. 105.)

Hokasameavcmeso. Ilyctb cumBosiom 1 u3 onpenenenus 6.21 aBnasiercs a;.

Onpepenum uckomyio GyHkio UL, nonoxus U (i, n) ~ F(wordy(i)a}), rae wordp —
BerurcauMasi 6uekus u3 N B bl* (cMm. onpenenenue 6.69), a ' — (yHKuus U3 Teope-
Mbl 6.107 nns cayuasi r = 2 (to ectb 3 = {ag, a1}, vie ag = # u a; = 1).

MoxHO TpoBepuTb, yTo QyHKuUUS U' Bbiuucanma. OueBHAHO, €CJIH 11 HEKOTOPO#H
yactuyHo# pyHkuud f u3 N B N BoinosneHo ycqaosue (30 € N) (Vn € N) f(n) ~ U (i, n),
To f BeuMcaAnMa. Ocrajoch MPOBEPUTh, UYTO [/ Ka)KIOH 4YacTHYHOH (PYHKLHH
f € Com(N,N) cymectByer Takoe uncsio i € N, uto aas Kaxporo n € N BBINOJHEHO
yenosue f(n) ~ U'(i,n). Ionoxum i = wordy (Code(M)), rne M — mamuna Tbio-
pUHTra C JIEHTOYHBIM aJ(aBUTOM {ag,a;} ¥ MHOXeCTBOM COCTOSIHUH {qo,q1, ..., qs} M
HeKoToporo s > 1. U
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IIpumep 6.111. Beruvcaum HaTypajbHOE YHCJO, COOTBETCTBYIOLlEe KOAY MallHHbI
Tolopunra u3 npumepa 6.101:

wordy,' (¢la—qalLglal—qlalN) =
:5'717+7'716+6'715+1‘714+5‘713+6'712+7'711+2'710+
5T 6T AT LT T T TP 6 TP T T 3T =
= 1425528822986691.

Caemosatesibho, U'(1425528822986691,2000) = 2001.

Ipumep 6.112. 3uauenne U'(20,2000) He ompeneseHo, Tak kKak wordp(20) = La u
c/J0BO La He siB/asieTCsl KOZOM HHMKAKOH MallMHBl TbhlOpuHra U3 KJjaacca Cs.

Teopema 6.113. /Jng kaxnoro k > 1 cymecrsyer ¢pynkunsa U* € Com(N x NF N),
apJsomascsa yHupepcaabHoi aas kaacca Com(NF, N).
(YBII, teopema 12°, c. 105.)

Hokazameavcmso. Ilnsi k =1 teopeMa yxe nokasana. [lpu k > 2 nosmoxum

Ur(i,ng,...,n) ~ Ui, cF(ny, ... ng)).

O
Onpenenenne 6.114. B nasnbHeliimem aas Kaxaoro k > 1 depes Uk 6ynem o060-
3HauyaTb KOHKPETHYI0 yYHHMBepPCa/JbHYI0 (DYHKIHIO, TIOCTPOEHHYIO B N0KAa3aTe/JbCTBE TeO-
pembl 6.113. Jlis kaxmoro & > 1 u kaxnoro i € N oGosHauuM uepe3 ¢F pyHKum®O
Ay UR( g, . ng).
3ameuanue 6.115. Com(N* N) = {pfF oF of ...}

6.17 Ilepeuncanmoe Hepa3pemIMO€ MHOXKECTBO

[K1, c. 14-15], [VBI, 5.5], [BII3, 2.2-2.3], [M2, 12], [JIM, III.3],
[Kmn, 42], [Man, 6.3], [KIL, c. 193-194, 195]

Onpenenenne 6.116. [Iycts f u g — yactuunble QyHKuMd U3 X B Y. DyHK-
LMs g HaselBaeTcsi npodoasceruem (Mnu pacuiuperuem) ¢yHkuuu f, ecau Df C Dy
w (Vo € D) f(z) = (o).

3ameuanue 6.117. Kaxknas yactuuHass QyHKUNS SBJSETCS NPOLOKEHHEM CaMOH ce-
0.

3ameuanue 6.118. Y Bciony onpenenéHHON PYHKUHUN HET APYTUX MPOAOJXKEHUH, KPO-
Me Heé CaMoH.

Teopema 6.119. CymectByer takass ¢pyakuus f € Com(N,N), uro Hu onHa ¢pyHKOUS
u3 TCom(N,N) He sBssseTcss npono/xeHHeM (QYHKLHH f.

(K1, reopema 5.2, c. 14.)
(YBII, teopema 13, c. 106.)

JNlokasameavcmeo. Tonoxum f(n) ~ Ul(n,n) + 1. OyHkuus [ BbYHCANMA, TAK KaK
OHa SIBJISIETCS] KOMIIO3HLIMEH TPEX BBIUMCAUMBIX DYHKUME: An.(n,n), U u A\y.y + 1.

[IpoBeném nokaszatesnbctBo OT mpoTuBHoro. I[lycte dynxuus g € TCom(N,N) saBis-
eTcsl npopo/keHreM ¢yHkuuu f. Torma cyliecTByeT Takoe HaTypaJsbHOE YUCJO 1M, YTO
g(n) =~ UY(m,n) nas scex n € N. Tak kak !g(m), 1o U (m,m) u U(m,m) = g(m).
Caenosaressto, | f(m) u f(m) = U'(m,m) +1 = g(m) + 1 # g(m). Mbl BumuM, 4TO
(yHKLUS g He siBJasieTcsl nmpopo/keHueM ¢yHKuuu f. IlpoTuBopeune. U
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Teopema 6.120. CyuiecTByer nepeuncaumoe Hepaspeinmoe mMHoxecTBo K C N.
(K1, cnencrsue 5.3, c. 15.)
(YBII, teopema 14, c. 106.)
Hoxasamenvcmeso. [lonoxkum K =D f, rne f — ¢pyHkuus us teopemsl 6.119.
[IpoBeném nokasatenbcTBO OT mpoTuBHOro. [lycTh MHOXecTBO K paspewnmo. Torpa
¢yHkuua g: N — N, 3anannasa gpopmyson

f(n), ecmuneK,

0, eciun ¢ K,

BeiuMcIUMa. J1J1si BelaKc/IeHUs g(n) 1o faHHOMY 1 € N MOXKHO HCIOJIb30BATh CJIeNYIONIHEH
aJITOPUTM.

if (Xg(n) == 1) { return f£(n); }
return 0;

OueBugHoO, PyHKUMSA ¢ siBJseTCs npoposkeHueM GyHkuuu f. [IpoTrBopeune. U
Teopema 6.121. CymectByer nepeuncaumoe MHoxecTBo K C N ¢ HermepeuucsTHMBIM
JIOMOJTHEHHEM.

(K1, cnenctBue 5.4, c. 15.)

Hokasameavcmeo. PaccmoTpum nepeurcanmoe MHOXKecTBO K u3 teopembl 6.120. Co-
riacHo Teopeme 6.81 mHOxkecTBO N\ K Hemepeuncjaumo. O

Ynpaxuenue 6.122. CyuiectByioT Jid Takde MHOKecTBa A C N> u B C N, uto A u
np,(A) Ao B paspeliuMel, HO B HelnepeuncanMo?

OrtBet 6.122. [la.

6.18 HepaspemnmocTb Npo6JIeMbl OCTAHOBKHU
[K1, c. 16], [M2, 12], [BII3, 2.3], [VBI, 5.8], [KI, c. 195-196], [Bil, 14]

Omnpenenenne 6.123 (mpoGaema ocraHoBKH). [IycTb 3aduKkcHpoBaH ajnaBUT Yo, HE COmEpKallHi
6nanka #. Maccosoul npobaemoii ocmarnosku Ha3biBaeTcs caenyouas 3agada: no kogy Code(M) maruiuHbl
ThlopuHra ¢ JIEHTOUHBIM an(aBUTOM Yo U {#} M cI0BYy v € X BBISICHUTb, OCTAHOBUTCS JIM MalluHa M,
HauyaB paboTy ¢ KOH(UTYPALHHU ¢ Fv.

(K1, onpenesienne 5.5, c. 16.)

Teopema 6.124. MaccoBas npobJjieMa 0CTaHOBKH aJrOPUTMHYECKH Hepa3pelInMa.
(K1, crenctBue 5.7, c. 16.)

Hokasameavcmso. be3 orpaHndeHHst OOLUIHOCTH MOXKHO CUYMTaTh, 4To 1 € Xg. Ilycte mamwmua My
BbIUMC/seT GyHKUHUIO f 13 Teopembl 6.119. M3 Hepaspemnmoctu MHOXKecTBa D f caenyert, uTo Hepaspelirnma
Jaxe CJeLylollas MaccoBast npodJseMa: 1o CJI0By BHAa 1™ BBIACHHUTb, OCTAHOBUTCS JIM MalidHa My, HayaB
paboTy ¢ KoHpUrypauuu q;#1". O

6.19 InaBHas yHHMBepcaJbHas BbIYUCANMAasA (PyHKIHUSA

[K1, c. 12-14], [BII3, 3.1], [II2, 7], [KI, c. 198]

Omnpenenenne 6.125. Oynkunsa G: N x N — N HasbBaeTcs e1a8HOU YyHUBEPCANbHOLL
yHKyuell, ecay BBIOJHEHb! CEIYIOLIME TPU YCIOBHS:
1) G siBasieTcs yHuBepcasbHo# QyHKuued s knacca Com(N, N),
2) G € Com(N x N/ N),
3) mas kaxpo# ¢yskuun g € Com(N x N,N) cymecrByer Ttakasi (QyHKUUS
s € TCom(N,N), uto g(i,n) ~ G(s(i),n) nas J0OOLIX i H N.
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(BLU3, c. 24.)

Teopema 6.126. [1aBHbIe yHHBepcaJibHblEe (DYHKIHH CYILIECTBYIOT.

(BLI3, teopema 15, c. 25.)
(K1, teopema 4.4, c. 12.)

Jlokasameavcmso. Tonoxum G(m,n) ~ U?(I(m),r(m),n) aas ao6bX m u n.

[IpoBepum, 4To Tak onpenenéHHas GyHKUus G SBJsSeTCsS YHUBepCaJbHOH 1Jis KJacca
Com(N,N). Ilyctp mana ¢yukuus f € Com(N,N). Pacemorpum dynkuuio fo, ompe-
nenéHHy0 cooTHolleHueM fo(z,y) =~ f(y). CymectByeT Takoe uuciao [y € N, uro
fo(z,y) ~ U*(ly, z,y) nas awobbix z u y. Honoxum i = c(ly,0). Torna f(y) ~ G(i,y)
IJ1s1 1r060ro v .

[IpoBepum Temepb TMYyHKT 3) M3 ONpeleJieHHs] TJIABHOH YHHBepCaJbHOH (YHKIHH.
[Tycte pana ¢ynkuus g € Com(N x N,N). CymecrtByer Takoe uucao jo € N, uTo
g(i,n) = U?(jo,i,n) nns mo6bix ¢ U n. [onoxum s(i) = c(jo,4) mJs J1060r0 7. O

Crnenyromasi TeopemMa 1aéT Ipyroe A0Ka3aTeabCTBO TeopeMbl 6.126.

Teopema 6.127. Oyukuns U' apjseTcs rJaBHOH YHHBEpPCAJbHOH (QYHKILIHEH.

Hoxazameavcmso. Ilycts nana ¢pyukuus g € Com(N x N,N). HMckomass pyHKUuUS s
CTaBUT YMCJY i B COOTBETCTBHE HOMEp KOJa MAIKUHbl TbIOPUHTa, BEIUUCASIOUIEH (DYHKLHIO
g o h;, rne ¢dyukuus h; € TCom(N,N x N) onpenenena cootHoienuneMm h;(n) = (i, n).
Mo2KHO TIPOBEPUTH, YTO TaK ONpeneséHHast QYHKUHS S BEIUUCIUMA. O

Teopema 6.128. /g sw0beix m > 1, n > 1 W gad Kaxaod QyHKUHH
g € Com(N™" N) cymecrByer takas ¢yHkuus s € TCom(N™ N), uro

g1, eyl X1y ey Ty) 2 U™ (S(01y - oy ), Ty e oy T

JJIST JTIOOBIX U1, .« .y Gy Ty e o+ 5 Ty
(K1, Teopema 4.5, c. 13.)

Hokazameavcmeo. Ilycts panel m > 1, n > 1 u g € Com(N™"" N). Paccmorpum
¢ysxkuuio ¢': N x N — N, onpenenéHHyo Tak:

gl<la y) = g(le(l), s 7Cmm<l)7 Cnl(y)v ) Cnl(y))'

CornacHo Tteopeme 6.127 cymectByer takas ¢yHkuus s € TCom(N,N), uro
g (ly) =~ U (s'(1),y) st 106bix [ 1 y. Onpenesum UCKOMYIO QYHKIHIO S TaK:

S(i1y e yim) = 8 (" (i1, -y ).
Torna
Glity ey, Tty o) =2 G (M (i1, i), (T, X))
~ UNS (™ (iry i), (@1, .y 1)) 2 U™(8(i1, .y m), D1, - ooy T

O

6.20 Teopema Paiica
[K1, c. 16-18], [BII3, 4.1], [II2, 13], [JIM, IIL.4]
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Teopema 6.129 (teopema Paiica). IIycts A C Com(N,N), A # &, A # Com(N,N).
Ilyctb G: N x N — N gBJsisiercs r/1aBHoH yHHUBepcaJsbHOH (pyHKIMeH. Torna MHOXKeCTBO
I,={ieN|(\x.G(i,z)) € A} HepasperHMO.

(K1, teopema 5.9, c. 17.)
(BLI3, teopema 21, c. 33.)

Hokazameavcmso. PaccMoTpUM HUTZE He onpeleéHHY0 QyHKUHIO (. Bo3aMoxXHb 1Ba
cnyuasi: ( € Au ¢ ¢ A. [IpoBeném 10Ka3aTeqbCTBO AJIsi IEPBOTO caydasi (BTOpPOH cuaydai
pasbupaeTcsi aHAJOTHUHO).

[lyets ¢ € A. Tak kak A # Com(N,N), cymectsyer ¢dyuxuus h € Com(N, N) \_A.
Paccmorpum dyukuuio g: N x N — N, 3anannyo gopmyJoi

, h(n), eciu i € K,
g(i,n) ~ .
He ompenesieHo, ecau i ¢ K.

OueBunno, g € Com(N x N,N). [lns Bbiuncsaenus ¢(i,n) 1m0 AaHHBIM ¢ WU 71 MOXHO
MCI0/Ib30BaTh CJENYIOLHH aJrOPUTM.

if (Xjx(i) == 1) { return h(n); }

CorsiacHO omnpenesieHUIO TJIaBHOW YHHBepCasbHOM (DYHKLUMM CYLIeCTByeT Takas (yHK-
unsgs s € TCom(N,N), uto ¢(i,n) ~ G(s(i),n) mas mo6bix i U n. Jlokaxkem, 4TO
Xn i (1) = X1,(s(7)) mas mo6oro ¢ € N. JleficTBUTENbHO, eci Xpn i (1) =0, T0 7 € K H,
cenoBatesbHO, Ajs aoboro n € N umeem G(s(i),n) ~ g(i,n) ~ h(n), oTKyna nosydaem
(Az.G(s(i),x)) =h ¢ An s(i) ¢ Ia, To ectb X7,(5(i)) = 0. Ecin xe Xpp x(7) = 1, TO
i ¢ K u, crepoBatenbHo, aqs modoro n € N nmeem G(s(i),n) ~ g(i,n) ~ ((n), oTkyzna
nonydaeMm (Az.G(s(i),xz)) = h € A n s(i) € I4, To ectb X,(s(7)) = 1. M3 paBeHcTBa
Xnk (1) = Xp,(s(i)), BBIUMCIUMOCTH (PYHKLUHMH S M HEBBIYMCIAUMOCTH (DYHKIHMH Xp x
CJIeyeT HEeBBIYMCIUMOCTb QYHKUHH X, . U

Teopema 6.130. IIycts A C Com(N,N), A # &, A # Com(N,N). Torna MHOxKecTBO
Iy={ieN|y; € A} Hepaspewnmo.
(K1, reopema 5.9, c. 17.)

Jlokasameascmeo. CornacHo onpegenennio ol = Az.U'(i,z). Ocrasoch NpuMeHUTH
Teopemy 6.129. O

Yopaxuenue 6.131. Paspemumo i Mmuoxkectso {i € N | ¢} (7)}?

Oteer 6.131. Her. Ono paBuo mHoxkecTBY [ 4, tne A= {f € Com(N,N) | | f(7)}.

Yopaxuaenune 6.132. Paspernmo 1 MHOXeCTBO
{i € N | npu Bolumcsienuu ;) (7) MaliMHa ¢ HOMEpPOM i OCTAHOBUTCS, Ce/IaB He 6oJiblile TPEX Maros}?

OrtsBer 6.132. [la.

Ynpaxuenue 6.133. Paspemunmo s muoxkectso {(i,7) € N* [ Egp; A Ep; = N}?
OTtBer 6.133. Her.

Yopaxuaenue 6.134. [lepeuncaumo 1 MHOXKeCTBO

{(,5) eN?|i¢ Dyjnj¢Dy;}?

OrtBer 6.134. Her.
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7 Paspemmnimvbie U Hepa3pelluMbie TEOPUU

7.1 IlnoTHble NMHEUHO yMOpPsiIOYEHHbIEe MHOMKECTBa 0e3 MepPBOro u
MOCJEAHEro 3JeMeHTa

[Men, c. 89]

Onpenenenne 7.1. Eciiu K Teopru MJIOTHBIX JUHEHHO YIOPSIIOUEHHBIX MHOXECTB JIO-
0aBUTb aKCUOMBI YV Jyy < z U Vxdyx < y, TO NOJAYUUM MEOPUrd NAOMHbLY NUHELUHO
ynopadoueHHblx mMHOMcecms 6e3 nepsoco u nociedweeo aremenma. Moaeaun 3To Teo-
PUU HA3bIBAIOTCH NAOMHLIMU AUHELUHO YnopadoueHHbiMU MHOKMecmaamy 6e3 nepsozo u
nocaedrnezo aremenma.

7.2 dauMuHaUUA KBAaHTOPOB

[BII2, 3.6], [MeH, c. 107]

7.2. B sToM pasnesie Mbl paspellaeM HCIHOJb30BaTh B (hOPMyJax JOTHKU TPEAHKATOB
HyJIbMECTHbBIE TPONO3UIMOHANbHBIE CBA3KM L u T. Ilpu 3TOM B ompeneseHue HCTHH-
HOCTHOTO 3HAaYeHHs 3aMKHYTO# (OPMyJIbl N0GaBAsOTCA caeayomue nyHkTo: [ L7 = JI,
[T = .

Omnpenenenne 7.3 (paBHOCHUJIBHOCTH (popMys B MHTepnperamuu). [lycte A u B —
(opmysiel curHaTyphl €2, a 9 — uHTepnperauns curuarypel 2. @opmynsl A u B pasHo-
cusbHbl 8 unmepnpemayuu 9, ecau 3ambikaHue Gopmyinbl (A < B) UCTHHHA B HHTep-
nperaunu M.

3ameuanue 7.4. Popmyabsl A U B curHatypsl ) paBHOCHJIBHBI TOTJIa U TOJBKO TOT/A,
KOTrJla OHW PABHOCHJIbHBI B KaXKJIOH MHTEPIpeTaluyd CUTHATYPHI ).

Teopema 7.5. Kaknas ¢opmysia A cHTHATypbl yopsinO4eHHBIX MHOXECTB PaBHOCHJIb-
Ha B CTaHAApTHOH HHTepnpeTauuu Ha MHoxecTBe () HekoTopoH 6eckBaHTOPHOH ¢(hopmy-
Je B, ynosaerBopsiomed ycaoBuio FV(B) C FV(A).

(BII2, Teopema 30, c. 112.)

7.6. [Ipexne uem noKazatb TeopeMy 7.5, JIOKaxKeM HeCKOJbKO JieMM. [lisi yno6cTBa
0603HaYMM CTAHAAPTHYIO HHTEPIpPETALMIO CUTHATYPHI (=, <) Ha MHOXecTBe QQ OykBo# 9.

Jlemma 7.7. Ilyctb ¢popmysna A umeer Bug Jv (A A...ANA,), toe Ay, ..., A, — atromap-
HBle ()OpMYJIbI CHTHATYPbI yIOPSA0YeHHbIX MHOXKeCTB. Toraa ¢popmysna A paBHOCHJIbHA B 9
HEKOTOpOH GecKBaHTOPHOH ¢opMmyse B, ynopietBopsouek ycaosuio FV(B) C FV(A).

Hokazameavcmso. Jlokaxem jseMMy HHAYyKUHeH mo n. Cuyutaem, yTto npu n = 0 3a-
nuck A; A ...\ A, obo3nadaet popmyny T. (OdeBunHo, npu Jg060M n > 1 UMeeT MeCTo
paBHOCHJIBHOCTD A; A ... AN A, ~ (AT A ANA 1) NAL)

Basuc nHnykuuu (ciyuaét n = 0) oueBuIeH. B nokasaTesbcTBe 1Iara MHAYKLUHH pac-
CMOTPHM HECKOJIbKO c/ydaeB. [y ynpoieHusi 0603Ha4eHUH OyieM CUUTATh, UTO KaXKIblId
pas MHTepecylollas Hac aToMapHas popMyJia HaxXoAUTCs B KOHLE Gopmynbl A; A ... A A,.

Ecnu omHa u3 atomapHbiX (opmys, Hanpumep A,, He CONEPKUT MEPEMEHHYIO v, TO
UCII0JIb3yeM PaBHOCHJBHOCTD

ElU(Al/\/\An_l/\An)NAn/\HU(Al/\/\An_l)

Ecau onHa u3 aromapHeix (opmys, Hampumep A,, UMeeT BUA v = v, TO 3aMeHHM
dopmyny Jv (Ay A ... A A,—1 A v=v) Ha Gosiee KOPOTKYytO popmyy Jv (A;A...ANA,_1).
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Ecau onHa u3 atomapHbix ¢opmysa A; UMeeT BUA v < v, TO 3aMeHUM (HOPMYJy
Jv(A; A... AN A,) Ha GecKBaHTOPHYIO popmyay L.

Ecau onHa u3 aTomMapHbiX Gopmys, Hanpumep A, UMeeT BUL v = u, TJie U — OTJHUHAs
OT v TepeMeHHas1, To 3aMeHuUM popmyny Jv (A A ... A A,—1 A v = u) Ha 6ECKBAHTOPHYIO
bopmyay (AyA...AA,_1)[u/v]. AHAIOrHYHO MOCTYNHM, €CJIH OHA U3 aTOMAPHBIX (HOPMYJI
MMeeT BHI u = 0.

Ecii HCKJ/II0YUTh BCe TepedyHc/ieHHble BhIIIE CJAy4Yau, TO Ka)Kaas atomMapHas Gopmy-
Ja A; UMeeT BUI u; < v UIH v < Wy, TJe BCe MepeMeHHble u; U wy OTJIWYHH OT v. bes
OrpaHUYeHHs1 OOLIHOCTH MOXHO IMPEeANOJIOXKUTh, uTo (opmyna Jv (A3 A ... A A,) umMeer

BUJL
Jv </\(u] <v)A /\(v < wk)> .

Ecmu | = 0 unu m = 0, to 3amenum dopmyay Jv (A; A ... A A,) Ha GeCKBAaHTOPHYIO
¢opmyay T. Ecin [ >0 u m > 0, To 3aMmeHUM (popmyary

Jv (/\(u] <v) A /\(v < wk)>

j k

Ha 0€CKBAHTOPHYIO (hOpMYJTy

/\/\(uj < wy).

j ok

Ipumep 7.8. x (2 <y1 ANys <x Aya < ys) ~ Yo < ys A Jz (z < y1 Ays < x).
ITpumep 7.9. opmynsl Jz (x < x Ay < y2) U L paBHOCHJIBHBI B £].
ITpumep 7.10. @opmyasl Jzx =2 U T PaBHOCHJBHBI B L.

Ipumep 7.11. @opmyasl 3z (x =2 Az < y2) U 3z (2 < y2) PaBHOCHJbHBI B .
IIpumep 7.12. Gopmyibl

W<y ANT=y2 ANys <x AT =14)

Yo <Y1 NYs=yY2 Nys < yy

PaBHOCHJIbHBI B £J.
ITpumep 7.13. @opmyssl 3z (y; <z Ays < x) ¥ T PaBHOCHJBHBE B L.
Ilpumep 7.14. Popwmy.ibl

G <x Ay <x AT <ys Az <yy)

Y <Ys ANy1r <ys Nya <ys N ys < s

PaBHOCHJIBHBI B £).

Jlemma 7.15. IIycte C' — GeckBaHTOpHAsI (OpMyaa CHTHATYPHl YIIOPSIAOYEHHBIX MHO-
xkectB. Torma ¢opmysa Jv C' paBHOCHABHA B ) HEKOTOPOH GeCKBAaHTOPHOH ¢(popmyse B,
ynoJserBopsitowter ycaosuio FV(B) C FV(Jv C).
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Hoxazameavcmso. [lpuBeném dopmyny C' K IU3BIOHKTUBHOH HOpMaJbHOH (opme (TO
€CTb K IM3BIOHKLHH KOHBIOHKIMH aTOMapHbIX (DOPMYJI U OTPULIAHUH aTOMapHBIX (OPMYJI).
3aTeMm 3aMeHUM noahopMysbl BUIA —(u; = ug) Ha U < ug V uy < uy ¥ MoAdOPMYJbl BUIA
—(uy < ug) Ha Uy = Uy V ug < uy. [lonyueHHyIO (popMysny NpHUBenEM CHOBA K AHW3bBIOHK-
THUBHOH HOpPMaJsibHOU (opMe (HCIOJIb3Ysl TOJNBKO aCCONMATHBHOCTb U OUCTPUOYTUBHOCTB).
Jlerko moHsiTh, uTo oHa umeeT Bum K; V...V K,,, roe Ki,..., K,, — KOHBIOHKIIUA aTO-
MapHbIX ¢opmya. CorsacHo Teopeme 3.89

(K1 V...VEKy,)~JFwKV...VIvK,.

Ocrasnoch npUMeHUTb JeMMy 7.7 K Kaxaod u3 dopmyna Jv K. U
ITIpumep 7.16. Crenytouire GpopMyJ/ibl PABHOCHJIbHBI B £):

dr(z <y A —(z<2)),
Jr(r<yAN(z=z2Vz<uzx)),
Jr(r<yANz=zVr<yAz<x)),
Jr(r<yAhzx=z)VIz(x<yAz<ux)),
z<yVz<y,

z <.

Hoxazamearvcmso meopemot 7.5. Be3 orpaHuueHusi OOLUIHOCTH MOXKHO MPEATNOJIOXKHUTB,
yTto (opmysia A He CONEpKHUT KBaHTOpa BceoOuiHocTH (Tak Kak Yu C' ~ —Jv—C). Ho-
Ka)KeM TeopeMy HHIYKIHeH M0 4ucay KBAaHTOPOB B (opmyse A. Ecau 3To uucao paBHO
HyJI0, TO B KadecTBe (opMmynbel B moaxomut cama ¢opmyna A. MHaue paccmoTpum ca-
Myl0 KOpoTKyto moadopmyny Buaa JvC' B dopmyne A. OueBupno, C' — HeckBaHTOpHAs
¢opmysa. 3ameHuMm B (opmysne A paccMatpuBaeMylo TMOAGOPMYJay Ha 3KBHUBAJEHTHYIO
6eckBaHTOPHYIO (hopMyJy (KOTOpasi CylleCcTByeT B CHJY JieMMBbl 7.15) U mpUMeHHM Mpej-
TMOJIOKEHHe WHAYKLHUH. O

Teopema 7.17. [Iyctb A — HekoTopasi (popmyJia CHTHATypbl yHOPSAOYEHHBIX MHO-
»kectB. Toraga cymecTByeT 6ecKBaHTOpHass ¢opMmyJsa B TOH e CHrHATYpPbI, Takas 4To
FV(B) C FV(A) u ¢opmyssl A u B paBHOCHJIbHBI B KaXJOM IJOTHOM JIHHEHHO YIIODS-
JIOYeHHOM MHOXKeCTBe 6e3 MepPBOro H IOCJENHEr0 3JIeMEeHTa.

Hoxazamearvcmso. beckBantopHas ¢hopMmy/ia B, MoCTpoeHHAas B JOKa3aTelbCTBE TEO-
peMbl 7.5, paBHOCHJIbHA UCXOOHOU (opmyse A He TOJbKO B CTaHAAPTHOH HHTEPIpeTaLUH
Ha MHOxecTBe (Q, HO M BO BCeX OCTAJIbHBIX TJIOTHBIX JIMHEHHO YTOPSiI0OYEHHBIX MHOXKe-
cTBax 6e3 MepBOro U MOoCJeIHEro 3JeMeHTa. O

7.3 dnemeHTapHas 3KBUBAJE€HTHOCTD

[VBII, 2.13], [BIIZ2, 3.9], [Bil, 9]

Omnpenenenne 7.18. [Iycte £ u 9 — unrepnperaunn curHatypsl 2. ToBopsT, uyto £
u M asemenmapro sksusarenmrovl (06o03HadeHne £ = M), ecau ns nA060H 3aMKHYTOH
dopmysibl A curHatypsl € umeeT mecto pasenctso [A]S = [A™.
(VBII, c. 47.)
(BILI2, c. 135.)
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Ynpaknenune 7.19. BepHo su, uto unrepnperauuu (N, <) u (Z,<) 3/7eMeHTapHO
9KBHBAJIEHTHBI?

OtBer 7.19. Her. ®opmyna Vo Jy (y < x) JoKHA B MepBOil WHTepHpeTalnH, HO HC-
THHHA BO BTOPOH.

Yupaxkuenue 7.20. Bepro qu, uto unrepnperaunu (Z, +, =) u (Q, 4+, =) s/71emeHTapHO
9KBHUBAJIEHTHBI?

OtBer 7.20. Her. ®opmyna Va Jy (y + y = x) JoKHA B NMEPBOH HHTEpPIpeTalu, HO
UCTHHHA BO BTOPOH.

Teopema 7.21. OtHomernne = pe(IeKCHBHO, CHMMETPHYHO H TPAH3UTHBHO.

Hoxazamenrvcmso. TeopeMa HermocpeNCTBEHHO CJefyeT W3 ONpeleseHUs dJeMeHTap-
HOH 5KBHBAJIEHTHOCTH. U

7.4 JdneveHTapHas 3KBUBAJEHTHOCTb M30MOP(HBIX UHTEPHpPeTaALUN
[VBII, 2.13], [BII2, 3.9], [Bil, 9]

Teopema 7.22. H3omop¢Hble HHTEpIPETALHH JeMEHTapHO SKBHBAJEHTHEL.
(BLI2, teopema 35, c. 136.)
(VBII, teopema 11, c. 48.)
Hoxazamenvcmeo. Teopema HeNocpeNCTBEHHO CJENYET U3 ONpeleseHHs d/1eMeHTapHOH 3KBUBAJEHTHO-
CTH U JieMMBI 3.149. O
IlIpumep 7.23. Murepnperauuu £ u 9 u3 npumepa 3.144 sjemeHTapHO 3KBHBajseHTHb. Hampumep,
dopmyna Ve Vydz (x < yo z A zoy < x) HCTHHHA B 00eUX WHTeprpeTauusx, a gopmyna Vz (r < x o x)
JIO)KHA B 00€HUX UHTEpPIIpeTaLHUX.

7.5 JaemMeHTapHas 3KBHMBAJEHTHOCTb BCeX MJOTHBIX JUHEUHO YIIO-
pPSATOYEHHBIX MHOMKECTB 0e3 MepBOro M MocjeIHero 3jJjeMeHTa

[BIII2, 3.6]

Teopema 7.24. Bce nsioTHble JIHHEHHO yropsiiodeHHble MHOXKecTBa 06e3 MepBOro H
rocJieJHero 3JeMeHTa 3J1eMeHTapHO 3KBHUBAJIEHTHBI.
(BILI2, c. 114-115.)

Hokazameavcmso. PaccMoTpuM nBe uHTepnpeTauuu £ U U cUrHaTyphl yHOPsA0YeH-
HBIX MHOXKECTB, MPeACTaBJsOIINE COOOH MJIOTHBIE JUHEHHO YMOPsiIOUeHHble MHOXKeCTBA
6e3 mepBOro M MocJ/eQHEero jaeMeHTa. PaccMOTprUM MPOU3BOJBHYIO 3aMKHYTYIO opmyny A
CUTHATYpbl yNopsiloueHHbIX MHOXKecTB. [IpumeHuB teopemy 7.17 K dopmyne A, noaydum
O6ecKBaHTOPHYIO (popMyny B €O cleaylLHMHA CBOWCTBAMHU:

1) FV(B) = 2,
2) [A]* = [B),
3) [A™ = [B]™.

Tak xak ¢opmysia B He COIepKHUT HUA CBOOOAHBIX, HU CBSI3aHHBIX BXOXKIEHHH MepeMeHHBbIX,
TO OHA He CONEPXKUT HU ONHOH aTOMapHOH (opmysabl (To ecTb dopmyna B cocTaBjeHa
M3 MPOMNO3HIMOHAJNBHBIX CBA30K L, T, =, A, V, — u cko6ok). [Tostomy [B]* = [B]™.
Caenosarenbro, [A]¢ = [A]™, uTo u TpeGoBaJIOCh 10KA3aTh. O

3ameuanue 7.25. DjeMeHTapHasi TeOpUSl CTAHIAPTHOM HHTEpPIpeTALHH CHUTHATYPBI
(=,<) Ha R coBmagaer c 3JeMeHTapHOH Teopuell CTaHOAPTHOH WHTepHpeTaLUH CHIHa-

Typhl (=, <) Ha Q.
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Ynpaxuenue 7.26. dBasiorcs M 371eMeHTapHO SKBUBAJEHTHBIMHU JIMHEHHO YTIOPsiI0UeHHble MHOXKECTBA
[2;3] u [2;3] U [4;5]?

Otser 7.26. Her.

Ynpaxuenue 7.27. JdBAA0OTCS JIU 3/1eMEHTapHO SKBUBAJIEHTHBIMH JIMHEHHO YIOPSAOUEHHBIE MHOKECTBA
(2;3) u (2;3) U (4;5)?

OrtBer 7.27. Jla.

7.6 Paspemmnmo akcuomatusupyembie T€OPUH

[VBIL, 5.6], [II2, 27], [BII3, 10.5], [Bx, 15], [KII, c. 183]

Omnpenenenne 7.28 (paspemmMo akcuoMaTusupyemasi TeopHs). 1eopusi MepBOro
MOpsiiKa C KOHEYHOH CHTHATYPOH HA3blBAETCS pa3peuiumo aKCUOMamu3upyemoti, eciu
€€ MHOXKECTBO aKCHOM pasperrMo.

(VBII, c. 107.)
(BOx, c. 237.)

Teopema 7.29. MHoxkecTBO TeopeM paspeliUMO AKCHOMAaTH3UPYEMOH T€OPHH MEePBOro
nopsiiKa SBJSETCS MepPeyHCAUMBIM.
(YBII, teopema 16, c. 107.)

Hoxazamesvcmeo. TlosyxapakTepucTHUecKyI0 PYHKIMIO MHOXKECTBA TeOpeM MOXKHO BBIUHCIHTb METO-
JIOM Tlepebopa: aJrOpUTM IlepeOUpaeT BCe BBIBOABI M3 aKCHOM JAHHOH TEOPHUH M eCJd MOoCJaeNHsAs (hopMyJa
BBIBOJIA COBMAJaeT C MPOBepsieMOH 3aMKHYTOH (POpPMYJIOH, TO BO3BpALlAeT eIHHHUILLY. O

7.7 Paspemumbie Teopuun

[VBII, 5.6], [BII2, 5.3]

Omnpenenenne 7.30. Teopusi mepBoro nopsinka HasblBaeTCsl paspeulumoil, ecau MHO-

KeCTBO €€ TeopeM paspeLIrMo.
(BIII2, c. 212.)

Teopema 7.31. [los1Hasi pa3peliMMO aKCHOMAaTH3HPYeMasl TeOPHsl pa3peruma.

(BIL2, Teopema 67, c. 214.)
(YBII, teopema 17, c. 109.)

Hoxasameavcmeo. PaccMOTprM paspelinMo akcHomaTusupyemyto Teoputo 1. Corgac-
HO TeopeMe 7.29 MHOXecCTBO TeopeM Teopuu 1’ mepeuyucaumo. Tak Kak Teopus 1’ moJjHa,
T0 (popmysna A He siBJIsleTcs TeopeMOH Teopuu 7' TOrAa U TOJBKO TOrza, Koraa (opmy-
Ja A He 3aMkHyTa uau Qopmyna —A saBgasercss Teopemoi Teopuu 1. CisemoBartesibHO,
JIOTIOJIHEHHE MHOXKeCTBa TeopeM TeopuH 1’ Toxe nepeuyucanmo. OcTanoch NpUMEHUTb Te-
opemy 6.81. O

7.8 IIpumepsl pa3pemIuMbIX TE€OpUN

[BIL2, 5.3, 5.4], [KII, c. 106-110, 182-183], [Men, c. 107], [JIM, IL5]
Omnpenenenne 7.32. Teopus ¢ cUrHaTypoll (=) U akcHOMaMH
1) Vz(z = x),
2) Vavy(z =y —y =),
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3) VaVyVz(z =yAhy=z—x=2)

HasblBaeTCsl meopuetl pasencmsa.

Teopema 7.33. Teopus paBeHCTBa pasperiuMma.
(B2, Teopema 68, c. 226.)

Teopema 7.34 (o0 Teopuu OTHOMECTHBIX MPeAUKaToB). [IycTh curHatypa §) He COAEPXKHT HH OJHOTO
(YHKIHOHAJIBHOTO CHMBOJIA, CONEPKHT JIHIIb KOHEYHOE YHCJIO MPeIHKAaTHbIX CHMBOJIOB H BCE OHH OJHO-
mecTHble. Torna MHOXeCTBO 0OLIEe3HAYHUMbBIX 3aMKHYTBIX (QOPMYJI CHTHATYPEI ) pasperiumo.

(K, c. 183.)
(JIM, Ynpaxuenue 11.5.40.)

7.9 PaspemnMocTb 3jJ€MEHTApPHON TEOPUM IMJIOTHBIX JUHEUHO YIIO-
pPSAIOYEHHBIX MHOXKECTB 0e3 MepBOro M MocC/JeqHero 3jeMeHTa

[BII2, 5.3], [KI, c. 108]

Teopema 7.35. DsemeHTapHasi Teopusl NAOTHBIX JHHEHHO YMOPSAOYEHHBIX MHOXKECTB
6e3 1epBOro u MoCJAeNHEro 3JeMeHTa pa3peliuma.
(BILI2, c. 215.)

Hokazameavcmeso. PaccMOTPUM MPOU3BOJIbHYIO 3aMKHYTYIO (opmyay A cUTHaTypsbl
yrnopsiioyeHHbIX MHOXKecTB. [IpumenuB teopemy 7.17 K dopmyse A, mosaydum 3aMKHYTYIO
6eckBaHTOpHYIO popMyay B, 3KBHUBaJIeHTHYI0 opMyse A BO BceX MOAEJ/sIX TEOPHUH IJIOT-
HBIX JIMHEHHO YTOpPSIOYEHHBIX MHOXKeCTB 6e3 MepBOro M Moc/JeqHero sjeMeHTa. Tak Kak
(opmysa B He cOnepKHUT HU CBOOOIHBIX, HU CBSI3aHHBIX BXOXKAEHHH MEpPEMEHHBIX, TO OHA
He COEP’KHUT HU OJHOH aToMapHOH ¢opMyJibl (TO ecTh popmysa B cocTaBjieHa U3 MPOIO-
3ULMOHAJIbHBIX CBS30K L, T, =, A, V, — U cko60k). Takas ¢opmysa paBHOCHJIbHA JHOO
topmysie L, aubo opmyse T, U N0 popMyJse JIETKO BBIUHCJANUTb, KAKOH U3 3THUX CJy4yaeB
UMeeT MecTO. TaK KakK J0Ka3aTe/JbCTBO TeopeMbl /.17 KOHCTPYKTHUBHO, TO NpPUBEAEHHbBIE
pacCcy»KAeHHUs NAl0T aJATOPUTM, BBISICHSIOLUIMH, UCTUHHA JIK 3aMKHYTasi (hopmysa A BO BCex
MOZEeJIIX PacCMaTPUBAEMOM TEOPHH. U

Teopema 7.36. DiemeHTapHasi TeOpHs MJIOTHBIX JHHEHHO YIOPSA0YEHHBIX MHOXKECTB Pa3pelrMa.
Hoxazamesvcmeo. MHOXeCTBO TeopeM 3TOH TEOPUM SIBJISIETCS MepeceyeHHeM MHOXKECTB TeopeM cJle-
NYIOMINX YETHIPEX TEOPHH:

1) sseMeHTapHasi Teopusi MJOTHBIX JHHEHHO YMOPSIAOUYEHHBIX MHOXKECTB 0e3 MepBOTO U MOCJELHEro
3JleMeHTa,

2) 3JIEeMEHTapHas TeOopUd MJIOTHBIX JIUHEHHO YHOPAOOYEHHBIX MHO2KECTB C IE€PBLIM 3JIEMEHTOM, HO 6e3
rnocJsiegHero aJjeMeHTa,

3) 3JieMeHTapHasi TEOPUsS MJIOTHBIX JHHEHHO YMOPSAOYEHHBIX MHOXKECTB C MOCJEIHHUM 3Je€MEHTOM, HO
6e3 mepBOro 3JeMeHTa,

4) sJjeMeHTapHasi TeOpHUs MJIOTHHIX JUHEHHO YHOPSIIOUEHHBIX MHOXKECTB C MEPBBIM H MOCJEAHHM 3Je-
MEHTOM.

PaspemiMocTb TepBOi TeOpHH HOKa3aHa B TeopeMe 7.35. PaspemrMocTb ocTasbHBIX TPEX TEOpUH JOKa-
3bIBAETCSl AaHAJOTMYHO, HO Tlepej]] 3JMMUHALMeH KBAHTOPOB Halo A00ABHTb B CHTHATYPY KOHCTAHTY MJIS
TNepBOro dJeMeHTa (J/1s1 BTOPOH W UeTBEPTON TEOPUH) U KOHCTAHTY JJIs [OCJeNHEro JeMeHTa (/5 TpeTbel
H 4eTBEPTOH TEOPHH). O



73 20.10.2006

7.10 Hepa3pemnMoCTb TEOPUU MOTYTPYIIIT (ses roxasareascrsa)

[BIII3, 9.4-9.7]

Teopema 7.37 (0e3 mokasarennctBa). TeopHs MoOJyrpymn HepaspeliuMa.
(BLL3, Teopema 64, c. 128.)
(BII2, Teopema 69, c. 228.)

7.11 Teopema Yépua
[KIL, c. 102-103, 205-207], [BJUx, c. 145, 234-235]

Omnpenenenne 7.38. O6o3Haunm yepe3d D anhaBUT
{V,3,_‘,/\,\/,*51',‘]0,]3,1,(,), ’}'

Kaxknyto (opMymny CHrHaTypbl CO CYETHBIM YHCJIOM (DYHKIHOHAJBHBIX M MPeIHKAaTHBIX CHMBOJIOB KaxKIOH
apHOCTH OTOXKJECTBUM CJIOBOM B ajdaBuTe J, MOJNYUeHHEIM 3aMeHOH HHAMBUIHbBIX NIePeMeHHbIX &; Ha BbIPa-
xeHust £1%, QYHKLUHOHANBHBIX CUMBOJIOB f{ (apHOCTH j) Ha BbIpaxkeHHst f1° W MpeIHKaTHBIX CUMBOJIOB P!
(apHocTH j) Ha BhIpaxenus P1°.

Teopema 7.39 (teopema Yépua). MHoxecTBO 06ILe3HAYUMBIX (YOPMYJ CHTHATYPHl CO CYETHBIM YHC-
JIOM (pYHKLIHOHAJbHBEIX H IPEeIHKATHBIX CHMBOJIOB KaXXI0H apHOCTH Hepas3pelluMo.
(KIL, c. 102-103.)

(BLLI2, ¢. 201.)
Hokasameavcmso. JlocTaTOYHO N0KA3aTh, YTO CYLIECTBYET HepaspellnMasi, KOHEYHO aKCHOMAaTH3Upye-
Masi TeOpHUsl B KOHEUYHOU curHatype. DTo CJeayeT, HapuMep, U3 TeopeMbl 7.37 uau TeopeMbl 8.43. O

3ameuanue 7.40. MHoxxecTBO 00LIe3HAYUMbIX (POPMYJI CHUTHATYPhl CO CUETHBIM YHUCJIOM (pYHKLIHOHAB-
HbIX Y NpPeJUKATHBIX CHMBOJIOB KaXKJ0H apHOCTH IepeyrCJHMO.
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8 Apudmerura

8.1 9HA3bIk (popManbHON apUPMeTHKHN

[VBI, 2.7], [Mer, 3.1], [BIx, 9, 14], [JIM, I1.7], [Kmmu, 38], [II1, 5.3],
[KIL, c. 75-77, 125-126], [Cro, 3.8], [I12, 23], [Bil, 15]

Omnpenenenne 8.1. Cuenamypa opmarvroil apupmemuxu CONepPKHUT KOHCTAHTY 0,
OZHOMECTHBIH (PYHKLHOHANBHBIH CHMBOJ S, IBYMeCTHble (PyHKIIMOHAJbHbIE CUMBOJIBI +
M - U NpeIdKaTHbIH CUMBOJ =. $3bIK MepBOro nopsigika, 3aflaHHbId 3TOH CHUIHATYPOH,
Ha3blBAETCS A3bIKOM (QOPMANLHOU apupmemuKry U NPOCTO A3bikom apupmemuru. [pu
ynotpe6J/JeHUH HH(GUKCHOW HOTAUWW MPUOPUTET y CHMBOJA - Bbille, 4eM Yy -+, U obe
onepanuy CYUTAITCS JIEBOACCOLUATUBHBIMH.

Omnpenenenne 8.2. Cmandapmmuoil unmepnpemayueti A3viKQ apupmemukxyu HasblBa-
eTcsl MHTeprpeTanus Ha MHoxkecTBe N, rne S(a) = a + 1, a ocTa/bHble CUMBO/LI 0603Ha-
YalT HYJb, CIOKEHHEe, YMHOXKEHHe U PaBEHCTBO.

Omnpenenenne 8.3. @opmysbl U TepMbl CUTHATYPBl (POpPMabHON apu(PMETHKHU Ha3bl-
BaroTCsl (M1 KPATKOCTH) apugmemuyeckumy GOpMynaMu U TepMaMH COOTBETCTBEHHO.

ITIpumep 8.4. Ilpumep apudmerndeckoin popmyssl: 3z (x + S(2) = y). B crannaprHoit
MHTepIpeTaluy 3Ta opMyJsa BblpaxkaeT Npeaukar r < y.

8.2 Apu¢gmernka nepporo nopsjaka
[VBIL, 3.7], [Men, 3.1], [BJx, 14], [JIM, I1.7], [Kun, 38], [KI, c. 104-106, 125-126],

[Cro, 3.8]
Omnpenenenne 8.5. Apugmemuroii [learo (wnu popmarvroti apugpmemuxori) Ha3bIBaeTCs TEOPUS ep-
BOTrO mnopsinka ¢ curuatypoit (0,5, 4+, , =) u akcHoMaMu
1) Vo (z=x),

2) VaVy(z =y —y=x),

3) VaVyVez(z =y Ay=2z—x=2),
4) Vo vy (z =y — S(z) = S(y)),

5) Vavy(S(x) = S(y) —x=y),

6) Vax—(S(z) =0),

7) Va(x+0=ux),

8) VaVy(z+ S(y) =S(z+y)),

9) Va(z-0=0),

10) VzVy (x- S(y) = (z-y) + ),

11) A[0/v] A Vv (A — A[S(v)/v]) — Vv A, rne A — npousBoJibHast apudmerrdeckass Gopmysa, a v —
MPOM3BOJIbHAS [IepeMeHHas.

IIpumep 8.6. @opmyssr (0-0 = 0) A Vz(0-2 =0 — 0-5(z) =0) - Vz(0-2 = 0) u
4+0=042) AVyle+y=y+z — 2+ Sy = S +z) - VYy(z+y = y+ x) asasiorcs
akcHoMaMH apugMeTHku [leaHo.

IIpumep 8.7. Dopmyna Va Vy (v + y = y + x) siBasercs TeopeMmoit apudmernku [leaHo.
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IIpumep 8.8 (Bo3ppartHasa mHayKnUs). Popmyna
Ve (Vy (y <z — P(y)) — P(x)) — Vo P(z)

sBJIsieTcs TeopeMoid apudmMetuku [leano. B nokasaTesnbcTBe 3amelicTBOBaHA akcHoOMa

Vy(y <0— P(y)) ANVo (Vy(y <z — P(y)) = Vy(y < S(z) — P(y))) —
= Vavy(y <z — P(y)).

3zech B KauecTBe v HCIOJb3yeTCs MepeMeHHasi x, a B kadectBe A — dopmyna Vy (y < = — P(y)).

8.3 ApudmernuecKkue MHOXKECTBA U (PyHKLUH
(M2, 24], [Maa, 13.3], [BII2, 3.4]

Omnpenenenne 8.9. Muoxectso L C N HaseiBaercs apugmemuyeckum, eCi¥ B CTAaHIAPTHOH MHTEp-
NpeTaluu sI3blKa apU(pMETUKH BHIPa3HM COOTBETCTBYIOLIMH eMy k-MeCTHBIH nmpeankaT L Ha mHoXecTBe N,
OTpesie/IEHHBI COOTHOLIEHUEeM

L(as,...,ar) =Y Torna u Tonbko Toraa, Koraa {ai,...,ar) € L.

[Ipo apudmeruueckyio dopMmyay A, Beipaxamouiyio npeaukar L (OTHOCHTENBHO CIHMCKA MepeMeHHBIX
¥1,...,Vg), TOBOPAT, UTO OHA onpedensiem MHOXKeCTBO L (OTHOCHTE/JbHO CIUCKA MEPEMEHHbBIX V1, .. ., Uk).

IIpumep 8.10. MuoxectBo {2n | n € N} sBasiercs apupmernueckuM. Ero omnpenesser ¢opmyisa
Jy (x =y +y) (OTHOCHUTENBHO CIHCKA MEPEMEHHBIX ).

INpumep 8.11. Muoxectso {(x1,72) € N? | 21 < x3} sBasercs apudmeruueckum. Ero ompegessier
¢dopmyna Jxs (r1 = 22 + x3) (OTHOCHTEJBHO CIIHCKA MEePEMEHHBIX X1, T2).

Omnpenenenue 8.12. [/is KaXkI0r0 HATypasbHOr0 Yucaa m depes m obo3Hadaercsi tepm S(...S(0)...).

——
m pas
Muorna aToT TepM Ha3bIBAlOT HYyMeEpaAOM IJIS1 YUCTIA M.
(BIx, c. 213.)
3ameuanue 8.13. Ecniu M — crannapTHas MHTepnpeTalus fsbika apupMeTHKH, To [m|" = m aas

kaxxgoro m € N.
3ameuanue 8.14. [Tycts L C N¥ u A — apudmernueckas dopmyna, npuuém FV(A) C {vy,..., v},
e Bce MepeMeHHble v; pa3jiuuHble. Torma caeayioline yCaAOBHs PABHOCHJIbHHI.

1. ®opmyna A ompenensieT MHOXKECTBO L OTHOCHTEJIbHO CITHCKA MMEPEMEHHBIX 1, . . ., Uk.
2. HNast nwo6bix my, ..., my € N dopmyna A[my/v1]. .. [ /vk] MCTHHHA B CTaHIAPTHON MHTEpIIPETALMN
s13blKa apU(QMETHKH TOTAA U TOJbKO TOTAa, Korga (my,...,mg) € L.

ITpumep 8.15. Muoxectso {47 | x € N} sBasiercst apudmernueckiM. OTHOCHTENBHO CIKUCKA MepPeMeH-
HBIX © €ro onpefeJsser dpopmyna

Jwg (z = wo - wo A Vg (320 (wo = o - 20) — 20 = S(0) V Iz (o = 20 + 20))),
a Takxe (opmyna
Jwo (z = wo - wo A =3y F20 (wo = yo - S(S(S(20 + 20)))))-

Mpumep 8.16. Muoxectso {(y,w) € N? | w = 211°82+1]} gpngerca apudmernueckum. Ero onpene-
JaseT opmysaa
Jzo (w+20 = S(y)) A F20 (S(S(y))+20 = wtw) A Vo (320 (w = 20-20) — 0 = S(0) V 20 (0 = 20+20))
(oTHOCHTENIBHO CIIHCKA MepeMeHHbIX y, w). O6o3Hauum 31y popmyay Len(y, w).

Omnpenenenue 8.17. Bynem HasbiBaTh k-MecTHYI 4acTHuHYW QyHKuUu U3 N B N apugmemuuneckodl,

ecsu eé rpauk sBaseTcs apu(hMeTHUECKUM MHOXKECTBOM.
(Mau, c. 271.)

Mpumep 8.18. OnnomectHas GyHknus Ay.21°8:(+0) y3 N B N sapnserca apudmeTHueckoi.

IIpumep 8.19. Kantoposckas Hymepymwoias GyHKUUS ¢ sgBJseTcs apudmeTrueckoi. E€ rpadux MoxHO
OmpeneuTh, Hampumep, popmyoi (x +y) - S(z +y) +x + & = z + z (OTHOCHUTENBHO CIHCKA MepeMeHHbIX
x,y, z). O603HaunmM 3ty dopmyay Pair(z,y, z).



76 20.10.2006

8.4 CBoiicTBa 3aMKHYTOCTH KJjacca apu(pMeTU4eCKUX MHOMKECTB
(112, 24]
Teopema 8.20.

1. Ecam muoxecto L C N¥ gpngerca apugpmerndeckum, 1o u MHOXKecTBo N* \ L spiserca apupme-
THYECKHM.

2. Ecau mHoxectBa Ly € N*¥ u L, C N*F gpasgiorcs apU(pMeTHYeCKUMH, TO H MHOXecTBO L1 U Lo
SABJISIETCS] aPH(PMETHIECKHM.

3. Ecau mHoxectBa Ly C N¥ y L, C N* gpasiorcs apU(pMeTHYeCKUMH, TO H MHOXecTBO L N Lo
ABJISAETCS apUPMETHUECKHM.

(T12, reopema 24.1, c. 29.)

Hokasamenocmso. Ecnu dopmyna G onpenessieT MHOXKecTBO L (OTHOCHTENIBHO CITHCKA TepeMeHHBIX
v1,...,0x), To Gopmyna =G onpenenser MHoxecTso N¥ N\ L. Eciu dopmyna G onpeaensieT MHOXKeCTBO L
u Qopmyna Go omnpenensieT MHOXKecTBO Lo, To tdopmyna Gi V Gy onpepensieT MHOXKeCTBO Lq U Lo #
tdopmyna Gi A G omnpenensieT MHOKecTBO L1 N Lo. O

IIpumep 8.21. Popmyna z = S(0) V Jy(z = y + y) onpenenser MHoxkecTBo {1} U {2n | n € N}
(OTHOCHTENIBHO CTHCKA TePEMEHHBIX ).

Teopema 8.22. Ecsiin mHoxkectBa Ly C N u Lo C N gBasroTcss apu)MeTHYECKUMH, TO H MHOXECTBO
Ly x Ly sABJasieTCs apH(PMETHUECKHM.

Hokasameavcmso. Ecin (opmyna (G onpenessieT MHOXECTBO Lj OTHOCHTEJbHO CIIMCKA IepeMeH-
HBIX v1 U (opmyna Go ornpenessieT MHOXECTBO Lo OTHOCHUTEJBHO CIIMCKA TEePEMEHHBIX Vg, THE U1 U Vg —
pasJuuHble mepeMeHHble, TO Qopmyna G A Go omnpenenser MHOKecTBO L X Lo OTHOCHTENBHO CIHCKA
[epeMeHHBIX V1, V2. O

Teopema 8.23. Ecuii MHOXecTBo L C N? sgpsisieTcs apu¢pMeTHUECKHM, TO H MHOXKeCTBO 1p, L sBasercs
apH(MeTHUECKHM.

Hokasameavcmso. Ecniu ¢opmyna G ompenensieT MHOXECTBO L OTHOCHTENBHO CIIUCKA IepeMeH-
HBIX V1,2, TO (popmysna Fvp G onpese/iseT MHOXKECTBO Np; L OTHOCHTENBHO CIIMCKA MePeMeHHBIX V1. O

8.5 KomupoBaHue KOHEUHbIX MHOXKECTB B apu¢MeTHKe
[BILI2, 3.4]

Mpumep 8.24. Muoxectso {(z,y,2) € N? | wordgg 13 (%) o wordyg 1} (y) = wordyo 13(2)} aBasercs
apu(MeTHUECKUM (31ech o 0003HAYaeT OMepalti0 KOHKATeHALUH (CoeqnHeHHs], CKIenBaHuUs) cjoB). CooT-
BETCTBYIOLIMH npeankar Bbipaxkaercs dopmynoi Jw (Len(y,w) A z = (x - w) + y) (OTHOCHTENBHO CITHCKA
MepeMeHHBIX T, Y, 2).

IMpumep 8.25. Paccmotpum dopmyny

21 Jz9 Jwy Jwe Jws (Len(y1, w1) A Len(zz, we) A Len(z, ws) A
A(y2 = (((z1 - w1 + 1) - ws + 2) - w1 + 1) - w2 + 22)).

OTHOCHTENIbHO CITUCKA CBOOOIHBIX TEepeMeHHBIX T, Y1,y 3Ta QOpMYy/a BbIpaKaeT TPEXMECTHBIH MpeinKaT
Set®) | o6nanarowuii CJeNYIOLMMHU IBYMsI CBOHCTBAMHU.

1. s mo6bix ai,as € N muoxkectso {z € N | Set® (,a1,as)} koneuno.

2. Jlas J060r0 KOHEYHOrO MHOXKECTBA HATYpaJbHHX ddces L HalayTes Takue aj,as € N, uTo
{z eN|Set® (z,a1,a0)} = L.

B yue6nuke [BII2, c. 102] sToT npenukar o6osHavaercs S(z,a,b).



77 20.10.2006

IIpumep 8.26. Paccmotpum dopmyny

Jya 21 F22 Jwy Jwg Fws (Vs (23 (w1 =2x3-23) — £3=5(0) V Jz3 (x3=23+23)) Ay = S(y2+y2) w1 A
A Len(zo,w2) A Len(zs, ws) A (y2 = (S((S(21)(w1+w1) + w1)-ws + x3)- (w1 +w1) + wi)-wae + 22)).

OTHOCHTE/IEHO CIIHCKA CBOGOHBIX [IEPEMEHHBIX I, § 9Ta (hOpMyJa BhparkaeT gByMecTHsii npeaukat Set (),
o6/1ajaloMul cIelyOIUMH IByMsS CBOACTBAMH.

1. Jlnst 060ro HaTypanbHoro urcaa a Muoxectso {z € N | Set® (z,a)} koneuro.

2. Jlnst 1060r0 KOHEUHOr0 MHOXKECTBA HATypa/bHbIX UKces L CyIIecTBYeT Takoe HaTypasabHOe YHCIIO a,
uro {z € N | Set® (z,a)} = L.

Vbivu cioBamu, dyrkumst o — {z € N | Set® (z,a)} aBasercss ciopbekuueit u3 N B MHOXKECTBO Bcex
KOHEUHBIX TIOAMHOXeCTB MHOXkecTBa N.

O603Ha4MM pacCMOTPEHHYI0 (OpPMYJY Set? (x,y). Eciu B dopmyse Set@)(x,y) 9KOHOMHO BBIHECTH
KBaHTOPbI, TO MOKHO INOJYYHUTb PaBHOCHJBHYIO el popMyny ¢ 15 KBaHTOpaMH (¢ KBAHTOPHBEIM Npe(HKCOM
310v233).

Ipumep 8.27. dynkuus \ry.z¥ sBasercs apudmeTudeckoi (snech Mol cuntaeM, uto 0 = 1). B curna-
type (0,5, 4+, -, ¢,=), rie PyHKUUOHANbHBIH CUMBOJ ¢ HHTEPIPETHPYETCsS: KaK KaHTOPOBCKAsi HYMepyiolas
(PYHKIHSI, OTHOCUTEJIBHO CIIUCKA NIePEMEHHBIX T, Y, z TPapUK PYHKIHUH Ary.r?Y MOXKHO ONpPeNeUTh (PopMy-
JIol

Fwy (Set® (e(y, 2), wa) AVay (Set® (24, wy) —
— x4 = ¢(0,5(0)) V 3y1 Iz1 (Set@ (c(yr, 21), ws) A x4 = c(S(y1), 21 - ))))
Tak Kak KaHTOPOBCKasl HyMepyolas (GyHKLUHs SBASETCS apuMeTHUECKOH, 3Ty GOpMY/Ty MOXKHO 3aMEHHUTb
Ha HekoTopyio dopmyay B curratype (0, S, +, -, =). Hanpumep, nonxoaut dopmysa
Jwy Jzs (Pair(y, 2, 25) A Set'? (x5, ws) A Vg (Set'? (24, ws) —
— 4 = S(0) V Jy1 321 Iwg (Pair(yy, 21, 26) A Set® (26, ws) A Pair(S(y1), 21 - @, 24)))).

3nechb yuteHo, uyto ¢(0,1) = 1.

ITpumep 8.28. Oyukuus \y.y! (bakropuas) siBasietcss apudmetrnueckoit. [paduk 3To# GYHKIIHK MOXKHO
onpefesuTh (OTHOCHTENBHO CIUCKA MEePEMEHHbIX Y, z) (OpMyJIOn

Jwy Jzs (Pair(y, 2, 25) A Set® (25, wy) A Vay (Set® (24, wy) —
— 24 = S(0) V Jy1 21 g (Pair(yy, 21, w6) A Set® (26, wy) A Pair(S(y1), z1 - S(y1), 24)))).

8.6 ApI/Iq)MeTI/I‘IHOCTb MNEPECIYUCINUMbBIX MHOKECTB H BbIUYHUCJIHUMbIX
q)yHKuI/Iﬁ (6e3 gokasarenncTBa)
[I12, 24], [BIIS3, 10.3], [KL, c. 18-19], [Men, 3.2-3.3], [Blx, 14], [Bil, 17], [BIL2, 3.4]

Teopema 8.29 (6es mokasateanctBa). Eciu f € Com(N¥ N), To ¢ynkuus f spasercs apugpmerHde-
CKOH.
(T12, reopema 24.2, c. 29.)

IMpumep 8.30. Oyukuuu -, ¢, I, v, Aryz.y ABAAIOTCA apUOMETHUECKUMH.
Onpenenenne 8.31. [lns y06bIX m W n, YIOBJETBOPSIOUMX HepaBeHCTBaM 1 < m < n, QYHKUUS
AL1.. ... AZp,. & 0003Hauaercs I,

Teopema 8.32. Kaxnoe nepeunciuMoe MoAMHOXKeCTBO MHoxecTBa NF gBigercsa apupmeTHIecKuM.
(12, Teopema 24.3, c. 31.)
(K1, Teopema 6.2, c. 18.)
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Jloxaszameascmeo. Tlycts muoxkectso L C NF nepeuncaumo. Torma cyiiecTByeT Takas (QyHKUHS
f € Com(N* N), uro L = D f. CorniacHo Teopeme 8.29 cyuiecTByeT apudmerHueckas Gopmyna G, onpe-
Aeqisiiollasl MHOXKeCTBO [D; OTHOCHTE/NBHO HEKOTOPOrO CIHCKA MEPEMEHHBIX U1, ..., Uk, Vk+1. OUeBHAHO,
dopmyna Juky1 G onpenessieT MHOXKeCTBO L OTHOCHTEJBHO CIHCKA MepeMeHHbIX vy, . . . , Ug. O

Teopema 8.33. CyiecTByer HenepeyucauMoe apHMeTHIeCKOe MOAMHOXKeCTBO MHOXecTBa N.
(T12, reopema 24.4, c. 31.)

Hokxazameavcmeo. MHoxectBo N\ K sBJIsleTCs HeNEPEUNCIUMBIM U apUPMETUUECKHUM. O

8.7 IIpencraBienne apucgpmeTrnuecKux Gopmysa cJOBaMU B KOHEUHOM
ancasure
[K1, c. 18], [[12, 25], [Mau, 13.3], [Kuu, 43], [VBII, 5.6], [KI, c. 181-182, 189], [BIil, 16]

Omnpenenenne 8.34. [Ipennosoxxum, uTo HA60POM UHIHUBUAHBIX TEPEMEHHbIX 3bIKa apU(PMETUKH SABJISA-
eTcss MHOXKeCTBO {1, T2, 3,...}. O603HauuM uepes IO andasur {0,5,+,-,=,V,3,~, A, V,—,2,1,(,), y}.
Kaxnywo apupmeTHuecKyr (opMysy OTOXKIECTBUM CO CJOBOM B ajdasute IO, mosyyeHHBIM 3aMeHOH HH-
JUBHIHBIX MePeMEeHHBIX T; Ha BbIpaxkKeHHs x1%.

IIpumep 8.35. Gopmyna Jxs (21 + x5 = x2) OTOKIECTBISETCS CO CIOBOM

Fr111=(+(x1y2111)y211).

Teopema 8.36.

1. MHoxecTBO Bcex TEpPMOB sI3bIKa apH(PMETHKH Pa3peLIuMo.

2. MHoKecTBO Bcex (opMyJ sI3bIKa apUQMETHKH Pa3periuMo.

3. MHoKecTBO BCcex 3aMKHYTBIX (QOPMYJT SI3bIKa apU(METHKH Pa3perHMo.

Teopema 8.36 siB/sieTcsl UACTHBIM CJy4yaeM NMPUBENEHHOH HUXKe TeopeMbl 8.38.

Omnpenenenue 8.37. Curnarypa 2 = (Fn, Pr) HasbiBaetcsi koneuroil, ecain MHOxecTBa Fn u Pr koHeu-
HBI.

Teopema 8.38. [lycts ) — KoHeyHas cHrHatypa.

1. MHoxecTBo Bcex TepMOB CHTHATypbl {) paspeiLrumo.
2. MHoKecTBO Bcex ¢opMys CHTHATYphI §) pa3periumo.
3. MHoKecTBO BCcex 3aMKHYTBIX (POPMYJ CHTHATYphI {) paspemnmo.

(YBII, teopema 15, c. 107.)

8.8 HenepeuucaumocTs MHOXeECTBAa apu(pMeTUYECKUX UCTUH
[K1, c. 19], [112, 26, 27]

Teopema 8.39. MHoxecTBO Bcex 3aMKHYTBHIX apH(pMeTHYeCKHX (pOpMYJl, HCTHHHBIX B CTaHAAPTHOH
HHTEepPIPEeTaLHH S3bIKa apHQPMETHKH, HENepeIHCIHMO.

(T12, reopema 26.2, c. 32.)

(T12, BTopoe nmokasartesnbCTBO TeopeMbl 27.2, ¢. 33.)
(K1, cnenctsue 6.3, c. 19.)

(Maun, crencrsue, c. 273.)

(BL3, Teopema 72, c. 139.)

Hoxazamesvcmeo. O603HauuM uepe3 Il CTAaHAAPTHYIO UHTEPIPETALHUIO A3bIKa apudMeTHKU. Torna MHo-
)ecTBo Th(D) cocTOUT U3 BCeX 3aMKHYTHIX apH(MeTHUeCKUX (hOPMYJ, HCTHHHBIX B CTAHAAPTHOH HHTEp-
nperauuu. [IpoBeném nokasaTenbcTBO OT mpoTHBHOTO. [lycTh MHOXKecTBO Th(I) mosypasperinmo, To ecTh
X (o) € Com(IO™,N).

CornacHo TeopeMme 6.121 cyurecTByet nepeuyncarmoe MHOKecTBO K C N ¢ Hemepeyuc/JMMBIM AOMOJIHE-
HueM N\ K. CornacHo Teopeme 8.32 cyuiecTByeT apudmerrndeckas dopmyna G, onpepensionias MHOXKe-
ctBo K. O603HaUUM elMHCTBEHHYIO CBOOOAHYIO NlepeMeHHYI0 (hopmynasl G yepes vj.
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Pacemotpum ¢yukumio h us N B 0", craBsuryio uucay n B coorBercTsre (opmyny —G[n/vi], pac-
cMaTpuBaeMyl Kak cjioBo B andaeute 0. MoxHo nposeputh, uto h € Com(N,10"). Iokaxkem, uTo
Xin k(1) = Xy, oqy (R(n)) naist moBoro n € N. JleficTBuTe1BHO,

Xing(M) =1 <= neNNK <= n¢g K <= NFGh/u] <
< NE-Gn/vi] < h(n) € Th(N) <= Xy (h(n)) = 1.

Cnenosarenbho, X\ i € Com(N,N) n muoxectso N\ K nepeuncanmo. [Ipotnsopeune. O

8.9 Ilepmasa teopema I'€énens o HenmoaHoTe (popManbHOU apucdmMeTu-
KU

[112, 27], [Man, 13.3], [BIN2, 5.4], [BII3, 10.4-10.5], [Men, 3.4-3.5], [BIx, 15],
[Kam, 43], [YBIL 3.7], [KI, c. 189-191, 199-202], [Bil, 18]

Teopema 8.40. [Iycts T — paspelunmMo akcHoMaTH3HpyeMas TeOpHs B s3blKe apu(pMeTHKH. IlycTb
Bce aKCHOMbI TeOpHH 1 HCTHHHbBI B CTAHAAPTHOH HHTepHpeTalHH fA3blKa apupmerHkHd. Torma cyiecTtByeT
3aMKHyTas1 apu¢pMeTHdecKass popMysia, HCTUHHAS] B CTAHAAPTHOH HHTEPIPETALHH, HO He SIBJSIOLIASICS Teo-
pemos teopuu T'.

(T12, reopema 27.1, c. 33.)

Hokasamerocmso. IlpoBenéM n0Ka3aTebCTBO OT NpoTHBHOr0. O603HaUNM uepe3 I cTaHIAPTHYIO HH-
TepripeTauuio f3blka apudmeTHku. [IycTe Bce ncTHHHBIE B 91 3aMKHYTble apudMeTHYecKHe (HhOPMYJIbl SBJIS-
1oTcsl TeopeMaMu Teopud 1. Tak Kak Bce akCHOMBI TeOpud 1" UCTHHHBI B I, TO U Bce TeopeMbl Teopuu 1’
uctuHHbl B . CoieoBaTeibHO MHOXKeCTBO TeopeM Teopuu T' coBmagaeT ¢ MHoxkecTBoM Th(91). CornacHo
TeopeMe 7.29 3TO MHOXKECTBO NEPEYHCIUMO, a corsgacHo TeopeMe 8.39 oHo Hemepeuucanmo. [IpoTuBope-
que. O

8.10 Hepa3pemnMocTb MHOXKECTBA apU(PMETHUECKUX UCTHH (ses noxasarea-

cTBa)

(KL, c. 19], [[12, 26, 27], [BMlk, c. 234-235]

Teopema 8.41 (0e3 moka3arenabcTBa). DjeMeHTapHAs T€OPHS CTAHAZAPTHOH HHTEp-
npeTanyy sI3bIKa apH(METHKH Hepas3pelinMa.

Hokasameavcmso. dta TeopeMa HEMOCPENCTBEHHO CJefyeT U3 TeopeMbl 8.39. O

8.11 HepaSPCIIII/IMOCTb apl/lq)MeTHKI/I HeaHO (6e3 gokasarenncTBa)
[KO, c. 2056-207], [BIOx, 14-15]

Teopema 8.42 (0e3 mokasareabcTBa). Apupmernka [leaHo HepaspelIuma.

Teopema 8.43 (6e3 mokasateabcrBa). CyliecTByeT Hepa3pellHMasi, KOHEUHO aKCHOMAaTH3HpyeMas Te-
OpHS B CHTHatype (popMa/bHOH apH(QMETHKH.
(BIx, c. 234.)

Hoxazamenvcmeo. ITUMH CBOHCTBaMHU 00J/1ajlaeT TEOPHUS C aKCHOMaMHU

1) Vz(z = x),

2) VaVy(z =y — y=u1),

3) VaVyVz(zx=yAy=2z—x=2),

4) Va vy (z =y — S(z) = S(y)),

5) Vavy(S(x) = S(y) — v =y),
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6) Va—(S(z) =0),

7) Yz (z+0=uz),

8) VxVy(z+ S(y) = S(z +y)),
9) Va(z-0=0),

10) VzVy(x-S(y) = (z-y) + ),
11) Va (= (z =0) — 3y (z = S(y))).

(BIx, c. 214.)
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9 Jloruka BTOpOro mopsgkKa

9.1 43biku BTOpOro nmopsigka
[BIx, 18], [Max, 13.4], [KI, c. 79-80]

Onpepenenune 9.1. Kaxnabiit 23015 6mopoeo nopadka 3anaéresi coedt curnatypoid Q = (Fn, Pr), rue
Fn — MHOXeCTBO QyHKUUOHAALHBLY CUMBOA08 W Pr — MHOXECTBO npeduKamHbly CUMBOLO8.

Omnpenenenne 9.2. B s3pikax BTOPOro Mopsiika MOMHUMO HHIMBHIHBIX MEPEMEHHBIX HCIOJb3YIOTCS
QYHKLUUOHAAbHLE Nepemetble ¥ npedukamubie nepemetinvie. C Kaxx a0l QyHKIHOHANBHOH U TPeIUKaTHOM
TepeMeHHON CBSI3aHO HEKOTOpOe HaTypasibHOe YHCJI0 — KOJHYECTBO apryMeHTOB (WUJIH 8AAEHMHOCMb) ITOM
nepeMeHHOH. BaseHTHOCTb MOXKeT ObIThb HYJIeBOH. Bo BCSKOM si3bIKe BTOPOTO MOPSiiKA MMeeTCsl CUETHBIU
Hab6op (HYHKIIMOHAJBHBIX MEPEMEHHBIX KaXKJI0H BaJEHTHOCTH U CUETHBIH HaGOp MPEAHKATHBIX MepeMeHHBIX
KaXXI0H BaJIeHTHOCTH.

Omnpenenenue 9.3 (Tepm BTOPOro mopsizka cUrHarypsl €2).

1. Ecau v — MHAMBHAHAS NepeMeHHasi, TO ¥ — TepM BTOPOrO MOpsJKa CUTHATyphl €.

2. Ecnu ¢ — Hy/nbMecTHBIH (PYHKIUOHAJNbHBIA CUMBOJ HJIH HyJbMecTHasl (DyHKIMOHAJbHAS NlepeMeHHast
CUrHaTypsl {2, TO ¢ — TepM BTOPOro MOpsiAKA CUTHATYpHI 1.

3. Ecam f — n-MmecTHBHl (yHKIHOHAJbHBIA CHMBOJI MJIM n-MeCTHasi (pYHKIHMOHAJbHAas TepeMeHHas
curHatypst €2, rne n > 0, # ty,...,t, — TepMbl BTOpPOro mopsigka curHatypsl €, 10 f(t1,...,t,) —
TEPM BTOPOTO MOpPsAKa CUTHATYpPHI €.

Omnpenenenne 9.4 (aromapHasi popMysia BTOPOro mopsiika CUrTHaTypslI 2).

1. Ecnu P — HyJAbMeCTHBIH NMpeJuKaTHBIH CHMBOJI WJIM HyJbMeCTHasl NpefirKaTHas epeMeHHasi CUTHa-
Typsl {2, To P — aTomapHas (opMyJia BTOPOro Mopsiika CUTHaTyphl €.

2. Ecnn P — n-MeCTHBIH NIPeAUKATHBIE CUMBOJI U/ N-MeCTHAs IpeUKaTHas epeMeHHas CUTHATYPHI §2,
rie n >0, 4 ty,...,t, — TepMbl BTOpPOro nopsinka curuatypet 2, To P(t1,...,t,) — aTomapHas
hopMyJia BTOPOTO MOPsiIKA CUTHATYPHI €.

Omnpepenenue 9.5 (popMysia BTOpOro mopsizka CUrHaTypsbl €2).

1. Eciu A — aromapHasi popmysia BTOporo nopsiika curuatypsl 2, to A — dopmyJia BTOpOro nopsiika
cUrHarypst 2.

2. Ecau A — ¢opmysa BToporo mnopsinka cUrHatypsl ), To A — ¢dopMyJia BTOPOro MOpsiiKa CUTHATY-
pot €.

3. Ecnu A u B — dbopmyasl Broporo nopsiaka curuatypst €2, 1o (AAB), (AV B), (A— B) — dopmyJibl
BTOPOrO MOpSIAKA CHTHATYpPHI §.

4. Eciu A — dopmyna BTOpOro mopsiika CHUrHaTypwl {2, a v — WHAMWBHAHAS, (YHKIMUOHAJNbHAS WJU
npenuKarHas nepeMmenHas, To Vv A u 3v A — ¢dopMysbl BTOPOro nopsiika curHatypsl 2.

3ameuanue 9.6. Kaxnas gopmysna nepBoro nopsiika CUrHaTyphl {2 siBJsieTcsi Tak»Ke (HhOopMyJIol BTOPOTro
Mopsiika CUTHATYPHI §2.

3ameuanue 9.7. [loHsTHe MOACTAHOBKU BMECTO CBOOOAHBIX BXOXEHHH MepeMeHHON pacripoCTPaHSIIOT-
csl Ha QYHKLIHMOHAJbHBIE U TIPEIMKaTHbIE TIepeMeHHble eCTECTBEHHBIM 00pa3oM.

Omnpepnenenue 9.8. [Ipy uHTepnperaluy s3blka BTOPOro Nopsiika TpebyeTcs N00ABUTb B CUTHATY-
py Q(M) HOBbIH GYyHKUHOHANBHBIA cuMmBoN f [Js Kaxpod ¢QyHxkuuiét f: M™ — M u HOBbI mpenu-
KaTHBIA cuMBOJ P 17151 Ka)X[Ioro npendkara P M" — {W,JI}. B ompenesneHne UCTUHHOCTHOTO 3HAYEHHUsI
3aMKHYTOH (popMysbl 100aBJAAIOTCS CJEAYIOLIMEe MYHKTHI.

9. Eciu g — n-MecTHas (yHKUHOHaNAbHas nepemennas, To [3g A]™ = U Ttorna u To/ibKO TOrAa, KOrua
Haiinéres Takas pyukuust f: M™ — M, uro [A[ f /g]]™ = U. Ananornuro s Vg.

10. Ecnu Q — n-mecTHas mpeaukaTHas nepemenHasi, To [3Q A]™ = W Torma u TosbKO TOTAa, KOrfa
Haiinércs Takoi npepukat P: M™ — {W,JI}, uto [A[ P /Q]]™ = U. Ananoruuno ans VQ.

3ameuanue 9.9. [loHsATHSA 3aMKHYTOH (HOPMYJIbI, MOJIEJIU U JIOTUYECKOTO CJIECTBUS PACTIPOCTPAHSIOTCS
Ha JIOTHMKY BTOPOTO TOPsiKa €CTECTBEHHBIM 00pa3oM.



82 20.10.2006

Omnpenenenne 9.10. Teopueii smopoeo nopsadxka B curHaType {) Ha3bIBAeTCs POU3BOJIbHOE MHOXKECTBO
3aMKHYThIX (hOpPMYJ1 BTOPOrO MOPsiiIka CUTHATYPHL {). DJIeMEHTHl 3TOr0 MHOXECTBA HAa3bIBAIOTCS AKCUOMAMU
3TOl Teopuu. Teopemamu 3TON TeOPUH HA3LIBAIOTCS 3aMKHYThbie (DOPMYJ BTOPOTO MOPsiAKA CUCHATYpHI €2,
SIBJISIIOLIMECS JIOTHYECKUMH CJIECTBUSIMM aKCHOM JaHHOH TEOPHH.

9.2 HeB03MOXKHOCTb pacHpoCTPaHeHUsS TeOpeMbl KOMMNAKTHOCTUA Ha
SI3bIKM BTOPOTO MOpsAAKa
[BIx, 18], [Max, 13.4], [KI, c. 79-80]

Teopema 9.11 (popmyaa Jlein6uuua). CyiiecTByer popMysia BTOPOro MopsiAKa, BbIpaXkaroias B Jo60H
HHTepnpeTaLHHy J00H CHrHaTypbl NpefHKaT paBeHCTBa.
(B, npumep 18.1, c. 265.)

Hokazameavcmso. IlpoBepuM, uto noaxonut Gopmyina VQ (Q(x) — Q(y)), rae Q — oIHOMeCTHas mpe-
IMKaTHast nepeMeHHasi. PaccMoTpuM npousBodibHyio uHTepnpetauuio M = (M, Q). Hano nokasate, uto mas
JIOOBIX a1,a2 € M clefymoline IBa YCJOBUS PABHOCHJBHEL

1) s/ieMeHTH a1 W as COBNAJAIOT,

2) [VQ(Q(z) — Q(y))las /2][az /y]]™* = .

Ouesunno, VQ (Q(z) — Q(y))[a1 /x][az /y] aBaserca obosHaueHuem dopmysl VQ (Q(a1) — Q(az)).
Ecmu a1 u ap coBmagaior, To Qopmynsl Q(ai1) U Q(az) cOBNAjalOT M, CJeLoBaTeNbHO, (OpMyJa
VQ (Q(a1) — Q(az)) nctvHHa B HHTeprpeTaunu .
[TycTb Temepsb a; ¥ ag He coBnagaiT. Pacemorpum onHomectHblit npeaukat P: M — {U, JI}, sananubiit
TaK:
P) =17
JI  uHaue.

ecsau b coBmamaer ¢ ai,

Ouesunno, dopmyna P (a;) uctunHa, a dopmyna P (ag) noxHa B unTeprperaunn M. Cienosarelib-
Ho, dopmyna P (a;) — P (az) noxHa B 3Toil MHTepmperanuu. CorsacHo ompenenennio 9.8 dopmyna
VQ (Q(a1) — Q(az)) Takke M0xkKHa B MHTeprpeTaun M. O
Teopema 9.12. CyuiecTByeT 3aMKHYyTast (popMyJia A BTOPOro nopsiika MmyCTOH CHUTHATYPhl, HCTHHHAS BO
BCeX KOHEYHBEIX HHTepIpeTalHsaX U JOXHas BO BceX 0eCKOHeYHBIX HHTeplpeTaLHsXx.
(Bx, ynpaxuenue 18.3, c. 272.)
Hoxazameavcmeo. B curnarype ¢ paBeHCTBOM KOHEYHOCTb HHTepIIpeTalMi MOKHO BbIPAa3UThb (POPMYJIOH

Vg (Vo Vy (9(z) = g(y) = v =y) = Vz3zg(z) = 2),

rie g — ofHOMecTHast GyHKIHOHAJNbHAs MepeMeHHas. Dta (opMy/a yTBEepKAaeT, YTO KaxKAas HHbeKIHs
Ha HOCHTeJle MHTEPIPETaLHH sBJsieTcs ClOpbeKLHeil. BrpasuB paBeHCTBO ¢ MOMOLILbIO (HOPMYJBI H3 Teope-
Mbl 9.11, nonyyum uckomyto dhopmyay A. O

Teopema 9.13 (0 HEBO3MOKHOCTH PACIIPOCTPAHEHUS TeOpPeMbl KOMIIAKTHOCTH Ha JIOTUKY BTOPOTo
nopsiaka). CyiecTByeT cyéTHoe MHOXecTBo I', cocrosimiee H3 3aMKHYTEIX (pOpMYJ BTOPOro MOPsAKa H
obaaparmlee caeayIOIHMH CBOHCTBAMH:

1) kaxzoe KoHeuHOe MOAMHOXeCTBO MHOxecTBa I' HMeeT MozeJb,
2) muoxectBo I' He HMeeT MozeJIn.
(BIx, caencraue 18.3, c. 271.)
Hoxkasamenvcmso. Pacemotpum MHOXecTBO I' = {G,y, | m > 2} U {A}, e

Gm="3z1...maVy(x1 =y V...V Zn_1=1y),

a ¢opmyna A B3sita u3 Teopembl 9.12.
Ecnu BbIpa3uTh paBeHCTBO ¢ MOMOLIbIO (OpMyJbl U3 TeopeMbl 9.11, To MmoJydyUM CUETHOE MHOXECTBO
(hopMyJ1 IyCTOH CUTHATYPBI. O
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9.3 Apudmeruka BTOpoOro nopsjaka
[BMIx, 18], [Man, 13.4], [KJ, c. 80, 109, 126]

Omnpepenenne 9.14. Apugmemurori mopoco nopsdka Ha3bIBaeTCsl TEOPUsI BTOPOTO TOPsiiKa C CHUTHa-
typo#t (0, S,+,-,=) U akcuoMamH

1) Vz(z =x),

2) VaVy(z =y — y =),

3) VaVyVez(z =y Ay=2z—x=2z),
4) VaVy(z =y — S(x) = S(y)),

5) Vavy(S(z) = S(y) — z=y),

6) Vax—(S(z) =0),

7) Va(x +0=x),

8) Vavy(x+S(y) = Sz +y)),

9) Vz(z-0=0),

10) VzVy (z - S(y) = (z-y) + x),

11) VQ (Q(0) AVz (Q(z) — Q(S(x))) — Vax Q(x)), rie Q — ofHOMeCTHasi IpeAHKAaTHAst epeMeHHas.

Teopema 9.15. Paccmorpum Teopuio B curHatype (0,5,=) ¢ akcuomamu 1)-6), 11) uz ompenesne-
Hus 9.14. Bce HopMaJibHble MOJEJH 3TOH TEOPHH H30MOP(HBI APYT APYTY.

Hoxazamesvcmeo. O603HauuM udepe3 Yy HMHTepHpeTalUIo ¢ HocuTesgeM N, rie 3HayeHHeM KOHCTaH-
Thl 0 IBJISIETCS YUCJIO HYJb, 3HaUeHHeM (PYHKLHOHAJBHOTO CHMBOJIA S sBJseTcs PyHKLUUS, NpubasJsiomias
eIMHULY, U TIpeIUKaTHbIH CUMBOJI = HHTepIpeTHpYyeTCs KaK COBNajeHHe apryMeHTOB. PaccMOTpUM M06YI0
Monesb TOH ke Teopuu. OG03HAUUM 3Ty Monesb uepe3 I, a eé Hocutesb yepes M. JloctaTouHO ycTaHO-
BUTb, YTO UHTepnpeTauuu Yy u I usomopdusl. das storo nokaxem, uro ¢pyHkuus ¢: N — M, 3agaHHas
paBeHcTBOM ¢(m) = [M]™, asasercs usomoppusmom u3 Ny B M. (31ech Ucnob3yeTcss 0603HAUEHHE U3
onpenesenus 8.12.)

O603HauuM MHOXKeCTBO 3HaueHUH (QYyHKUUHM ¢ yepe3 P, a COOTBETCTBYIOLIMH eMy NpeauKaT uye-
pes P. Ecau moaCTaBUTh HMs 3TOTO IpeluMKaTa BMeCTO IMpPeNUKaTHOH mepeMeHHOH () B dopmyny
QO)AVz (Q(z) — Q(S(x))) —Va Q(z), nonyuum popmyay P(0)AVe (P(x)— P(S(x)))— VYV P(x), uctun-
Hyto B M, TaK Kak akcuoma 11) u3 onpenenenus 9.14 ucrunna B M. Ouesupno, P(0) u Vo (P(x)—P(S(x)))
uctunHel B M. CaenosarenbHo, U ¢opmyna Vo P(x) ucturna B 9. OTcrona mosaydaem, yto P = M, 1o
ecTb (DYHKIIHS @ SBJSETCS CIOPbeKLHeH.

JlokaxkeM Tenepb HHbEKTUBHOCTb PYHKIMHU . [Tyetb k € N, [ € N u k # [. Be3 orpaHnyeHus 06ILIHOCTH
MOXHO CuMTaTh, 4yto k > [. Popmyna —(k — 1 = 0) siBASETCS JOTHUECKHUM CJIEACTBHEM LIECTOH aKCHOMBI.
Hcronbays naTylo akcHoMy | pas, moaydum, uto dopmyna —(k = [) siBJseTcs TeopeMoil paccMaTpuBaeMok
reopun. Caenosatesbho, [k]™ u [I|™ ne coBnagaor. Mbl ycTaHOBHJIH, UTO (DYHKLHS © ABJAETCSH MHbEKIHKEH.

Tax xak (0) = 0™, 10 ¢ coxpanser pyHKIMOHANbHBIA cuMBoOa 0. UToGHI 10Ka3aTh, UTO ¢ COXpaHSeT
(QYHKUMOHATBHBIH CUMBOJ S, HEOGXOAMMO MPOBepUTh paBeHcTBO ¢(k + 1) = SP(p(k)) mas motoro k € N.
DTo paBeHCTBO HEeroCpeNCTBeHHO caefyeT us Toro, uto ¢(m) = S™ (... S™(0™)...) aaa moboro m € N.

————

m pas
Ocrajiocb TpOBepUTh, YTO (YHKLHS  COXpaHseT MPEeAHKATHBIH CHMBOJ =. DTO O3HAuaeT, UTO [IJs
Mobbix k,l € N caenyioliye 1Ba yCJ0BHS PaBHOCHJBHBI:
1) k=1,

2) ¢opmyna k = [ uctunna B M.

Ouesuano, Gopmyna k = k uctunna npu modom k € N. Eciu k # 1, To dopmyna k = [ noxua B M, Tak

KaKk opmyna —(k = [) sBasieTcs TeopeMoi paccMaTpHBaeMOH TeOpHH. O
Teopema 9.16. Bce HopmaJsibHble MOJeJH TeopHH H3 orpeneseHuss 9.14 H30MOPQHBI CTAHAAPTHOH HH-

TeprpeTaLluH s13bIKa apH(PMETHKH.

(B1x, Teopema 18.1, c. 268.)
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Hoxazameavcmeo. PaccmoTpuM J106yio Mofesb 3Tol Teopuu. O603HaUUM 3Ty MofeJb yepe3 M, a eé
HocuTesb uepes M. JlokaxeM, uto ¢yHkuus ¢: N — M u3 nokasarTesnbctBa TeopeMbl 9.15 sBasiercs
M30MOpP(U3MOM M3 CTaHAApPTHOH MHTepnpeTauud N B uHTepnperauuio M. s 3TOro HEOOGXOAHMO JHLIb
NIPOBEPUTD, YTO ( COoXpaHseT (PyHKLUHOHAJTbHbIE CUMBOJB + U -. JlocTaTouyHO y6eAnuThCs, UTO IJIs1 JIIOOBIX
k,l € N dopmynst k +1=k+1u k-1 =Fk-l aBnsi0Tca TeopeMaMH pacCMaTpHBAeMOil TEOPHH. DTO JIeTrKo
N0Ka3aTb HHIYKLUHEH no . O

3ameuaHue 9.17. Ecau N00aBUTh K apudmeTuke BTOPOTO nopsiiKa aKCHOMY
Ve Vy (z =y < VQ (Q(x) — Q(y)), To B Teopeme 9.16 MOXKHO OTGPOCUTH YCJIOBHE HOPMAJbHOCTH.




85 20.10.2006

10 Teopus MmHOXKECTB

10.1 PaBHoOMOIIHBIE MHOXECTBA
[VBI, 1.3], [BIIL, 1.3], [Aze, 1.3], [Apx, L.1.1, 1.1.5]

Omnpenenenne 10.1. MuoxectBa A W B Ha3blBaOTCA PABHOMOUWHbIMU, €CIH MEXIY HHMH MOXKHO
YCTaHOBHUTh TaKOe COOTBETCTBHE, NPH KOTOPOM KaxKIAOMYy 3JeMeHTY MHOXKeCTBa A COOTBETCTBYET POBHO
OJIVH 3JIEMEHT MHOXeCTBa B M KaXKIblH 3J1eMEHT MHOXeCTBa B COOTBETCTBYET POBHO OJJHOMY 3JEMEHTY
mHOxecTBa A (370 0603Havaercs |A| = |B)).

10.2 CuéTHble MHOKECTBA
[BIN, 1.4], [VBII, 1.4], [Ane, 1.4], [Apx, 1.1.13-1.1.16], [Bil, A]

Omnpenenenne 10.2. MHoXecTBO A Ha3BIBAETCS KOHEYHbIM, €CIH IJs1 HEKoToporo n € N MHOXKecTBa
Au {k € N|k < n} paBHomolHbl. [Ipy 5TOM UHC/IO n HA3BIBAETCS HUCAOM IAEMEHMOS8 B MHOXKeCTBe A.
Ynpaxuenne 10.3. KoHeuHo v MHOXeCTBO &P
OTteer 10.3. [la.
Omnpenenenne 10.4. MHOXeCTBO Ha3blBaeTCsl 6ECKOHEUHbIM, €CJTH OHO He SIBJSETCS KOHEUHBIM.
Omnpeneaenne 10.5. MH0oxKeCTBO HAa3BIBAETCS CHEMHbLIM, ECIIH OHO PABHOMOIIHO MHOXKecTBY N.
Omnpenenenne 10.6. MHOXeCTBO Ha3bIBAETCS HECUEMHbIM, €CTH OHO GECKOHEUYHO U He SIBJISIETCS CUET-
HBIM.
10.7. B [BI1] u [Asne] cuéTHBIMM Ha3bIBAIOTCS TOJbKO MHOXKECTBA, PaBHOMOIIHbIE MHOXecTBY N.
B [VBII] u [Apx] cuéTHBIMH Ha3bIBAIOTCS TaKXKe KOHEUHble MHOXECTBA.
Teopema 10.8 (mogMHOMXKeCTBO CUETHOTrO MHOMXKecTBa). [I0nMHOXKECTBO CYETHOrO MHOXKeCTBa KOHed-
HO HJIH CUETHO.
(BLIIL, Teopema 2 (a), c. 15.)
(VYBII, ra. 1, Teopema 2, c. 11.)
Teopema 10.9 (cyumecTBoBaHHE CUETHOrO MOAMHOKECTBA). Kark/0e 6eCKOHEUHOE MHOXKECTBO COJEp-
JKHT CYETHOE MOAMHOXKECTBO.
(BLIIL, Teopema 2 (6), c. 15.)
(YBIL, 1.3.10.)
Teopema 10.10 (cuétHoe oO6bexunenune). O6beTHHEHHE KOHEYHOIO HJIH CUETHOIO YHCJIA KOHEUHBIX
HJIM CYETHBIX MHOXKECTB KOHEYHO HJIH CUETHO.
(BLIIL, Teopema 2 (8), c. 15.)
(YBII, ra. 1, Teopema 3, c. 11.)
Teopema 10.11 (06beaHEHNE C KOHEYHBIM WM CYETHBIM MHOMXKECTBOM). [IycTh MHOXKECTBO A Gec-
KOHEYHO, a MHOXecTBO B koneuHo muin cuétHo. Torma |AU B| = |A|.
(BIL1, Teopema 3, c. 18.)
Teopema 10.12 (06pa3 KOHEYHOTO MJIM CYETHOTO MHOMKeCTBa). MHOXecTBO 3HaueHHH (DyHKLHH,
onpeneJIEHHOH Ha KOHEYHOM HJIH CYETHOM MHOXECTBE, SIBJSAETCS KOHEYbIM HJIH CYETHBIM.
(YBII, ra. 1, Teopema 4, c. 12.)

10.3 MomHocTb oTpe3Ka
[BIIL, 1.4]

Teopema 10.13 (momnocTs otpeska). Otpesok [0,1] paBHOMOIIEH MHOXeCTBY BCeX O€CKOHEYHBIX
10C/e40BaTeNbHOCTEH HYJEH H eqHHHII.
(BIL1, Teopema 4, c. 19.)

Teopema 10.14 (MomuocTh KBagparta). MHoxecTsa [0, 1] x [0,1] # [0, 1] paBHOMOLIHSI.
(BIL1, Teopema 5, c. 20.)
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10.4 Teopema Kautopa gna N
[VBI, 1.5], [BII, 1.6], [KI, c. 155]

Teopema 10.15 (Teopema Kantopa naa N). MHoxxecTBo Bcex 6eCKOHEUHBIX MOC/€0BATEbHOCTEH
Hyaed H eqHHL (TO ecTh MHOXecTBO Bcex ¢yHkunid u3 N B {0,1}) HecuérHo.
(BLIL, Teopema 7, c. 30.)
(YBII, ra. 1, Teopema 6, c. 14.)

10.5 Teopema Kanrtopa
[VBII, 1.7], [BIIL, 1.6], [Axe, 1.6], [Apx, 1.1.2-1.1.3], [KI, c. 154-155]

Teopema 10.16 (teopema Kantopa). Hukakoe MHOXeCTBO He PaBHOMOIIHO MHOXKECTBY BCEX CBOHX
moamHoxecTB (To ectb |A| # |P(A)]).
(BLIIL, Teopema 8, c. 33.)
(YBII, ra. 1, Teopema 7, c. 15.)

10.6 KapaunaabHble yncia
[VBIL, 1.6], [BIIL, c. 29-30]

Onpenenenne 10.17. Tlon kapodunasbHbLM 4UCAOM WU MOUHOCMbIO MHOXKeCTBa A TOHHMaeTcss TO
ofliee, 4YTO NMPUCYLLE BCEM MHOXKECTBAM, PABHOMOLHBIM MHOKecTBY A. KapnuHanbHoe uncsio MHOKecTBa A
o6osHauaercs |Al.

ITpumep 10.18. Momnoctr MHOxkecTB N 1 Q coBnaznaor.

Ipumep 10.19. MoutHoctut muoxects {0,1} u {0,1,2} pasauunsi.

Omnpenenenne 10.20. Momnocts MHOXKecTBa N 0603Hadaetcs Wg.

Omnpenenenne 10.21. MomnocTh MHOXKecTBa R 0o603HauaeTtcs ¢.

10.7 MomHocTh KOHTHHYYMa
[VBII, c. 15], [BIN, c. 22], [Auxe, c. 33]

Omnpenenenne 10.22. Moujrnocmoero KOKmMuUKYyma Ha3bIBAETCS MOLIHOCTb MHOXeTcBa R.
Omnpenenenne 10.23. MHOXeCTBO Ha3blBaeTCS KOHMUHYAAbHbIM, €CIH OHO PaBHOMOILIHO MHOXET-
cBy R.

10.8 KoHTHHYyM-runoresa
[VBIL c. 15, 18], [BIIL, c. 32], [Aze, c. 92], [K], c. 155, 162-163]

10.24. Konmunyym-eunome3a yTBepxKaaeT, 4To Jio6oe NoAMHOXKecTBO R 71160 KOHEUHO, JTHO0 CUETHO,
JU60 KOHTHUHYAJbHO.

10.25. Ha ocHoBe OOBIYHBIX aKCHUOM AaKCHOMATHUECKOHW TEOPUHM MHOXECTB HeJb3sl HU J0Ka3aThb, HHU
OTPOBEPTHYTh KOHTHHYYM-THIIOTE3Y.

10.9 CpaBHeHUEe MOIHOCTEN
[BINL, 1.5], [YBII, 1.6], [Apx, 1.1.7], [Axe, 1.6]

Omnpenenenne 10.26. Eciu MHOXeCTBO A paBHOMOLIHO HEKOTOPOMY MOAMHOXECTBY MHOXeCTBa B, To
nuiyt |A| < |B].

Onpepenenue 10.27. Ecau |A| < |B| u HeBepHo, uTo |A| = |B|, To nuwyt |A| < |B|.

Ynpaxuenue 10.28. Bepro qu, uto |A| < |P(A)| nns moboro MHOxecTBa A?

Ortser 10.28. Jla.
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10.10 Teopema Kantopa—bepHmreiiHa
[BILL, 1.5], [Apx, 1.1.10], [YBII, 1.6], [Axe, 1.6], [KI, c. 156]

Teopema 10.29 (Teopema Kanropa—BepHureiina (Teopema Kanro-
pa—Ilpénepa—bepumreitna)). Ecau |A| < |B| u |B| < |A], To |A| = |B|.
(BIL1, Teopema 6, c. 23.)

10.11 KoHeuHble JUHEHHO yNOPsiJOYEHHbIE MHOMKECTBA
[BILUL, 2.2]

Teopema 10.30 (u3omMoppu3M KOHEUHBIX JMHEHHO YMOPSIOYEHHBIX MHOMKECTB). /[BA KOHEUHBIX
JIHHEHHO YIOpsN0YEeHHBIX MHOXKeCTBA H30MOPGHE! TOTAA H TOJBKO TOrAAa, KOTAa OHH CONEPXKAT OZHHAKOBOE
YHCJI0 3/1€MEHTOB.

(BLIL, Teopema 12, c. 57.)

10.12 CuyéTHble JMHEUHO YyNOpPsSAOYeHHbIe MHOMKECTBA
[BILL, 2.2]

Teopema 10.31 (u3omophu3M CUETHBIX IJIOTHBIX JUHEHHO yNOPSIOYEHHBIX MHOXKECTB 0e3 mep-
BOTO ¥ NOCJIeTHEr0 ajaeMeHTa). JIfo0ble 1Ba CYETHBIX MIOTHBIX JHHEHHO YIOPSIAOYEHHBIX MHOXKECTBA 6e3
[1epBoro u MocJelHero 3JeMeHTa H30MOP(HEL.

(BIL1, Teopema 13, c. 60.)

Teopema 10.32 (nogmHoxkecTBa Q). Kaxknoe cuéTHoe JHHEHHO yIOPSAAOYEHHOE MHOXKECTBO H30MOD(-
HO HEKOTOPOMY MOAMHOXKecTBy MHOxecTBa Q.

(BLIL, Teopema 14, c. 61.)
(Ane, ro1. 3, Teopema 1, c. 52.)

10.13 PyHaupoBaHHbIE MHOMKECTBA
[BII1, 2.3]

Teopema 10.33 (axBuBaseHTHBIE onpenenenus). [Iycrb (A, <) — yacTHUHO ymopsioYeHHOE MHOXe-
cro. Toraa caenyromine ycaoBHsS PABHOCHJIBHEL.

1. s kaxngoro HermycToro MHOXxecTBa B C A HaluéTcs ajieMeHT by € B, MeHbILIHH BCeX OCTaJbHbIX
3JIEMEHTOB MHOXKeCTBa B.

2. He cyulecTByeT 6eCKOHEYHOH CTPOro yObIBaloILeH MOC/Ae10BaTeIbHOCTH 3JIEMEHTOB MHOXeCTBa A.

3. llnsa kaxkmoro oZHOMECTHOro rnpenukata P, onpenenéHHOro Ha MHOXecTBe A, BEpHO cJenyrollee
yTBepxaeHHe (MPHHIIHI BO3BPATHOH HHIYKIIHH)

Va (Vy (y <z — P(y)) — P(x)) — Yz P(z).

(BLIL, Teopema 15, c. 62.)
Omnpenenenue 10.34. HacTuyHO ynopsiiodyeHHOe MHOXKECTBO Ha3blBaeTCsl QyHOUPOBAHHLIM, €CJIH OHO
YIOBJIETBOPSIET YCAOBUSM U3 TeopeMbl 10.33.

10.14 IIpousBeneHue (h)yHIMPOBAHHBIX MHOXKECTB
[BII1, 2.3]

Teopema 10.35. [Tycts (A, <) u (B,<) — (yHIHpOBaHHbIE YaCTHYHO YIOPSAOYEHHbIE MHOXECTBA.
Onpenesnum Ha MHOKecTBe A X B GuHapHOe oTHOIIeHHe <, MOJOXKHUB, YTO {a1,b1) < (ag,be) Torza u Tosabko
TOraa, Koraa ay < ag HJIH BBITOJHEHBl YCJA0BHSA a1 = az M by < by. Torma (A x B, <) — ¢yHIHpOBaHHOE
YaCTHYHO YIOPSA0YEHHOE MHOXKECTBO.

(BLIL, Teopema 16, c. 64.)
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10.15 BmnoJaHe ynopsigoueHHble MHOMKeCTBa
[BIIL, 2.4], [Aze, 3.2], [Apx, 2.1.1], [Cro, 1.10]

Omnpenenenne 10.36. Broane ynopsdouernnovim mHOMecmeom HasbiBaeTcss (QyHIUPOBAHHOE JIMHEHHO
yropsiioueHHOe MHOXKecTBO. COOTBETCTBYIOIIee OTHOLIEHHE MOPSIIKA HA3BIBAETCS NOAHbIM NOPAOKOM.

10.16 CpaBHeHMe BNoJHe yNOPSAAOYEHHbIX MHOMKECTB
[BILL, 2.5], [Apx, 2.2]

Teopema 10.37 (6e3 mokasateabctBa). [lycth A U B — BHOJHe yHnopsiioueHHble MHOXKecTBa. Toraa
A H30MOp(HO HEKOTOPOMY Ha4a/bHOMY OTPe3Ky MHOXeCTBa B u/in B H30MOP(HO HEKOTOPOMY HayaJIbHOMY
0TpesKy MHoxecTBa A.

(BLIIL, Teopema 20, c. 74.)

Teopema 10.38 (Hem30MOP(PHOCTH CBOEMY HAYaJILHOMY OTPE3KY). Hukakoe BIIOJIHE YIIOPIA0YEHHOe
MHOX€eCTBO He H30MOP()HO CBOEMY HauyaJbHOMY OTPe3Ky, He COBMNAAAIOLIEMY CO BCEM MHOXECTBOM.

(BLIL, Teopema 21, c. 76.)
(Ane, ro1. 3, Teopema 9, c. 64.)

Onpenenenne 10.39. Eciv BnosHe ynopsitoueHHOe MHOXeCTBO A H30MOP(HHO HAuyaJbHOMY OTPE3KY
MHOXeCTBa B, He COBMAajawlieMy cO BCeM B, TO OBOPAT, UTO NOpA0KO8bili mun mHoxcecmaa A meHoule
nopsdkosoeo muna mroxcecmsa B.

Omnpenenenue 10.40. Eciu BrosHe ynopsjaoyeHHble MHOxecTBa A U B HM30MOp(HE!, TO TOBOPAT, UTO
Yy HUX 00UHAKOBbLe NOPAOKOBbLE MUNbL.

Teopema 10.41 (Tpuxoromus). /s J00bIX BIOJHE YIOPSAOYEHHBIX MHOXeCTB A U B HMeeT MecTo
POBHO OIHMH U3 CJAEAYIOIIHX TPEX CAYYAeB:

1) mopsiakoBBIE THIT MHOXeCTBa A MeHbIIIe MOPSAKOBOTO THIIA MHOXKeCTBa B,
2) y MHOXecTB A H B onHHaKOBble MOPSAKOBbIE THIIbI,
3) MopsAKOBBIH THI MHOXeCTBa B MeHblle MOpsAKOBOrO THIA MHOXKeCTBa A.

(BLIL, Teopema 22, c. 76.)
(Ane, ra. 3, Teopema 11’, c. 65.)

Teopema 10.42 (ceMelicTBO BHOJIHE YIOPSAIOUYEHHBIX MHOXKECTB). Bo BcsikoM HemycTom cemelicTBe
BITOJIHE YITOPSIIOYEHHBIX MHOXKECTB CYIIECTBYET TAKOe MHOXecTBO A, naoMop(Hoe KakoMy-HHOYIb HAYa/lb-
HOMY OTPe3Ky KaXJIOro MHOXeCTBa U3 JaHHOTO0 CeMeHCTBa.

(BLIL, Teopema 23, c. 77.)

10.17 Axcuoma BbIOOpa
[BII, c. 77-78, 16], [Ane, c. 74, 79], [Apx, 1.2], [KI, c. 155-156, 162]

10.43. Axcuomoti sbi60pa Ha3bIBaeTCs CAEAYIOUIMN MPUHIMIT: IJs JI0O0r0 MHOXKeCTBa A CylIeCTBYeT
takas QyHkuus ¢: P(A) \ {@} — A, 4To /8 KaXIOro HeMycToro MHoxectBa B C A BbHINOJHEHO
¢(B) € B.

10.18 Teopema Llepmeno
[BIIN1, 2.6], [Ane, 3.5], [Apx, 2.1.2, 2.5.4]

Teopema 10.44 (Teopema Llepmesno, 6e3 mokasateabcTBa). /s KaXKJI0ro MHOXKeCTBA A CyIlecTByeT
OHHapHOe OTHOLIeHHe <, ABJAMLIEECs MOJHBIM MOPSIIKOM Ha A.
(BLIL, Teopema 24, c. 77.)
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10.19 CpaBHUMOCTB JIOOBIX ABYX MOIIHOCTEH
[BINY, 2.6], [Ane, 3.6], [Apx, 1.3.6]

Teopema 10.45. [is Jsr06b1x MHOKecTB A u B BoinosHero |A| < |B| uan |B| < |A|.
(BLIL, Teopema 25, c. 80.)
(Ane, ro1. 3, Teopema 21, c. 84.)

10.20 Jlemma IlopnHa
[BIIL, 2.8], [Apx, 1.2], [Apx, 2.5]

Onpepenenune 10.46. [lycts (A, <) — yacTuuHO ynopsinodeHHoe MHOXeCTBO U B C A. MHoxecTBO B
Ha3bIBAETCS yenbro, eCay IJs1 M00bX by € B U by € B BhNosHeHO by < by i by < by.

Teopema 10.47 (nemma Iopua). [Iycts (A, <) — 4YacTHYHO ymopsiioYeHHOe MHOXKECTBO, B KOTOPOM
nast Kaxaok nenu B C A cymecTByeT Takok sjeMeHT ¢ € A, 4To aas kaxjaoro b € B umeer mecto b < c.
Toraa cyuecTByeT TaKOH dj7eMeHT d € A, 4TO HH /151 KAKOoro a € A He BepHO, 4T0 d < a.

(BLIL, Teopema 30, c. 87.)

10.21 IIpoasieHre 4aCTUUYHOIrO MOPSIAKA OO0 JMHEUHOTO
[BII1, 2.8]

Teopema 10.48. [Iycts (A, <) — YacTHYHO yHOpsiioYeHHOe MHOXKecTBO. Torga cylLecTByeT TaKo
JHHEHHbIH nopsagok <’ Ha A, 4To ns Jobbix a € A Hb € A H3 a < b caenyer a <’ b.
(BLIIL, Teopema 31, c. 90.)

10.22 KoHeuHble U CUETHbIE CyMMbl 0€CKOHEUHBIX MOLIHOCTEMU
[BIIL, 2.9], [Ane, 3.6]

Teopema 10.49 (ymuoxkenune Ha Ng). Eciu MHOKecTBo A GeckoHeuHo, To |A X Ro| = |A|.
(BIL1, Teopema 32, c. 91.)
(Ane, ro1. 3, Teopema 24’, c. 87.)
Teopema 10.50 (cymma GeckoHeuHbIX MouiHocTteil). Ecin mHoxecTBo A Geckoneuno u |A| < |B|,
T0 |AUB| = |B].
(BIL1, Teopema 33, c. 92.)
(Ane, ro1. 3, Teopema 24’, c. 87.)

10.23 KgBagpar 6eCKOHEUHOU MOUIHOCTH
[BIN, 2.9], [Ase, 3.6], [Apx, 1.5.1]

Teopema 10.51 (6e3 moka3arteanctBa). Eciu MHOKecTBo A GeckoHedHo, 10 |A X A| = |A|.
(BLIL, Teopema 34, c. 92.)
(Ane, o1, 3, Teopema 24", c. 87.)

10.24 IlpousBeneHue O0€CKOHEUYHbIX MOIIHOCTEM
[BLL, 2.9], [Apx, 1.5.2]

Teopema 10.52. Ecsu mHOMecTBO A GeckoHeyno u |A| < |B|, o |A x B| = |B|.
(BLIL, Teopema 35 (a), c. 94.)

Teopema 10.53. Ecsin MHOXecTBO A 6eCKOHEYHO, TO MHOXECTBO BCEX KOHEUHBIX I10CJE0BATENbHO-
cTeH, coCTaBleHHbIX H3 3JIEMEHTOB A, pABHOMOILIHO MHOXKECTBY A.
(BLIIL, Teopema 35 (B), c. 94.)
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