Śĺŋšăłśĺůěśłőě ĺśůĺśńěŋĺě Ńăňąěłă

Ň. Ř. Ŕěŋšşś

1 Ŕőńşčřşŕŕż ś ďěńěŋĺěň

Őŕřěďěńěŋĺě 1.1. Ňŋőęěśšćő ćśěţ űěńżţ ůĺśěń őąőğŋăůĺň ůěřěğ Z, ňŋőęěśšćő ćśěţ ŋăšşřăńĳŋżţ

ůĺśěń (ś ŋşń-ěň) | ůěřěğ N.

Őŕřěďěńěŋĺě 1.2. Řăğŋőśšĳ ňŋőęěśšć A ĺ B őąőğŋăůĺň A − B.

Őŕřěďěńěŋĺě 1.3. Ňŋőęěśšćő ćśěţ ŕőďňŋőęěśšć ŕřőĺğćőńĳŋőčő ňŋőęěśšćă A őąőğŋăůĺň ůěřěğ P(A). Őŕřěďěńěŋĺě 1.4. Ŕőńşčřşŕŕőľ ŋăğżćăěšś£ ŋěŕşśšőě ňŋőęěśšćő S ś ğăďăŋŋőľ ŋă ŋěľ ąĺŋăřŋőľ

őŕěřăűĺěľ ∘, şďőćńěšćőř£¿źěľ şśńőćĺ¿ (∀x ∈ S) (∀y ∈ S) (∀z ∈ S) (x ∘ y) ∘ z = x ∘ (y ∘ z).

Ŕřĺňěř 1.5. Ŕşśšĳ D | ŋěłőšőřőě ňŋőęěśšćő ĺ nil /∈ D × D. Őŕřěďěńĺň ŋă ňŋőęěśšćě S ⇌ (D × D) ∪ {nil} ąĺŋăřŋş¿ őŕěřăűĺ¿ ⋆, ŕőńőęĺć ⟨x, y⟩ ⋆ ⟨y, z⟩ ⇌ ⟨x, z⟩ ďń£ ń¿ążţ x, y, z ∈ D, ă ćő ćśěţ ďřşčĺţ śńşůă£ţ a ⋆ b ⇌ nil. Šőčďă ⟨S, ⋆⟩ | ŕőńşčřşŕŕă (ďăęě ŕőńşčřşŕŕă ś ŋşń-ěň).

Őŕřěďěńěŋĺě 1.6. Ůăśšĺůŋő şŕőř£ďőůěŋŋőľ ŕőńşčřşŕŕőľ (partially ordered semigroup) ŋăğżćăěšś£

ăńčěąřăĺůěśłă£ śĺśšěňă ⟨S, ∘, ⩽⟩, čďě ⟨S, ∘⟩ | ŕőńşčřşŕŕă, ⩽ | ůăśšĺůŋżľ ŕőř£ďőł ŋă ňŋőęěśšćě S (šő ěśšĳ őšŋőÿěŋĺě ⩽ řěťńěłśĺćŋő, šřăŋğĺšĺćŋő ĺ ăŋšĺśĺňňěšřĺůŋő) ĺ ćżŕőńŋ£ěšś£ śćőľśšćő (∀x_1 ∈ S) (∀x_2 ∈ S) (∀y_1 ∈ S) (∀y_2 ∈ S) (x_1 ⩽ x_2 ∧ y_1 ⩽ y_2 → x_1 ∘ y_1 ⩽ x_2 ∘ y_2) (śň. [34]).

Ŕřĺňěř 1.7. ⟨N, +, ⩽⟩ | ůăśšĺůŋő şŕőř£ďőůěŋŋă£ ŕőńşčřşŕŕă.

Ŕřĺňěř 1.8. Ŕşśšĳ ⟨S, ∘⟩ | ŕőńşčřşŕŕă. Šőčďă ⟨S, ∘, =⟩ | ůăśšĺůŋő şŕőř£ďőůěŋŋă£ ŕőńşčřşŕŕă. Şŕřăęŋěŋĺě 1.9. Ŕşśšĳ ⟨S, ⋆⟩ | ŕőńşčřşŕŕă ĺğ ŕřĺňěřă 1.5. Őŕřěďěńĺň ŋă ňŋőęěśšćě S ąĺŋăřŋőě

őšŋőÿěŋĺě ⪯ šăł:

x ⪯ y šőčďă ĺ šőńĳłő šőčďă, łőčďă x = nil ĺńĺ x = y.

Šőčďă ⟨S, ⋆, ⪯⟩ | ůăśšĺůŋő şŕőř£ďőůěŋŋă£ ŕőńşčřşŕŕă.

Őŕřěďěńěŋĺě 1.10. Ŕőńşčřşŕŕőľ ś ďěńěŋĺěň (residuated semigroup) ŋăğżćăěšś£ ăńčěąřăĺůěśłă£

śĺśšěňă ⟨S, ∘, ⩽⟩, čďě ⟨S, ∘⟩ | ŕőńşčřşŕŕă ĺ ⩽ | ůăśšĺůŋżľ ŕőř£ďőł ŋă ňŋőęěśšćě S, ŕřĺů-ěň ďń£ ń¿ążţ ¡ńěňěŋšőć a ĺ b ĺğ S śşźěśšćşěš šăłőľ ¡ńěňěŋš a / b ∈ S (ŕřăćőě ůăśšŋőě ¡ńěňěŋšă a ŕő b), ůšő şśńőćĺ£ c ⩽ a / b ĺ c ∘ b ⩽ a ¡łćĺćăńěŋšŋż, ĺ śşźěśšćşěš šăłőľ ¡ńěňěŋš b \ a ∈ S (ńěćőě ůăśšŋőě ¡ńěňěŋšă a ŕő b), ůšő şśńőćĺ£ c ⩽ b \ a ĺ b ∘ c ⩽ a ¡łćĺćăńěŋšŋż (śň. [34]).

Ŕřĺňěř 1.11. ⟨Z, +, ⩽⟩ | ŕőńşčřşŕŕă ś ďěńěŋĺěň. Şŕřăęŋěŋĺě 1.12. ⟨N − {0}, +, ⩾⟩ | ŕőńşčřşŕŕă ś ďěńěŋĺěň.

Şŕřăęŋěŋĺě 1.13. Ć łăęďőľ ŕőńşčřşŕŕě ś ďěńěŋĺěň ŕřăćőě ůăśšŋőě ĺ ńěćőě ůăśšŋőě őŕřěďěń£¿šś£

őďŋőğŋăůŋő.

Şŕřăęŋěŋĺě 1.14. Łăęďă£ ąşńěćă ăńčěąřă £ćń£ěšś£ ŕőńşčřşŕŕőľ ś ďěńěŋĺěň. Şŕřăęŋěŋĺě 1.15. Łăęďă£ ŕőńşčřşŕŕă ś ďěńěŋĺěň £ćń£ěšś£ ůăśšĺůŋő şŕőř£ďőůěŋŋőľ ŕőńşčřşŕ-

ŕőľ.

Šěőřěňă 1.16. Ŕşśšĳ ⟨S, ∘, ⩽⟩ | ůăśšĺůŋő şŕőř£ďőůěŋŋă£ ŕőńşčřşŕŕă. Řăśśňőšřĺň ňŋőęěśšćő

K ⇌ {A ⊆ S | (∀a ∈ A) (∀b ⩽ a) b ∈ A}. Őŕřěďěńĺň ŋă ňŋőęěśšćě K ąĺŋăřŋş¿ őŕěřăűĺ¿ � šăł: A � B ⇌ {c ∈ S | (∃a ∈ A) (∃b ∈ B) c ⩽ a ∘ b}. Šőčďă ⟨K, � , ⊆⟩ | ŕőńşčřşŕŕă ś ďěńěŋĺěň. Ŕřĺ ¡šőň A / B = {c ∈ S | (∀b ∈ B) c ∘ b ∈ A} ĺ B \ A = {c ∈ S | (∀b ∈ B) b ∘ c ∈ A}. Ŕřĺňěř 1.17. Ŕşśšĳ ⟨S, ∘⟩ | ŕőńşčřşŕŕă. Őŕřěďěńĺň ŋă ňŋőęěśšćě P(S) ąĺŋăřŋş¿ őŕěřăűĺ¿ �

šăł: A � B ⇌ {a ∘ b | a ∈ A, b ∈ B}. Šőčďă ⟨P(S), � , ⊆⟩ | ŕőńşčřşŕŕă ś ďěńěŋĺěň. Ŕřĺ ¡šőň A / B = {c ∈ S | {c} � B ⊆ A} ĺ B \ A = = {c ∈ S | B � {c} ⊆ A}. Ğăňěůăŋĺě 1.18. Őŕěřăűĺĺ / ĺ \ ĺğ ŕřĺňěřă 1.17 ĺśŕőńĳğş¿šś£ ŕřĺ śŕěűĺťĺłăűĺĺ ŕřőčřăňň [37]. Őŕřěďěńěŋĺě 1.19. Ŕşśšĳ ˚ | ŋěłőšőřőě ŋěŕşśšőě ňŋőęěśšćő. Ůěřěğ ˚^+ őąőğŋăůăěšś£ ňŋő-

ęěśšćő ćśěţ ŋěŕşśšżţ łőŋěůŋżţ ŕőśńěďőćăšěńĳŋőśšěľ ¡ńěňěŋšőć ˚. Ŕőńşčřşŕŕă ⟨˚^+ , ∘⟩, čďě ∘ | őŕěřăűĺ£ łőŋłăšěŋăűĺĺ (śłńěĺćăŋĺ£) łőŋěůŋżţ ŕőśńěďőćăšěńĳŋőśšěľ, ŋăğżćăěšś£ śćőąőďŋőľ ŕőńşčřşŕŕőľ. İńěňěŋšż ňŋőęěśšćă ˚ ŋăğżćă¿šś£ ŕőřőęďă¿źĺňĺ ¡šőľ śćőąőďŋőľ ŕőńşčřşŕŕż.

Ŕřőąńěňă 1.20. Ŕşśšĳ ⟨˚^+, ∘⟩ | śćőąőďŋă£ ŕőńşčřşŕŕă. Őŕĺśăšĳ ŋăĺňěŋĳÿěě ŕőďňŋőęěśšćő ňŋő-

ęěśšćă P(˚^+ ), śőďěřęăźěě ćśě łőŋěůŋżě ŕőďňŋőęěśšćă ňŋőęěśšćă ˚^+ ĺ ğăňłŋşšőě őšŋőśĺšěńĳŋő őŕěřăűĺľ � , / ĺ \ ĺğ ŕřĺňěřă 1.17.

Şŕřăęŋěŋĺě 1.21. Ŕşśšĳ ⟨˚^+ , ∘⟩ | śćőąőďŋă£ ŕőńşčřşŕŕă. Őąőğŋăůĺň

K ⇌ {A ⊆ ˚^+ | A = ˚^+ ĺńĺ A łőŋěůŋő}.

Őŕřěďěńĺň ŋă ůăśšĺůŋő şŕőř£ďőůěŋŋőň ňŋőęěśšćě ⟨K, ⊆⟩ ąĺŋăřŋş¿ őŕěřăűĺ¿ � šăł: A � B ⇌ min{C ∈ K | (∀a ∈ A) (∀b ∈ B) a ∘ b ∈ C}. Šőčďă ⟨K, � , ⊆⟩ | ŕőńşčřşŕŕă ś ďěńěŋĺěň.

Őŕřěďěńěŋĺě 1.22. Ŕşśšĳ ˚ | ŋěłőšőřőě ŋěŕşśšőě ňŋőęěśšćő. Ůěřěğ ˚^∗ őąőğŋăůăěšś£ ňŋőęěśšćő

ćśěţ łőŋěůŋżţ ŕőśńěďőćăšěńĳŋőśšěľ ¡ńěňěŋšőć ˚. Ňőŋőĺď ⟨˚^∗, ∘, ε⟩, čďě ∘ | őŕěřăűĺ£ łőŋłăšěŋăűĺĺ (śłńěĺćăŋĺ£) łőŋěůŋżţ ŕőśńěďőćăšěńĳŋőśšěľ, ă ε | ŕşśšă£ ŕőśńěďőćăšěńĳŋőśšĳ, ŋăğżćăěšś£ śćőąőďŋżň ňőŋőĺďőň.

Ğăňěůăŋĺě 1.23. ˚^∗ = ˚^+ ∪ {ε}.

2 Ŋěśěłćěŋűĺăńĳŋőě ĺśůĺśńěŋĺě

Ğăňěůăŋĺě 2.1. Ć őŕřěďěń£ěňőň ć ¡šőň řăğďěńě ĺśůĺśńěŋĺĺ ćżćőď£šś£ ćśě ğăłőŋż šěőřĺĺ ŕőńş-

čřşŕŕ ś ďěńěŋĺěň, ćżřăęăěňżě ăšőňăřŋżňĺ ťőřňşńăňĺ ć śĺčŋăšşřě ⟨ � , \, /, ⩽⟩.

Őŕřěďěńěŋĺě 2.2. İńěňěŋšż śů-ěšŋőčő ňŋőęěśšćă Pr ⇌ {p1, p2, p3, . . .} ŋăğżćă¿šś£ ŕřĺňĺšĺćŋżňĺ

šĺŕăňĺ.

Őŕřěďěńěŋĺě 2.3. Šĺŕż ĺśůĺśńěŋĺ£ Ńăňąěłă śšřő£šś£ ĺğ ¡ńěňěŋšőć ňŋőęěśšćă Pr ś ŕőňőźĳ¿ šř-ěţ

ąĺŋăřŋżţ őŕěřăšőřőć � , \ ĺ /. Ňŋőęěśšćő ćśěţ šĺŕőć őąőğŋăůăěšś£ Tp. Šĺŕż ąşďěň őąőğŋăůăšĳ ğăčńăćŋżňĺ ąşłćăňĺ ĺğ ŋăůăńă ńăšĺŋśłőčő ăńťăćĺšă.

Őŕřěďěńěŋĺě 2.4. Řăśśňőšřĺň ĺśůĺśńěŋĺě LH (śň. [40]), ćżćőďĺňżňĺ őąžěłšăňĺ łőšőřőčő £ćń£-

¿šś£ ťőřňşńż ćĺďă A → B, čďě A ∈ Tp ĺ B ∈ Tp. Ăłśĺőňż ĺśůĺśńěŋĺ£ L_H ĺňě¿š ćĺď A → A, (A � B) � C → A � (B � C) ĺ A � (B � C) → (A � B) � C, ă ćżćőďż śšřő£šś£ ś ŕőňőźĳ¿ śńěďş¿źĺţ ŕřăćĺń: A � C → B C → A \ B, C � A → B C → B/A, C → A \ B A � C → B, C → B/A C � A → B, A → B B → C A → C. Ć łăęďőň ŕřăćĺńě ťőřňşńă ŕőď ůěřšőľ ŋăğżćăěšś£ ğăłń¿ůěŋĺěň ďăŋŋőčő ŕřăćĺńă, ă ťőřňşńż ŋăď ůěřšőľ (őďŋă ĺńĺ ďćě) ŋăğżćă¿šś£ ŕőśżńłăňĺ ďăŋŋőčő ŕřăćĺńă. Ňŋőęěśšćő ćżćőďĺňżţ ťőřňşń ďăŋŋőčő ĺśůĺśńěŋĺ£ őŕřěďěń£ěšś£ łăł ŋăĺňěŋĳÿěě ňŋőęěśšćő, śőďěřęăźěě ćśě ăłśĺőňż ĺ ğăňłŋşšőě őšŋőśĺšěńĳŋő ŕřăćĺń ćżćőďă (šő ěśšĳ şďőćńěšćőř£¿źěě śńěďş¿źěňş şśńőćĺ¿: ěśńĺ ćśě ŕőśżńłĺ ŋěłőšőřőčő ŕřăćĺńă ŕřĺŋăďńěęăš ¡šőňş ňŋőęěśšćş, šő ĺ ğăłń¿ůěŋĺě ďăŋŋőčő ŕřăćĺńă ŕřĺŋăďńěęĺš ¡šőňş ňŋőęěśšćş).

Ĺśůĺśńěŋĺě L_H ŋăğżćăěšś£ ĺśůĺśńěŋĺěň Ńăňąěłă. Ąşďěň ŕĺśăšĳ L_H ⊢ A → B, ěśńĺ ťőřňşńă A → B ćżćőďĺňă ć ĺśůĺśńěŋĺĺ L_H.

Şŕřăęŋěŋĺě 2.5. LH ⊢ (A/B) � B → A. Şŕřăęŋěŋĺě 2.6. LH ⊢ B � (B \ A) → A.

Ŕřĺňěř 2.7. LH ⊢ B → A/(B \ A):_{B \ A → B \ A} B � (B \ A) → A B → A/(B \ A). Ğăňěůăŋĺě 2.8. Ć ňăšěňăšĺůěśłőľ ńĺŋčćĺśšĺłě ĺśůĺśńěŋĺě Ńăňąěłă ĺśŕőńĳğşěšś£ ďń£ ğăďăŋĺ£

ňŋőęěśšćă łőřřěłšŋżţ ŕřěďńőęěŋĺľ. Ć śŕěűĺăńĳŋőň śńőćăřě şśšăŋăćńĺćăěšś£ śőőšćěšśšćĺě ňěęďş śńőćőťőřňăňĺ ĺ šĺŕăňĺ ĺśůĺśńěŋĺ£ Ńăňąěłă. Ďń£ ŋăčń£ďŋőśšĺ őąőğŋăůĺň p_1, p_2 ĺ p_3 ůěřěğ s (ŕřěďńőęěŋĺě), np (ĺňěŋŋă£ čřşŕŕă) ĺ n (ĺňěŋŋă£ čřşŕŕă ąěğ ăřšĺłń£). Ŕşśšĳ ć śńőćăřě ĺňě¿šś£ śńěďş- ¿źĺě ğăŕĺśĺ: np ▷ Mary, np ▷ John, (np \ s) ▷ smiles, ((np \ s) \ (np \ s)) ▷ charmingly, ((np \ s)/np) ▷ reads, n ▷ book, (np/n) ▷ a, (n/n) ▷ strange, ((s \ s)/s) ▷ whenever. Šőčďă ćżćőďĺňőśšĳ np � (np \ s) → s ŕőłăğżćăěš, ůšő Mary smiles £ćń£ěšś£ ŕřěďńőęěŋĺěň.

Şŕřăęŋěŋĺě 2.9. LH ⊢ (A \ B) � C → A \ (B � C). Şŕřăęŋěŋĺě 2.10. LH ⊢ A � (B \ C) → (B/A) \ C.

Őŕřěďěńěŋĺě 2.11. Ňőďěńĳ¿ ĺśůĺśńěŋĺ£ Ńăňąěłă ŋă ŕőńşčřşŕŕě ś ďěńěŋĺěň (ĺńĺ, ďń£ łřăšłőśšĺ,

ŕřőśšő ňőďěńĳ¿ ŋă ŕőńşčřşŕŕě ś ďěńěŋĺěň) ŋăğżćăěšś£ šăłă£ ůěšć-ěřłă ⟨S, ∘, ⩽, w⟩, čďě ⟨S, ∘, ⩽⟩ | ŕőńşčřşŕŕă ś ďěńěŋĺěň, ă w | őšőąřăęěŋĺě ĺğ ňŋőęěśšćă Tp ć ňŋőęěśšćő S, şďőćńěšćőř£¿źěě śńěďş¿źĺň šř-ěň śőőšŋőÿěŋĺ£ň: w(A � B) = w(A) ∘ w(B), w(A \ B) = w(A) \ w(B), w(A/B) = w(A) / w(B). Ğăňěůăŋĺě 2.12. Ŕşśšĳ ⟨S, ∘, ⩽, w⟩ | ňőďěńĳ ŋă ŕőńşčřşŕŕě ś ďěńěŋĺěň. Ěśńĺ ďăŋż ğŋăůěŋĺ£

ťşŋłűĺĺ w ŋă ¡ńěňěŋšăţ Pr, šő őśšăńĳŋżě ğŋăůěŋĺ£ ťşŋłűĺĺ w őŕřěďěń£¿šś£ őďŋőğŋăůŋő.

Őŕřěďěńěŋĺě 2.13. Ťőřňşńă A → B ŋăğżćăěšś£ ĺśšĺŋŋőľ ć ňőďěńĺ ŋă ŕőńşčřşŕŕě ś ďěńěŋĺěň ⟨S, ∘, ⩽, w⟩, ěśńĺ w(A) ⩽ w(B). Őŕřěďěńěŋĺě 2.14. Ŕşśšĳ C | ŋěłőšőřőě ĺśůĺśńěŋĺě ĺ F | ňŋőęěśšćő ćśěţ ťőřňşń ěčő £ğżłă.

Ĺśůĺśńěŋĺě C ŋăğżćăěšś£ łőřřěłšŋżň őšŋőśĺšěńĳŋő łńăśśă ňőďěńěľ K, ěśńĺ ďń£ łăęďőľ ťőřňşńż F ∈ F ĺğ C ⊢ F śńěďşěš, ůšő (∀M ∈ K) M ⊨ F . Ĺśůĺśńěŋĺě C ŋăğżćăěšś£ ŕőńŋżň őšŋőśĺšěńĳŋő łńăśśă ňőďěńěľ K, ěśńĺ ďń£ łăęďőľ ťőřňşńż F ∈ F ĺğ (∀M ∈ K) M ⊨ F śńěďşěš, ůšő C ⊢ F .

Šěőřěňă 2.15. Ĺśůĺśńěŋĺě LH łőřřěłšŋő őšŋőśĺšěńĳŋő ňőďěńěľ ŋă ŕőńşčřşŕŕăţ ś ďěńěŋĺěň (šő

ěśšĳ ěśńĺ A → B ćżćőďĺňă ć L_H, šő A → B ĺśšĺŋŋă ćő ćśěţ ňőďěń£ţ ŋă ŕőńşčřşŕŕăţ ś ďěńěŋĺěň).

Őŕřěďěńěŋĺě 2.16. Řěğşńĳšăš ğăňěŋż ćśěţ ćţőęďěŋĺľ pi ć šĺŕě A ŋă šĺŕ B ąşďěň őąőğŋăůăšĳ

A[p_i ← B]. (İšő ŕőŋ£šĺě ňőęŋő őŕřěďěńĺšĳ ĺŋďşłűĺěľ ŕő ŕőśšřőěŋĺ¿ A.)

Šěőřěňă 2.17 (ő ďőŕşśšĺňőśšĺ ŕřăćĺńă ŕőďśšăŋőćłĺ). Ěśńĺ LH ⊢ A → B, šő

L_H ⊢ A[p_i ← C] → B[p_i ← C].

Šěőřěňă 2.18. Ěśńĺ LH ⊢ A1 → A2, šő LH ⊢ A1 � B → A2 � B, LH ⊢ B � A1 → B � A2,

L_H ⊢ A_1/B → A_2/B, L_H ⊢ B/A_2 → B/A_1, L_H ⊢ B \ A_1 → B \ A_2 ĺ L_H ⊢ A_2 \ B → A_1 \ B.

Őŕřěďěńěŋĺě 2.19. A ↔ B ⇌ LH ⊢ A → B ĺ LH ⊢ B → A. Şŕřăęŋěŋĺě 2.20. (A \ B)/C ↔ A \ (B/C). Şŕřăęŋěŋĺě 2.21. A/(B � C) ↔ (A/C)/B. Şŕřăęŋěŋĺě 2.22. A � (A \ (A � B)) ↔ A � B. Šěőřěňă 2.23. Őšŋőÿěŋĺě ↔ | łőŋčřş¡ŋűĺ£.

Šěőřěňă 2.24 (ő ďőŕşśšĺňőśšĺ ŕřăćĺńă ğăňěŋż). Ěśńĺ A ↔ B, šő C[pi ← A] ↔ C[pi ← B]. Ŕřőąńěňă 2.25. Ňőęŋő ńĺ ăłśĺőňăšĺğĺřőćăšĳ šěőřĺ¿ őšŋőÿěŋĺ£ ↔ ś ŕőňőźĳ¿ ŕřăćĺń ŕőďśšă-

ŋőćłĺ, ğăňěŋż, šřăŋğĺšĺćŋőśšĺ, śĺňňěšřĺůŋőśšĺ ĺ łőŋěůŋőčő ňŋőęěśšćă ăłśĺőň ćĺďă A ↔ B?

Šěőřěňă 2.26. Ĺśůĺśńěŋĺě LH ŕőńŋő őšŋőśĺšěńĳŋő ňőďěńěľ ŋă ŕőńşčřşŕŕăţ ś ďěńěŋĺěň (šő ěśšĳ

ěśńĺ A → B ĺśšĺŋŋă ćő ćśěţ ňőďěń£ţ ŋă ŕőńşčřşŕŕăţ ś ďěńěŋĺěň, šő A → B ćżćőďĺňă ć L_H) [24]. Śşźěśšćşěš şŋĺćěřśăńĳŋă£ ňőďěńĳ (šő ěśšĳ śşźěśšćşěš šăłă£ ňőďěńĳ ŋă ŕőńşčřşŕŕě ś ďěńěŋĺěň, ůšő ć ŋěľ ĺśšĺŋŋż ćśě ćżćőďĺňżě ć L_H ťőřňşńż ĺ šőńĳłő őŋĺ).

Ďőłăğăšěńĳśšćő. Ŕőśšřőĺň łăŋőŋĺůěśłş¿ ňőďěńĳ ĺğ łńăśśőć ¡łćĺćăńěŋšŋőśšĺ šĺŕőć ŕő łőŋčřş¡ŋűĺĺ ↔. Őąőğŋăůĺň [A] ⇌ {B ∈ Tp | A ↔ B} ďń£ łăęďőčő A ∈ Tp. Őąőğŋăůĺň S ⇌ {[A] | A ∈ Tp}. Ŕőńőęĺň [A] ⩽ [B] šőčďă ĺ šőńĳłő šőčďă, łőčďă L_H ⊢ A → B. Ŕőńőęĺň [A] ∘ [B] ⇌ [A � B], [A] / [B] ⇌ [A/B], [A] \ [B] ⇌ [A \ B]. İšĺ őŕřěďěńěŋĺ£ łőřřěłšŋż. Ňőęŋő ŕřőćěřĺšĳ, ůšő ⟨S, ∘, ⩽⟩ £ćń£ěšś£ ŕőńşčřşŕŕőľ ś ďěńěŋĺěň.

Ŕőńőęĺň w(A) ⇌ [A] ďń£ łăęďőčő A ∈ Tp. Ńěčłő ŕřőćěřĺšĳ, ůšő ⟨S, ∘, ⩽, w⟩ £ćń£ěšś£ şŋĺćěřśăńĳŋőľ ňőďěńĳ¿ ďń£ ĺśůĺśńěŋĺ£ L_H.

Ŕřőąńěňă 2.27. Ŕőńŋő ńĺ ĺśůĺśńěŋĺě LH (ĺńĺ ţőš£ ąż LH(\)) őšŋőśĺšěńĳŋő ňőďěńěľ ŋă łőŋěůŋżţ

ŕőńşčřşŕŕăţ ś ďěńěŋĺěň?

3 Śěłćěŋűĺăńĳŋőě ĺśůĺśńěŋĺě 3.1 Őŕřěďěńěŋĺě Ğăňěůăŋĺě 3.1. Őŕřěďěń£ěňőě ć ¡šőň řăğďěńě śěłćěŋűĺăńĳŋőě ĺśůĺśńěŋĺě ŕőňőęěš şśšăŋőćĺšĳ

řăğřěÿĺňőśšĳ ŕřőąńěňż ćżćőďĺňőśšĺ ć ĺśůĺśńěŋĺĺ L_H.

Őŕřěďěńěŋĺě 3.2. Ďń£ ňŋőęěśšćă ćśěţ łőŋěůŋżţ ŕőśńěďőćăšěńĳŋőśšěľ šĺŕőć ĺśŕőńĳğşěň őąőğŋă-

ůěŋĺě Tp^∗, ă ďń£ ňŋőęěśšćă ćśěţ ŋěŕşśšżţ łőŋěůŋżţ ŕőśńěďőćăšěńĳŋőśšěľ šĺŕőć | Tp^+. Śĺňćőń~ ąşďěš őąőğŋăůăšĳ ŕşśšş¿ ŕőśńěďőćăšěńĳŋőśšĳ šĺŕőć. Ŕřőŕĺśŋżě čřěůěśłĺě ąşłćż (łřőňě ~ ĺ ˚) ąşďěň ĺśŕőńĳğőćăšĳ ďń£ őąőğŋăůěŋĺ£ ŕřőĺğćőńĳŋżţ łőŋěůŋżţ (ŋě őą£ğăšěńĳŋő ŋěŕşśšżţ) ŕőśńěďőćăšěńĳŋőśšěľ šĺŕőć. Ĺŋőčďă ąşďěň ŕĺśăšĳ A_1 � . . . � A_n ćňěśšő (. . . (A_1 � A_2) � . . . � A_n). Ěśńĺ ` = A_1 . . . A_n, šő •` ⇌ A_1 � . . . � A_n.

Őŕřěďěńěŋĺě 3.3. Őŕřěďěńĺň šěŕěřĳ ĺśůĺśńěŋĺě L (śň. [40]). Ćżćőďĺňżňĺ őąžěłšăňĺ ¡šőčő ĺś-

ůĺśńěŋĺ£ £ćń£¿šś£ ğăŕĺśĺ ćĺďă A_1 . . . A_n → B, čďě n ⩾ 1 (šăłĺě ğăŕĺśĺ ŋăğżćă¿šś£ śěłćěŋűĺ£ňĺ). Ĺŋšşĺšĺćŋő A_1 . . . A_n → B őğŋăůăěš šő ęě, ůšő ĺ A_1 � . . . � A_n → B. Šĺŕ B ŋăğżćăěšś£ śşłűěďěŋšőň, ă ŕőśńěďőćăšěńĳŋőśšĳ A_1 . . . A_n | ăŋšěűěďěŋšőň śěłćěŋűĺĺ A_1 . . . A_n → B. Ĺŋőčďă ďń£ £śŋőśšĺ šĺŕż ăŋšěűěďěŋšă őšďěń£¿š ďřşč őš ďřşčă ğăŕ£šżňĺ.

Ăłśĺőňż ĺśůĺśńěŋĺ£ L ĺňě¿š ćĺď A → A. Ćżćőďż śšřő£šś£ ś ŕőňőźĳ¿ śńěďş¿źĺţ ŕřăćĺń: A ˝ → B ˝ → A \ B (→ \), čďě ˝ ≠ ~, ˝ → A ` B ´ → C ` ˝ (A \ B) ´ → C (\ →),

˝ A → B ˝ → B/A (→ /), čďě ˝ ≠ ~, ˝ → A ` B ´ → C ` (B/A) ˝ ´ → C (/ →),

` → A ´ → B ` ´ → A � B (→^� ), ` A B ´ → C ` (A � B) ´ → C

( � →), ˝ → B ` B ´ → A ` ˝ ´ → A (cut).

Ć łăęďőň ŕřăćĺńě śěłćěŋűĺ£ ŕőď ůěřšőľ ŋăğżćăěšś£ ğăłń¿ůěŋĺěň ďăŋŋőčő ŕřăćĺńă, ă śěłćěŋűĺĺ ŋăď ůěřšőľ (őďŋă ĺńĺ ďćě) ŋăğżćă¿šś£ ŕőśżńłăňĺ ďăŋŋőčő ŕřăćĺńă.

Ĺśůĺśńěŋĺě L ŋăğżćăěšś£ śěłćěŋűĺăńĳŋżň ĺśůĺśńěŋĺěň Ńăňąěłă ĺńĺ ŕřőśšő ĺśůĺśńěŋĺěň Ńăňąěłă.

Ŕřĺňěř 3.4. L ⊢ ((p1 \ p2)/p3) → (p1 \ (p2/p3)):

p_3 → p_3 p_1 → p_1 p_2 → p_2 p_1 (p_1 \ p_2) → p_2 (\ →) p_1 ((p_1 \ p_2)/p_3) p_3 → p_2 (/ →) p_1 ((p_1 \ p_2)/p_3) → (p_2/p_3) (→ /) ((p_1 \ p_2)/p_3) → (p_1 \ (p_2/p_3)) (→ \). Şŕřăęŋěŋĺě 3.5. L ⊢ (A/B) (B/C) → A/C.

Őŕřěďěńěŋĺě 3.6. Ć ŕřăćĺńăţ (→ \), (→ /) ĺ (→ � ) čńăćŋżň šĺŕőň ŋăğżćăěšś£ śşłűěďěŋš ğă-

łń¿ůěŋĺ£. Ć ŕřăćĺńăţ (\ →), (/ →) ĺ ( � →) čńăćŋżň šĺŕőň ŋăğżćăěšś£ šőš šĺŕ ć ăŋšěűěďěŋšě ğăłń¿ůěŋĺ£, łőšőřżľ ć śţěňě ŕřăćĺńă ğăłń¿ů-ěŋ ć śłőąłĺ.

Őŕřěďěńěŋĺě 3.7. Ďńĺŋă šĺŕă A őąőğŋăůăěšś£ ‖A‖ ĺ őŕřěďěń£ěšś£ łăł śşňňăřŋőě łőńĺůěśšćő

ćţőęďěŋĺľ ŕřĺňĺšĺćŋżţ šĺŕőć ĺ ğŋăłőć ąĺŋăřŋżţ őŕěřăűĺľ ć A: ‖p_i‖ ⇌ 1, ‖A � B‖ ⇌ ‖A‖ + ‖B‖ + 1, ‖A \ B‖ ⇌ ‖A‖ + ‖B‖ + 1, ‖A/B‖ ⇌ ‖A‖ + ‖B‖ + 1. Ďń£ ŕőśńěďőćăšěńĳŋőśšĺ šĺŕőć ŕőńăčăěň ‖A_1 . . . A_n‖ ⇌ ‖A_1‖ + . . . + ‖A_n‖. 3.2 Şśšřăŋĺňőśšĳ śěůěŋĺ£

Ŕřĺćěď-ěň ďőłăğăšěńĳśšćő šěőřěňż őą şśšřăŋĺňőśšĺ śěůěŋĺ£, őŕşąńĺłőćăŋŋőě Ĺ. Ńăňąěłőň ć řăąőšě [40].

Šěőřěňă 3.8 (Ńăňąěł). Ń¿ąş¿ śěłćěŋűĺ¿, ćżćőďĺňş¿ ć ĺśůĺśńěŋĺĺ Ńăňąěłă, ňőęŋő ćżćěśšĺ

ąěğ ĺśŕőńĳğőćăŋĺ£ ŕřăćĺńă (cut).

Ďőłăğăšěńĳśšćő. Ďőłăęěň ĺŋďşłűĺěľ ŕő ‖˘‖ + ‖ˇ‖ + ‖¯‖ + ‖F ‖ + ‖E‖, ůšő ěśńĺ śěłćěŋűĺĺ ˇ → F ĺ ˘F ¯ → E ćżćőďĺňż ć ĺśůĺśńěŋĺĺ Ńăňąěłă ąěğ ĺśŕőńĳğőćăŋĺ£ ŕřăćĺńă (cut), šő śěłćěŋűĺ£ ˘ˇ¯ → E šőęě ćżćőďĺňă ąěğ ĺśŕőńĳğőćăŋĺ£ ŕřăćĺńă (cut). Řăśśňőšřĺň śěňĳ (ůăśšĺůŋő ŕěřěłřżćă¿źĺţś£) śńşůăěć.

Śńşůăľ 1: ˇ → F £ćń£ěšś£ ăłśĺőňőľ.

Šőčďă ğăłń¿ůěŋĺě ŕřăćĺńă śěůěŋĺ£ śőćŕăďăěš ś ŕőśżńłőľ ˘F ¯ → E.

Śńşůăľ 2: ˘F ¯ → E £ćń£ěšś£ ăłśĺőňőľ.

Šőčďă ğăłń¿ůěŋĺě ŕřăćĺńă śěůěŋĺ£ śőćŕăďăěš ś ŕőśżńłőľ ˇ → F .

Śńşůăľ 3: šĺŕ F ŋě £ćń£ěšś£ čńăćŋżň šĺŕőň ŕőśńěďŋěčő ŕřăćĺńă ć ćżćőďě śěłćěŋűĺĺ ˇ → F .

Řăğďěńĺň ¡šőš śńşůăľ ŋă ŕőďśńşůăĺ ć ğăćĺśĺňőśšĺ őš ŕőśńěďŋěčő ŕřăćĺńă ¡šőčő ćżćőďă.

Śńşůăľ 3a: ŕřăćĺńő (\ →).

Ďăŋő ˝ → A `B´ → F `˝(A \ B)´ → F (\ →) ˘F ¯ → E ˘`˝(A \ B)´¯ → E

(cut).

Ŕěřěśšřőĺň ćżćőď šăł: ˝ → A `B´ → F ˘F ¯ → E ˘`B´¯ → E (cut) ˘`˝(A \ B)´¯ → E (\ →). Śńşůăľ 3b: ŕřăćĺńő (/ →).

Ćżćőď ŕěřěśšřăĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 3a.

Śńşůăľ 3c: ŕřăćĺńő ( � →).

Ćżćőď ŕěřěśšřăĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 3a.

Śńşůăľ 4: šĺŕ F ŋě £ćń£ěšś£ čńăćŋżň šĺŕőň ŕőśńěďŋěčő ŕřăćĺńă ć ćżćőďě śěłćěŋűĺĺ ˘F ¯ → E.

İšőš śńşůăľ řăğąĺřăěšś£ ăŋăńőčĺůŋő śńşůă¿ 3.

Śńşůăľ 5: Ć ŕőśńěďŋĺţ ŕřăćĺńăţ ćżćőďőć śěłćěŋűĺľ ˇ → F ĺ ˘F ¯ → E ććőďĺšś£ čńăćŋă£

ść£ğłă ďń£ šĺŕă F = A � B.

Ďăŋő ` → A ´ → B `´ → A � B (→^� ) ˘AB¯ → E ˘(A � B)¯ → E

( � →)

˘`´¯ → E (cut).

Ŕěřěśšřőĺň ćżćőď šăł: ´ → B ` → A ˘AB¯ → E ˘`B¯ → E (cut) ˘`´¯ → E (cut).

Śńşůăľ 6: Ć ŕőśńěďŋĺţ ŕřăćĺńăţ ćżćőďőć śěłćěŋűĺľ ˇ → F ĺ ˘F ¯ → E ććőďĺšś£ čńăćŋă£

ść£ğłă ďń£ šĺŕă F = A \ B.

Ďăŋő Aˇ → B ˇ → A \ B (→ \) ˝ → A `B´ → E `˝(A \ B)´ → E (\ →) `˝ˇ´ → E (cut).

Ŕěřěśšřőĺň ćżćőď šăł: ˝ → A Aˇ → B `B´ → E `Aˇ´ → E (cut) `˝ˇ´ → E (cut).

Śńşůăľ 7: Ć ŕőśńěďŋĺţ ŕřăćĺńăţ ćżćőďőć śěłćěŋűĺľ ˇ → F ĺ ˘F ¯ → E ććőďĺšś£ čńăćŋă£

ść£ğłă ďń£ šĺŕă F = B/A.

Ćżćőď ŕěřěśšřăĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 6.

Ŕřĺňěř 3.9. L 0 p1 → p2 � (p2 \ p1). L 0 p1/(p2 \ p1) → p2. Šěőřěňă 3.10. Ŕřőąńěňă ćżćőďĺňőśšĺ ć L řăğřěÿĺňă. Šěőřěňă 3.11. Śćőľśšćő ŕőďťőřňşńĳŋőśšĺ.

3.3 Ŕřőśšżě šěőřěšĺłő-ďőłăğăšěńĳśšćěŋŋżě śćőľśšćă Ńěňňă 3.12. Ŕřăćĺńă (→ \), (→ /) ĺ ( � →) őąřăšĺňż.

Ďőłăğăšěńĳśšćő. Őąřăšĺňőśšĳ ŕřăćĺńă (→ \) şśšăŋăćńĺćăěšś£ ćżćőďőň ˝ → A \ B A → A B → B A(A \ B) → B (\ →) A˝ → B (cut) . Őąřăšĺňőśšĳ ŕřăćĺńă (→ /) şśšăŋăćńĺćăěšś£ ćżćőďőň ˝ → B/A A → A B → B (B/A)A → B (/ →) ˝A → B (cut).

Őąřăšĺňőśšĳ ŕřăćĺńă ( � →) şśšăŋăćńĺćăěšś£ ćżćőďőň A → A B → B AB → A � B ( → � ) `( A � B)´ → C `AB´ → C (cut).

Ńěňňă 3.13. Ěśńĺ LH ⊢ D → E, šő L ⊢ D → E. Ńěňňă 3.14. Ěśńĺ L ⊢ ` → A, šő LH ⊢ •` → A.

Šěőřěňă 3.15. L ⊢ ` → A šőčďă ĺ šőńĳłő šőčďă, łőčďă LH ⊢ •` → A [40]. Ŕřĺňěř 3.16. LH 0 p1 → p2 � (p2 \ p1). LH 0 p1/(p2 \ p1) → p2.

Ŕřĺňěř 3.17. L ⊢ B (A/B) → A šőčďă ĺ šőńĳłő šőčďă, łőčďă LH ⊢ B � (A/B) → A. Şŕřăęŋěŋĺě 3.18. Ďőŕşśšĺňő ńĺ ŕřăćĺńő^{A1 � B → A � B A � B1 → A � B}

A_1 � B_1 → A � B ?

Şŕřăęŋěŋĺě 3.19. Ďőŕşśšĺňő ńĺ ŕřăćĺńő^{A � B → A1 � B A � B → A � B1}

A � B → A_1 � B_1 ?

Ŕřőąńěňă 3.20. Řăğřěÿĺňă ńĺ ŕřőąńěňă ďőŕşśšĺňőśšĺ ŕřăćĺń, ğăďăŋŋżţ śţěňăňĺ (ţőš£ ąż ďń£

L(\))?

Ŕřőąńěňă 3.21. Řăğřěÿĺňă ńĺ ŕřőąńěňă ŕőńŋőšż śĺśšěňż ŕřăćĺń, ğăďăŋŋżţ śţěňăňĺ? Őŕřěďěńěŋĺě 3.22. Ťşŋłűĺ£ dual: Tp → Tp őŕřěďěń£ěšś£ šăł:

dual(p_i) ⇌ p_i, dual(A � B) ⇌ dual(B) � dual(A), dual(A \ B) ⇌ dual(B)/ dual(A), dual(A/B) ⇌ dual(B) \ dual(A).

Ŕřĺňěř 3.23. dual(p1/(p3 � (p3 \ p6))) = ((p6/p3) � p3) \ p1.

Šěőřěňă 3.24. L ⊢ ` → A šőčďă ĺ šőńĳłő šőčďă, łőčďă L ⊢ dual(`) → dual(A). Ńěňňă 3.25. Ń¿ąş¿ śěłćěŋűĺ¿, ćżćőďĺňş¿ ć ĺśůĺśńěŋĺĺ Ńăňąěłă, ňőęŋő ćżćěśšĺ ąěğ ŕřăćĺńă

(cut) šăł, ůšő ćśě ĺśŕőńĳğşěňżě ăłśĺőňż ĺňě¿š ćĺď p_i → p_i (š. ě. ć ăłśĺőňăţ ćśšřěůă¿šś£ šőńĳłő ŕřĺňĺšĺćŋżě šĺŕż).

Ďőłăğăšěńĳśšćő. Řăśśňőšřĺň ĺśůĺśńěŋĺě, čďě ĺśłń¿ůěŋż ăłśĺőňż ś ŋěŕřĺňĺšĺćŋżňĺ šĺŕăňĺ ĺ ŋěš ŕřăćĺńă (cut). Ďőśšăšőůŋő ďőłăğăšĳ, ůšő ć ¡šőň ĺśůĺśńěŋĺĺ ćżćőďĺňż ćśě śěłćěŋűĺĺ ćĺďă A → A. Śďěńăěň ¡šő ĺŋďşłűĺěľ ŕő ŕőśšřőěŋĺ¿ šĺŕă A.

Śńşůăľ 1: A = pi.

Ć ¡šőň śńşůăě A → A £ćń£ěšś£ ăłśĺőňőľ řăśśňăšřĺćăěňőčő ĺśůĺśńěŋĺ£.

Śńşůăľ 2: A = B � C.

Ŕő ŕřěďŕőńőęěŋĺ¿ ĺŋďşłűĺĺ ćżćőďĺňż śěłćěŋűĺĺ B → B ĺ C → C. Ćżćěďěň śěłćěŋűĺ¿ B � C → B � C śńěďş¿źĺň őąřăğőň: B → B C → C BC → B � C ( → � )

B � C → B � C (^� →). Śńşůăľ 3: A = B \ C.

Ŕő ŕřěďŕőńőęěŋĺ¿ ĺŋďşłűĺĺ ćżćőďĺňż śěłćěŋűĺĺ B → B ĺ C → C. Ćżćěďěň śěłćěŋűĺ¿ B \ C → B \ C śńěďş¿źĺň őąřăğőň: B → B C → C B(B \ C) → C (\ →) B \ C → B \ C (→ \). Śńşůăľ 4: A = C/B.

Ŕő ŕřěďŕőńőęěŋĺ¿ ĺŋďşłűĺĺ ćżćőďĺňż śěłćěŋűĺĺ B → B ĺ C → C. Ćżćěďěň śěłćěŋűĺ¿ C/B → C/B śńěďş¿źĺň őąřăğőň: B → B C → C (C/B)B → C (/ →) C/B → C/B (→ /).

4 Ćăřĺăŋšż ĺśůĺśńěŋĺ£ Ńăňąěłă 4.1 Ĺśůĺśńěŋĺě Ńăňąěłă ś őďŋĺň ŕřĺňĺšĺćŋżň šĺŕőň Őŕřěďěńěŋĺě 4.1. Ěśńĺ ć ĺśůĺśńěŋĺĺ L őčřăŋĺůĺšĳś£ šĺŕăňĺ, ŋě śőďěřęăźĺňĺ ďřşčĺţ ŕřĺňĺ-

šĺćŋżţ šĺŕőć, łřőňě p_1, šő ŕőńşůěŋŋőě ĺśůĺśńěŋĺě őąőğŋăůăěšś£ L(p_1).

Şŕřăęŋěŋĺě 4.2. L(p1) ⊢ (p1/p1) (p1/p1) p1 (p1 \ p1) → p1.

Ŕřőąńěňă 4.3. §ćń£ěšś£ ńĺ łăęďőě ďőŕşśšĺňőě ć L(p1) ŕřăćĺńő, ğăďăŋŋőě śţěňőľ, ďőŕşśšĺňőľ

ć L?

4.2 İńěňěŋšăřŋżě ťřăčňěŋšż ĺśůĺśńěŋĺ£ Ńăňąěłă Őŕřěďěńěŋĺě 4.4. Ěśńĺ ć ĺśůĺśńěŋĺĺ L őčřăŋĺůĺšĳś£ šĺŕăňĺ, ŋě śőďěřęăźĺňĺ ŋĺ � , ŋĺ /, šő

ŕőńşůăěšś£ ĺśůĺśńěŋĺě L(\). Ăŋăńőčĺůŋő őŕřěďěń£¿šś£ ĺśůĺśńěŋĺ£ L(\, /), L( � , \), L_H(\, /) ĺ ďř.

Şŕřăęŋěŋĺě 4.5. L(\) ⊢ (A \ (B \ A)) (A \ (B \ A)) (A \ (B \ A)) → A \ (B \ (B \ (B \ A))). Şŕřăęŋěŋĺě 4.6. L(\) ⊢ (A \ (B \ C)) ((D \ C) \ E) → A \ ((D \ B) \ E). Şŕřăęŋěŋĺě 4.7. L(\, /) ⊢ ((B/A) \ C) \ D → (B \ C) \ (A \ D).

Šěőřěňă 4.8. Ĺśůĺśńěŋĺě LH( � , \) ňőęŋő ğăďăšĳ ăłśĺőňăňĺ A → A, (A � B) � C → A � (B � C),

A � (B � C) → (A � B) � C ĺ ŕřăćĺńăňĺ A � C → B C → A \ B, C → A \ B A � C → B, A → B B → C A → C, A → B A � C → B � C. Ğăňěůăŋĺě 4.9. Ć šěőřěňě 4.8 ňőęŋő ŕőśńěďŋěě ŕřăćĺńő ğăňěŋĺšĳ ŋă^{A → B}_{B \ C → A \ C}. Ńěňňă 4.10 (đ. Ć. Śăćăšěěć). Ěśńĺ L(\) ⊢ `pi → pj, šő ` = ~ ĺ i = j. Šěőřěňă 4.11 (đ. Ć. Śăćăšěěć). Ĺśůĺśńěŋĺě L(\) ňőęŋő ğăďăšĳ ăłśĺőňăňĺ pi → pi ĺ ŕřăćĺ-

ńăňĺ A ˝ → B ˝ → A \ B , čďě ˝ ≠ ~, ˝ → A ` B → p_i ` ˝ (A \ B) → p_i. Šěőřěňă 4.12 (Ĺ. Ă. Ąőńčőćă). Ŕşśšĳ A, B ∈ Tp(\). Šőčďă şšćěřęďěŋĺě A ↔ B řăćŋőśĺńĳŋő

šőňş, ůšő A = B.

4.3 Łőŋśěřćăšĺćŋżě řăśÿĺřěŋĺ£ ĺśůĺśńěŋĺ£ Ńăňąěłă Őŕřěďěńěŋĺě 4.13. Ůěřěğ Tp( � , \, /, ∪, ∩) őąőğŋăůăěšś£ ňŋőęěśšćő ćśěţ šĺŕőć, ŕőśšřőěŋŋżţ ĺğ

¡ńěňěŋšőć ňŋőęěśšćă Pr ś ŕőňőźĳ¿ ąĺŋăřŋżţ őŕěřăšőřőć � , \, /, ∪ ĺ ∩.

Őŕřěďěńěŋĺě 4.14. Ĺśůĺśńěŋĺě L( � , \, /, ∪, ∩) ŕőńşůăěšś£ ĺğ ĺśůĺśńěŋĺ£ L ďőąăćńěŋĺěň ŕřăćĺń ˝ → A ˝ → B ˝ → A ∩ B ` A ´ → C ` (A ∩ B) ´ → C ` B ´ → C ` (A ∩ B) ´ → C ĺ ˝ → A ˝ → A ∪ B ˝ → B ˝ → A ∪ B ` A ´ → C ` B ´ → C ` (A ∪ B) ´ → C . Ŕřĺ ¡šőň ćňěśšő ňŋőęěśšćă šĺŕőć Tp ĺśŕőńĳğşěšś£ ňŋőęěśšćő Tp( � , \, /, ∪, ∩).

Őŕřěďěńěŋĺě 4.15. Ůěřěğ Tp( � , \, /, ⇑) őąőğŋăůăěšś£ ňŋőęěśšćő ćśěţ šĺŕőć, ŕőśšřőěŋŋżţ ĺğ ¡ńě-

ňěŋšőć ňŋőęěśšćă Pr ś ŕőňőźĳ¿ ąĺŋăřŋżţ őŕěřăšőřőć � , \, / ĺ ⇑.

Őŕřěďěńěŋĺě 4.16. Ĺśůĺśńěŋĺě L( �, \, /, ⇑) ŕőńşůăěšś£ ĺğ ĺśůĺśńěŋĺ£ L ďőąăćńěŋĺěň ăłśĺőň

A → A ⇑ B ĺ A ⇑ B → (C \ B)/(A \ (C \ B)). Ŕřĺ ¡šőň ćňěśšő ňŋőęěśšćă šĺŕőć Tp ĺśŕőńĳğşěšś£ ňŋőęěśšćő Tp( � , \, /, ⇑).

4.4 Ĺśůĺśńěŋĺě Ńăňąěłă ś ěďĺŋĺűěľ Őŕřěďěńěŋĺě 4.17. Ĺśůĺśńěŋĺě L^∗ ŕőńşůăěšś£ ĺğ ĺśůĺśńěŋĺ£ L, ěśńĺ řăğřěÿĺšĳ ĺśŕőńĳğőćăšĳ

śěłćěŋűĺĺ ćĺďă ~ → B (őšąřăśżćă¿šś£ őčřăŋĺůěŋĺě n ⩾ 1 ć őŕřěďěńěŋĺĺ śěłćěŋűĺĺ ĺ őčřăŋĺůěŋĺě ˝ ≠ ~ ŕřĺ ŕřăćĺńăţ (→ \) ĺ (→ /)).

Şŕřăęŋěŋĺě 4.18. L^∗ ⊢ B/(A/A) → B.

Şŕřăęŋěŋĺě 4.19. L^∗ 0 ((p1 \ p2) \ p3) \ p4 → p3 \ ((p2 \ p1) \ p4). Şŕřăęŋěŋĺě 4.20. L^∗ 0 p3 \ ((p2 \ p1) \ p4) → ((p1 \ p2) \ p3) \ p4.

Őŕřěďěńěŋĺě 4.21. Ůěřěğ Tp_1 őąőğŋăůăěšś£ ňŋőęěśšćő ćśěţ šĺŕőć, ŕőśšřőěŋŋżţ ĺğ ¡ńěňěŋšőć

ňŋőęěśšćă Pr ĺ łőŋśšăŋšż 1 ś ŕőňőźĳ¿ šř-ěţ ąĺŋăřŋżţ őŕěřăšőřőć � , \ ĺ /.

Őŕřěďěńěŋĺě 4.22. Ĺśůĺśńěŋĺě L1 ŕőńşůăěšś£ ĺğ ĺśůĺśńěŋĺ£ L^∗ ďőąăćńěŋĺěň ăłśĺőňż → 1 ĺ

ŕřăćĺńă ` ´ → A

` 1 ´ → A (1^→). Ŕřĺ ¡šőň ćňěśšő ňŋőęěśšćă šĺŕőć Tp ĺśŕőńĳğşěšś£ ňŋőęěśšćő Tp^1. Şŕřăęŋěŋĺě 4.23. L1 ⊢ 1 \ A → A ĺ L1 ⊢ A → 1 \ A. Şŕřăęŋěŋĺě 4.24. L1 ⊢ B � (1/A) → B/A. Šěőřěňă 4.25. Ć L1 śěůěŋĺě şśšřăŋĺňő.

Šěőřěňă 4.26. Ĺśůĺśńěŋĺě L1 £ćń£ěšś£ łőŋśěřćăšĺćŋżň řăśÿĺřěŋĺěň ĺśůĺśńěŋĺ£ L^∗.

Šěőřěňă 4.27. Ć L^∗ śěůěŋĺě şśšřăŋĺňő.

Őŕřěďěńěŋĺě 4.28. Ňőŋőĺďőň ŋăğżćăěšś£ ăńčěąřăĺůěśłă£ śĺśšěňă ⟨S, ∘, 1⟩, čďě ⟨S, ∘⟩ | ŕőńş-

čřşŕŕă ĺ ćżŕőńŋ£ěšś£ śćőľśšćő (∀x ∈ S) x ∘ 1 = x = 1 ∘ x.

Őŕřěďěńěŋĺě 4.29. Ňőŋőĺďőň ś ďěńěŋĺěň ŋăğżćăěšś£ ăńčěąřăĺůěśłă£ śĺśšěňă ⟨S, ∘, 1, ⩽⟩, čďě

⟨S, ∘, 1⟩ | ňőŋőĺď, ă ⟨S, ∘, ⩽⟩ | ŕőńşčřşŕŕă ś ďěńěŋĺěň.

Šěőřěňă 4.30. Ĺśůĺśńěŋĺě L1 łőřřěłšŋő ĺ ŕőńŋő őšŋőśĺšěńĳŋő ňőďěńěľ ŋă ňőŋőĺďăţ ś ďěńěŋĺěň.

Śşźěśšćşěš şŋĺćěřśăńĳŋă£ ňőďěńĳ.

Ďőłăğăšěńĳśšćő. Łăŋőŋĺůěśłă£ ňőďěńĳ śőśšőĺš ĺğ łńăśśőć ¡łćĺćăńěŋšŋőśšĺ šĺŕőć (ĺğ Tp_1) ŕő łőŋčřş¡ŋűĺĺ ↔_{L1}.

Őŕřěďěńěŋĺě 4.31. Ĺśůĺśńěŋĺě L1H ŕőńşůăěšś£ ĺğ ĺśůĺśńěŋĺ£ LH ďőąăćńěŋĺěň ăłśĺőň A → 1 � A, 1 � A → A, A → A � 1 ĺ A � 1 → A. Ŕřĺ ¡šőň ćňěśšő ňŋőęěśšćă šĺŕőć Tp ĺśŕőńĳğşěšś£ ňŋőęěśšćő Tp_1.

Šěőřěňă 4.32. L1 ⊢ ` → A šőčďă ĺ šőńĳłő šőčďă, łőčďă L1H ⊢ •` → A.

4.5 Ďőąăćńěŋĺě śšřşłšşřŋżţ ŕřăćĺń Őŕřěďěńěŋĺě 4.33. Ĺśůĺśńěŋĺě LP ŕőńşůăěšś£ ĺğ ĺśůĺśńěŋĺ£ L ďőąăćńěŋĺěň ŕřăćĺńă ` A B ´ → C ` B A ´ → C (P).

Şŕřăęŋěŋĺě 4.34. LP ⊢ A/B → B \ A ĺ LP ⊢ B \ A → A/B. Šěőřěňă 4.35. Ć LP śěůěŋĺě şśšřăŋĺňő.

Šěőřěňă 4.36. Ĺśůĺśńěŋĺě LP łőřřěłšŋő ĺ ŕőńŋő őšŋőśĺšěńĳŋő ňőďěńěľ ŋă łőňňşšăšĺćŋżţ

ŕőńşčřşŕŕăţ ś ďěńěŋĺěň. Śşźěśšćşěš şŋĺćěřśăńĳŋă£ ňőďěńĳ.

Ďőłăğăšěńĳśšćő. Łăŋőŋĺůěśłă£ ňőďěńĳ śőśšőĺš ĺğ łńăśśőć ¡łćĺćăńěŋšŋőśšĺ šĺŕőć ŕő łőŋčřş¡ŋűĺĺ ↔_{LP}.

Őŕřěďěńěŋĺě 4.37. Ĺśůĺśńěŋĺě LPH ŕőńşůăěšś£ ĺğ ĺśůĺśńěŋĺ£ LH ďőąăćńěŋĺěň ăłśĺőň A � B → B � A ĺ B � A → A � B. Šěőřěňă 4.38. LP ⊢ ` → A šőčďă ĺ šőńĳłő šőčďă, łőčďă LPH ⊢ •` → A. Ğăňěůăŋĺě 4.39. Ĺğşůă¿šś£ šăłęě ĺśůĺśńěŋĺ£, ŕőńşůăěňżě ĺğ ĺśůĺśńěŋĺ£ L ďőąăćńěŋĺěň ŕřăćĺńă ` A A ´ → B ` A ´ → B (C) ĺńĺ ` ´ → B ` A ´ → B (M) . 4.6 Ŋěăśśőűĺăšĺćŋőě ĺśůĺśńěŋĺě Ńăňąěłă Őŕřěďěńěŋĺě 4.40. Őŕřěďěńĺň šěŕěřĳ ĺśůĺśńěŋĺě NL(\, /) (śň. [41]). Ŕřőŕĺśŋżě čřěůěśłĺě ąş-

łćż (łřőňě ~ ĺ ˚) ąşďěň ĺśŕőńĳğőćăšĳ ďń£ őąőğŋăůěŋĺ£ śłőąőůŋżţ ŕőśńěďőćăšěńĳŋőśšěľ šĺŕőć, őŕřěďěń-ěŋŋżţ šăł:

• łăęďżľ šĺŕ £ćń£ěšś£ śłőąőůŋőľ ŕőśńěďőćăšěńĳŋőśšĳ¿ šĺŕőć,

• ěśńĺ ` ĺ ´ £ćń£¿šś£ śłőąőůŋżňĺ ŕőśńěďőćăšěńĳŋőśšĳ£ňĺ šĺŕőć, šő ĺ [`, ´] £ćń£ěšś£ śłőąőůŋőľ ŕőśńěďőćăšěńĳŋőśšĳ¿ šĺŕőć.

Ćżćőďĺňżňĺ őąžěłšăňĺ ĺśůĺśńěŋĺ£ NL(\, /) £ćń£¿šś£ śěłćěŋűĺĺ ćĺďă ` → A, čďě A ∈ Tp ĺ ` £ćń£- ěšś£ śłőąőůŋőľ ŕőśńěďőćăšěńĳŋőśšĳ¿ šĺŕőć.

Ăłśĺőňż ĺśůĺśńěŋĺ£ NL(\, /) ĺňě¿š ćĺď A → A. Ćżćőďż śšřő£šś£ ś ŕőňőźĳ¿ śńěďş¿źĺţ ŕřăćĺń: [A, ˝] → B ˝ → A \ B (I\), ` → A ´ → A \ B [`, ´] → B (E\),

[˝, A] → B ˝ → B/A (I/), ` → B/A ´ → A [`, ´] → B (E/). (İšő šăł ŋăğżćăěňă£ śĺśšěňă ěśšěśšćěŋŋőčő ćżćőďă.)

5 Ňőďěńĺ ĺśůĺśńěŋĺ£ Ńăňąěłă

Őŕřěďěńěŋĺě 5.1. Ŕşśšĳ ⟨S, ∘⟩ | ŕőńşčřşŕŕă. Ňőďěńĳ ĺśůĺśńěŋĺ£ Ńăňąěłă ŋă ŕőńşčřşŕŕě ś ďěńě-

ŋĺěň ⟨P(S), � , ⊆⟩, ŕőśšřőěŋŋőľ ć ŕřĺňěřě 1.17, ŋăğżćăěšś£ ňőďěńĳ¿ ŋă ŕőďňŋőęěśšćăţ ŕőńşčřşŕŕż.

Šěőřěňă 5.2. Ĺśůĺśńěŋĺě L ŕőńŋő őšŋőśĺšěńĳŋő ňőďěńěľ ŋă ŕőďňŋőęěśšćăţ ŕőńşčřşŕŕ [24]. Śş-

źěśšćşěš şŋĺćěřśăńĳŋă£ ňőďěńĳ.

Őŕřěďěńěŋĺě 5.3. L-ňőďěńĳ | ňőďěńĳ ŋă ŕőďňŋőęěśšćăţ śćőąőďŋőľ ŕőńşčřşŕŕż. Šěőřěňă 5.4. Ĺśůĺśńěŋĺě L(\, /) ŕőńŋő őšŋőśĺšěńĳŋő L-ňőďěńěľ, ĺ ďăęě śşźěśšćşěš şŋĺćěřśăńĳ-

ŋă£ ňőďěńĳ. Ďřşčĺňĺ śńőćăňĺ, śşźěśšćşěš L-ňőďěńĳ, ć łőšőřőľ ńőęŋă łăęďă£ ŋěćżćőďĺňă£ ć ĺśůĺśńěŋĺĺ Ńăňąěłă śěłćěŋűĺ£, ŋě śőďěřęăźă£ őŕěřăűĺĺ şňŋőęěŋĺ£.

Ďőłăğăšěńĳśšćő. Ŕřĺćěď-ěň ďőłăğăšěńĳśšćő, őŕşąńĺłőćăŋŋőě Ć. Ąşÿłőćśłĺň ć śšăšĳě [20].

Őąőğŋăůĺň ňŋőęěśšćő ćśěţ šĺŕőć, ŋě śőďěřęăźĺţ őŕěřăűĺĺ şňŋőęěŋĺ£, ůěřěğ Tp(\, /). Řăśśňőšřĺň śćőąőďŋş¿ ŕőńşčřşŕŕş ⟨W^+ , ∘⟩, čďě W ⇌ Tp(\, /). Őŕřěďěńĺň ťşŋłűĺ¿ w : Tp(\, /) → P(Tp(\, /)^+) śńěďş¿źĺň őąřăğőň w(A) ⇌ {` ∈ Tp(\, /)^+ | L ⊢ ` → A}. Ďőłăęěň, ůšő L ⊢ A˝ → B šőčďă ĺ šőńĳłő šőčďă, łőčďă w(A) ∘ ˝ ⊆ w(B). Ěśńĺ L ⊢ A˝ → B, šő ďń£ ń¿ąőľ ŕőśńěďőćăšěńĳŋőśšĺ ` ∈ w(A) ćěřŋő L ⊢ `˝ → B (ŕő ŕřăćĺńş (cut)). Ŕő¡šőňş ĺğ

L ⊢ A˝ → B śńěďşěš w(A) ∘ ˝ ⊆ w(B). Ěśńĺ w(A) ∘ ˝ ⊆ w(B), šő A˝ ⊆ w(B) (šăł łăł A ∈ w(A)) ĺ, śńěďőćăšěńĳŋő, L ⊢ A˝ → B.

Ĺśŕőńĳğş£ ńěňňş 3.12 ŕőńşůăěň ˝ ∈ w(A \ B) ⇔ L ⊢ ˝ → A \ B ⇔ L ⊢ A˝ → B ⇔ w(A) ∘ ˝ ⊆ w(B). Ăŋăńőčĺůŋő ˝ ∈ w(B/A) ⇔ ˝ ∘ w(A) ⊆ w(B). Šěň śăňżň şśšăŋőćńěŋő, ůšő ďń£ ń¿ążţ A ∈ Tp(\, /) ĺ B ∈ Tp(\, /) w(A \ B) = {˝ ∈ Tp(\, /)^+ | w(A) ∘ ˝ ⊆ w(B)}, w(B/A) = {˝ ∈ Tp(\, /)^+ | ˝ ∘ w(A) ⊆ w(B)}, š. ě. ⟨W^+ , ∘, w⟩ | L-ňőďěńĳ.

Ŕőśšřőěŋŋă£ łăŋőŋĺůěśłă£ ňőďěńĳ £ćń£ěšś£ şŋĺćěřśăńĳŋőľ ďń£ ĺśůĺśńěŋĺ£ Ńăňąěłă ąěğ őŕěřăűĺĺ şňŋőęěŋĺ£, š. ě. ć ŋěľ ńőęŋż ćśě ŋěćżćőďĺňżě śěłćěŋűĺĺ ¡šőčő ĺśůĺśńěŋĺ£. Ğăňěšĺň, ůšő ăŋăńőčĺůŋă£ łőŋśšřşłűĺ£ ŋě ŕřőţőďĺš ć ĺśůĺśńěŋĺĺ Ńăňąěłă ś őŕěřăűĺěľ şňŋőęěŋĺ£.

Ğăňěůăŋĺě 5.5. Ć. Ąşÿłőćśłĺľ ďőłăğăń šăłęě L-ŕőńŋőšş ťřăčňěŋšă ĺśůĺśńěŋĺ£ Ńăňąěłă, čďě

řăğřěÿěŋż őšřĺűăšěńĳŋżě ćţőęďěŋĺ£ őŕěřăűĺĺ şňŋőęěŋĺ£, ŋő ğăŕřěźěŋż ě-ě ŕőńőęĺšěńĳŋżě ćţőęďěŋĺ£ (śň. [20]) (ğŋăł ćţőęďěŋĺ£ ňěŋ£ěšś£ ŋă ŕřőšĺćőŕőńőęŋżľ ć ŕőďšĺŕě A ćŋşšřĺ šĺŕă ćĺďă A \ B ĺńĺ B/A, ă šăłęě ć ăŋšěűěďěŋšě śěłćěŋűĺĺ).

Ĺďě£ ďőłăğăšěńĳśšćă Ąşÿłőćśłőčő ğăłń¿ůăěšś£ ć ğăňěŋě łăęďőčő ŕőďšĺŕă ćĺďă A � B ŋă šĺŕ p_i/(B \ (A \ p_i)), čďě p_i | ŋőćżľ ŕřĺňĺšĺćŋżľ šĺŕ (ďń£ řăğńĺůŋżţ ćţőęďěŋĺľ ŕőďšĺŕőć ĺśŕőńĳğş- ¿šś£ řăğńĺůŋżě ŕřĺňĺšĺćŋżě šĺŕż p_i). Ŕřĺ ¡šőň ćżćőďĺňőśšĳ śěłćěŋűĺĺ ŋě ĺğňěŋĺšś£, ěśńĺ ćśě ćţőęďěŋĺ£ šĺŕőć A � B ążńĺ őšřĺűăšěńĳŋżě.

Šěőřěňă 5.6. Ĺśůĺśńěŋĺě L ŕőńŋő őšŋőśĺšěńĳŋő L-ňőďěńěľ [8].

Ŕřĺňěř 5.7. Śěłćěŋűĺ£ p/s → s \ p ńőęŋă ć ňőďěńĺ ŋă ŕőďňŋőęěśšćăţ śćőąőďŋőľ ŕőńşčřşŕŕż

{a, b}^+, čďě w(s) = {a, ba}, w(p) = {a, ba, bba}, čďě w(p/s) = {b} ĺ w(s \ p) = ?. Ŕřőąńěňă 5.8. Śşźěśšćşěš ńĺ şŋĺćěřśăńĳŋă£ L-ňőďěńĳ (ţőš£ ąż ďń£ L( � , \))? Šěőřěňă 5.9. Ĺśůĺśńěŋĺě L^∗ ŕőńŋő őšŋőśĺšěńĳŋő ňőďěńěľ ŋă ŕőďňŋőęěśšćăţ śćőąőďŋżţ ňőŋőĺ-

ďőć [8].

Ŕřĺňěř 5.10. Śěłćěŋűĺ£ p/s → s\p ńőęŋă ć ňőďěńĺ ŋă ŕőďňŋőęěśšćăţ śćőąőďŋőčő ňőŋőĺďă {a, b}^∗, čďě w(s) = {a, ba}, w(p) = {a, ba, bba}, čďě w(p/s) = {ε, b} ĺ w(s \ p) = {ε}. Ŕřőąńěňă 5.11. Ŋăľšĺ śŕőśőą ĺŋšěřŕřěšăűĺĺ łőŋśšăŋšż 1 ŋă ŕőďňŋőęěśšćăţ śćőąőďŋżţ ňőŋőĺ-

ďőć, őąěśŕěůĺćă¿źĺľ ŕőńŋőšş L_1 (ĺńĺ ţőš£ ąż L_1(\)).

Ŕřőąńěňă 5.12. Ŕőńŋő ńĺ ĺśůĺśńěŋĺě LP őšŋőśĺšěńĳŋő ňőďěńěľ ŋă ŕőďňŋőęěśšćăţ śćőąőďŋőľ

ŕőńşčřşŕŕż ś őďŋĺň ŕőřőęďă¿źĺň?

Ŕřőąńěňă 5.13. Ŕőńŋő ńĺ ĺśůĺśńěŋĺě L (ĺńĺ ţőš£ ąż L(\)) őšŋőśĺšěńĳŋő ňőďěńěľ ŋă ŕőńşčřşŕŕăţ

ś ďěńěŋĺěň, őŕĺśăŋŋżţ ć 1.20.

Ŕřőąńěňă 5.14. Ŕőńŋő ńĺ ĺśůĺśńěŋĺě L (ĺńĺ ţőš£ ąż L(\)) őšŋőśĺšěńĳŋő ňőďěńěľ ŋă ŕőńşčřşŕŕăţ

ś ďěńěŋĺěň, őŕĺśăŋŋżţ ć 1.21.

Őŕřěďěńěŋĺě 5.15. Ŕşśšĳ D | ŋěłőšőřőě ňŋőęěśšćő ĺ R | ŋěłőšőřőě šřăŋğĺšĺćŋőě ąĺŋăřŋőě

őšŋőÿěŋĺě ŋă ŋ-ěň. Őŕřěďěńĺň ŋă ňŋőęěśšćě P(R) ąĺŋăřŋş¿ őŕěřăűĺ¿ � šăł: A � B ⇌ {⟨x, z⟩ ∈ R | (∃y ∈ D) ⟨x, y⟩ ∈ A ĺ ⟨y, z⟩ ∈ B}. Šőčďă ŕőńşčřşŕŕă ś ďěńěŋĺěň ⟨P(R), � , ⊆⟩ ŋăğżćăěšś£ R-ťřěľňőň.

Şŕřăęŋěŋĺě 5.16. Łăęďżľ R-ťřěľň ĺğőňőřťěŋ ŕőńşčřşŕŕě ś ďěńěŋĺěň, ŕőśšřőěŋŋőľ ŕő ŋěłőšő-

řőľ ŕőďŕőńşčřşŕŕě ŕőńşčřşŕŕż ĺğ ŕřĺňěřă 1.5 śőčńăśŋő łőŋśšřşłűĺĺ ĺğ ŕřĺňěřă 1.17, ěśńĺ őšąřőśĺšĳ ňŋőęěśšćă, ŋě śőďěřęăźĺě nil. Ĺğőňőřťĺğň őśşźěśšćń£ěšś£ ťşŋłűĺěľ f : A → A ∪ {nil}.

Őŕřěďěńěŋĺě 5.17. R-ňőďěńĳ | ňőďěńĳ ŋă R-ťřěľňě.

Šěőřěňă 5.18. Ĺśůĺśńěŋĺě L ŕőńŋő őšŋőśĺšěńĳŋő R-ňőďěńěľ [11, 46, 47]. Śşźěśšćşěš şŋĺćěř-

śăńĳŋă£ ňőďěńĳ.

Šěőřěňă 5.19. Ĺśůĺśńěŋĺě L ŕőńŋő őšŋőśĺšěńĳŋő R-ňőďěńěľ ŋă ⟨Z, <⟩ [8]. Ŕřőąńěňă 5.20. Śşźěśšćşěš ńĺ şŋĺćěřśăńĳŋă£ R-ňőďěńĳ ŋă ⟨Z, <⟩ (ţőš£ ąż ďń£ L(\))? Şŕřăęŋěŋĺě 5.21. Łăęďżľ R-ťřěľň ŋă řěťńěłśĺćŋőň ąĺŋăřŋőň őšŋőÿěŋĺĺ £ćń£ěšś£ ňőŋőĺďőň

ś ďěńěŋĺěň.

Ŕřőąńěňă 5.22. Ŕőńŋő ńĺ L^∗ őšŋőśĺšěńĳŋő R-ňőďěńěľ ŋă ⟨Z, ⩽⟩ [8]. Šěőřěňă 5.23. Ĺśůĺśńěŋĺě L( � , \, /, ∪, ∩) łőřřěłšŋő őšŋőśĺšěńĳŋő L-ňőďěńěľ [38]. Ŕřőąńěňă 5.24. Ŕőńŋő ńĺ L( � , \, /, ∪) (ĺńĺ ţőš£ ąż L(\, ∪)) őšŋőśĺšěńĳŋő L-ňőďěńěľ (ĺńĺ R-ňőďě-

ńěľ).

Ŕřőąńěňă 5.25. Ŕőńŋő ńĺ L( � , \, /, ∩) (ĺńĺ ţőš£ ąż L(\, ∩)) őšŋőśĺšěńĳŋő L-ňőďěńěľ (ĺńĺ R-ňőďě-

ńěľ).

Őŕřěďěńěŋĺě 5.26. Őŕěřăűĺ£ ( · )^+ ŋă ňŋőęěśšćě P(˚^+ ) őŕřěďěń£ěšś£ šăł: A^+ ⇌ A ∪ (A � A) ∪ (A � A � A) ∪ . . . . Ŕřőąńěňă 5.27. Ďőŕőńŋĺšĳ ĺśůĺśńěŋĺě L ŕřăćĺńăňĺ ďń£ ( · )^+ šăł, ůšőąż ŕőńşůĺńőśĳ ĺśůĺśńěŋĺě,

ŕőńŋőě őšŋőśĺšěńĳŋő L-ňőďěńěľ.

Ŕřőąńěňă 5.28. Śşźěśšćşěš ńĺ šăłőě śěňěľśšćő ŕőńşčřşŕŕ łőŋşśőć, ůšő ěčő ăšőňăřŋă£ šěőřĺ£

ŋě śőćŕăďăěš ŋĺ ś łăłőľ ăšőňăřŋőľ šěőřĺěľ ŕőńşčřşŕŕż łőŋşśőć?

Ŕřőąńěňă 5.29. Řăğřěÿĺňă ńĺ ăšőňăřŋă£ šěőřĺ£ ŕőďňŋőęěśšć śćőąőďŋőľ ŕőńşčřşŕŕż ś őŕěřăűĺ-

£ňĺ � , \, / ĺ ¬, čďě ¬ ĺŋšěřŕřěšĺřşěšś£ łăł šěőřěšĺłő-ňŋőęěśšćěŋŋőě ďőŕőńŋěŋĺě ([27, ś. 369]).

6 Śćőľśšćă ĺśůĺśńěŋĺ£ Ńăňąěłă

Őŕřěďěńěŋĺě 6.1. Őŕřěďěńĺň ŕěřěćőď prop, śšăć£źĺľ šĺŕăň, ŕőśńěďőćăšěńĳŋőśš£ň šĺŕőć ĺ śě-

łćěŋűĺ£ň ĺśůĺśńěŋĺ£ Ńăňąěłă ć śőőšćěšśšćĺě ťőřňşńż £ğżłă ńőčĺłĺ ćżśłăğżćăŋĺľ śńěďş¿źĺň őąřăğőň:

prop(p_i) ⇌ p_i, prop(A � B) ⇌ prop(A) ∧ prop(B), prop(A \ B) ⇌ prop(A) → prop(B), prop(B/A) ⇌ prop(A) → prop(B), prop(A_1 . . . A_n) ⇌ prop(A_1) ∧ . . . ∧ prop(A_n), prop(` → A) ⇌ prop(`) → prop(A).

Šěőřěňă 6.2. Ěśńĺ L^∗ ⊢ ` → A, šő ťőřňşńă prop(` → A) ćżćőďĺňă ć ĺŋšşĺűĺőŋĺśšśłőľ ńőčĺłě. Śńěďśšćĺě 6.3. Ěśńĺ L^∗ ⊢ ` → A, šő ťőřňşńă prop(` → A) ćżćőďĺňă ć łńăśśĺůěśłőľ ńőčĺłě. Şŕřăęŋěŋĺě 6.4. L^∗ 0 (((p2 \ p3) \ (p1 \ p2)) \ (p1 \ p3)) \ p1 → p1. Ğăňěšĺň, ůšő ŕěřěćőď ć £ğżł

ńőčĺłĺ ćżśłăğżćăŋĺľ ćżćőďĺň ć łńăśśĺůěśłőľ ńőčĺłě.

Şŕřăęŋěŋĺě 6.5. L^∗ 0 (p2 \ p3) \ ((p1 \ p2) \ p4) → (p1 \ p3) \ p4. Ğăňěšĺň, ůšő ŕěřěćőď ć £ğżł ńőčĺłĺ

ćżśłăğżćăŋĺľ ćżćőďĺň ć łńăśśĺůěśłőľ ńőčĺłě.

Őŕřěďěńěŋĺě 6.6. Őŕřěďěńĺň ťşŋłűĺĺ #^+_{pi} : Tp^∗ → N ĺ #^−_{pi} : Tp^∗ → N śńěďş¿źĺň őąřăğőň:

#^+_{pi} (p_j ) ⇌ { 1, ěśńĺ i = j, 0, ěśńĺ i ≠ j, #^−_{pi} (p_j ) ⇌ 0,

#^+_{pi} (A � B) ⇌ #^+_{pi} (A) + #^+_{pi} (B), #^−_{pi} (A � B) ⇌ #^−_{pi} (A) + #^−_{pi} (B), #^+_{pi} (A \ B) ⇌ #^−_{pi} (A) + #^+_{pi} (B), #^−_{pi} (A \ B) ⇌ #^+_{pi} (A) + #^−_{pi} (B), #^+_{pi} (B/A) ⇌ #^−_{pi} (A) + #^+_{pi} (B), #^−_{pi} (B/A) ⇌ #^+_{pi} (A) + #^−_{pi} (B), #^+_{pi} (A_1 . . . A_n) ⇌ #^+_{pi} (A_1) + . . . + #^+_{pi} (A_n), #^−_{pi} (A_1 . . . A_n) ⇌ #^−_{pi} (A_1) + . . . + #^−_{pi} (A_n).

Őŕřěďěńěŋĺě 6.7. #p_i (`) ⇌ #^+_{pi} (`) − #^−_{pi} (`).

Šěőřěňă 6.8. Ěśńĺ L ⊢ ` → A, šő #p_i (`) = #p_i (A) ďń£ łăęďőčő i.

Őŕřěďěńěŋĺě 6.9. Őąőğŋăůĺň ůěřěğ F G śćőąőďŋş¿ čřşŕŕş, ŕőřőęď-ěŋŋş¿ śů-ěšŋżň ňŋőęě-

śšćőň Pr. Ŕőď śćőąőďŋőľ čřşŕŕőľ ąşďěň ŕőŋĺňăšĳ śńěďş¿źş¿ łőŋłřěšŋş¿ ě-ě řěăńĺğăűĺ¿. Řăśśňőšřĺň řăśÿĺřěŋŋżľ ăńťăćĺš Pr^′, ŕőńşůěŋŋżľ ĺğ ňŋőęěśšćă Pr ďőąăćńěŋĺěň ďń£ łăęďőčő p_i ∈ Pr ŋőćőľ ąşłćż p^{−1}_i . Ć ¡šőň řăśÿĺřěŋŋőň ăńťăćĺšě ąşďěň řăśśňăšřĺćăšĳ ŕřĺćěď-ěŋŋżě śńőćă. Śńőćő u ć ăńťăćĺšě Pr^′ ŋăğżćăěšś£ ŕřĺćěď-ěŋŋżň, ěśńĺ ć ŋ-ěň ŋěš ąşłć p_i ĺ p^{−1}_i , śšő£źĺţ ř£ďőň. Ŕşśšőě śńőćő šăłęě řăśśňăšřĺćăěšś£ łăł ŕřĺćěď-ěŋŋőě śńőćő. İńěňěŋšż F G | ćśě ŕřĺćěď-ěŋŋżě śńőćă. Őŕřěďěńĺň şňŋőęěŋĺě ŋă ¡šőň ňŋőęěśšćě řěłşřśĺćŋő ŕő ďńĺŋě śńőć.

• Ěśńĺ u = u^′p_i ĺ v = p^{−1}_i v^′ ďń£ ŋěłőšőřőčő ĺŋďěłśă i, šő u · v ⇌ u^′ · v^′. • Ěśńĺ u = u^′p^{−1}_i ĺ v = p_iv^′ ďń£ ŋěłőšőřőčő ĺŋďěłśă i, šő u · v ⇌ u^′ · v^′. • Ĺŋăůě u · v śšřőĺšś£ őążůŋżň ŕřĺŕĺśżćăŋĺěň śńőć.

Őůěćĺďŋő, ůšő ŕřőĺğćěďěŋĺě ŕřĺćěď-ěŋŋżţ śńőć £ćń£ěšś£ ŕřĺćěď-ěŋŋżň. Ěďĺŋĺűěľ ŕőśšřőěŋŋőľ śćőąőďŋőľ čřşŕŕż F G £ćń£ěšś£ ŕşśšőě śńőćő ε. Őŕřěďěńĺň őŕěřăűĺ¿ ćğ£šĺ£ őąřăšŋőčő řěłşřśĺćŋő ŕő ďńĺŋě śńőćă šăł: (ε)^{−1} ⇌ ε, (up_i)^{−1} ⇌ p^{−1}_i (u)^{−1}, (up^{−1}_i )^{−1} ⇌ p_i(u)^{−1}.

Őŕřěďěńěŋĺě 6.10. Ĺŋšěřŕřěšăűĺěľ ć śćőąőďŋőľ čřşŕŕě (ąşďěň őąőğŋăůăšĳ ě-ě [[ · ]]) ŋăğőćěň

śńěďş¿źěě ěśšěśšćěŋŋőě őšőąřăęěŋĺě šĺŕőć ĺ ĺţ łőŋěůŋżţ ŕőśńěďőćăšěńĳŋőśšěľ ć čřşŕŕş F G: [[p_i]] ⇌ p_i, [[A � B]] ⇌ [[A]][[B]], [[A \ B]] ⇌ [[A]]^{−1}[[B]], [[A/B]] ⇌ [[A]][[B]]^{−1}, [[A_1 . . . A_n]] ⇌ [[A_1]] . . .[[A_n]].

Şŕřăęŋěŋĺě 6.11. |[[A]]| ⩽ (‖A‖ + 1)/2. Šěőřěňă 6.12. Ěśńĺ L ⊢ ` → A, šő [[`]] = [[A]].

Ďőłăğăšěńĳśšćő. Ĺŋďşłűĺ£ ŕő ďńĺŋě ćżćőďă.

Śńşůăľ 1: Śńşůăľ ăłśĺőňż šřĺćĺăńěŋ. Śńşůăľ 2: Řăśśňőšřĺň ŕřăćĺńő (→ � ): ` → A ´ → B `´ → A � B (→^� ).

Ŕő ŕřěďŕőńőęěŋĺ¿ ĺŋďşłűĺĺ [[`]] = [[A]] ĺ [[´]] = [[B]]. Śńěďőćăšěńĳŋő, [[`´]] = [[A]][[B]] = [[A � B]].

Śńşůăľ 3: Řăśśňőšřĺň ŕřăćĺńő ( � →): `AB´ → C `(A � B)´ → C

( � →).

Őůěćĺďŋő.

Śńşůăľ 4: Řăśśňőšřĺň ŕřăćĺńő (→ \): A˝ → B ˝ → A \ B (→ \). Ďőňŋőęă£ őąě ůăśšĺ řăćěŋśšćă [[A]][[˝]] = [[B]] śńěćă ŋă [[A]]^{−1}, ŕőńşůĺň [[˝]] = [[A]]^{−1}[[B]]. Śńěďőćăšěńĳŋő, [[˝]] = [[A \ B]].

Śńşůăľ 5: Śńşůăľ (→ /) řăğąĺřăěšś£ ăŋăńőčĺůŋő ŕřěďżďşźěňş. Śńşůăľ 6: Řăśśňőšřĺň ŕřăćĺńő (\ →): ˝ → A `B´ → C `˝(A \ B)´ → C (\ →). Šăł łăł [[˝]] = [[A]], šő [[˝]][[A]]^{−1} = ε. Ś ďřşčőľ śšőřőŋż, [[`]][[B]][[´]] = [[C]] ćńěů-ěš [[`]][[˝]][[A]]^{−1}[[B]][[´]] = [[C]]. Śńěďőćăšěńĳŋő, [[`]][[˝]][[A \ B]][[´]] = [[C]].

Śńşůăľ 7: Śńşůăľ ŕřăćĺńă (/ →) řăśśňăšřĺćăěšś£ ăŋăńőčĺůŋő ŕřěďżďşźěňş. Šěőřěňă 6.13. Ěśńĺ [[`]] = [[A]], šő #p_i (`) = #p_i (A) ďń£ łăęďőčő i.

Şŕřăęŋěŋĺě 6.14. L^∗ 0 (p2 \ (p1 � (p1 \ p2))) \ p2 → p2. Ŋĺ ŕěřěćőď ć łńăśśĺůěśłş¿ ńőčĺłş, ŋĺ

ĺŋšěřŕřěšăűĺ£ ć śćőąőďŋőľ čřşŕŕě ŋě ŕőğćőń£¿š şśšăŋőćĺšĳ ŋěćżćőďĺňőśšĳ ¡šőľ śěłćěŋűĺĺ.

Şŕřăęŋěŋĺě 6.15. L^∗ 0 ((p2/(p1 \ p2)) \ p1) \ p2 → p2. Ŋĺ ŕěřěćőď ć łńăśśĺůěśłş¿ ńőčĺłş, ŋĺ

ĺŋšěřŕřěšăűĺ£ ć śćőąőďŋőľ čřşŕŕě ŋě ŕőğćőń£¿š şśšăŋőćĺšĳ ŋěćżćőďĺňőśšĳ ¡šőľ śěłćěŋűĺĺ.

Şŕřăęŋěŋĺě 6.16. L^∗ 0 (((p2 \ p3) \ ((p1 \ p2) \ p4)) \ ((p1 \ p3) \ p4)) \ (p3 \ p1) → (p3 \ p1). Ŋĺ

ŕěřěćőď ć łńăśśĺůěśłş¿ ńőčĺłş, ŋĺ ĺŋšěřŕřěšăűĺ£ ć śćőąőďŋőľ čřşŕŕě ŋě ŕőğćőń£¿š şśšăŋőćĺšĳ ŋěćżćőďĺňőśšĳ ¡šőľ śěłćěŋűĺĺ.

Šěőřěňă 6.17. Ŕşśšĳ A, B ∈ Tp. Šőčďă şšćěřęďěŋĺě (∃C ∈ Tp) L ⊢ A → C ĺ L ⊢ B → C

řăćŋőśĺńĳŋő şšćěřęďěŋĺ¿ (∃D ∈ Tp) L ⊢ D → A ĺ L ⊢ D → B [40].

Šěőřěňă 6.18. Ŕşśšĳ A, B ∈ Tp. Šőčďă şšćěřęďěŋĺě (∃C ∈ Tp) L ⊢ A → C ĺ L ⊢ B → C

řăćŋőśĺńĳŋő şšćěřęďěŋĺ¿ [[A]] = [[B]] [53].

Őŕřěďěńěŋĺě 6.19. Ťşŋłűĺ£ —#: Tp^+ → N − {0}. őŕřěďěń£ěšś£ šăł:

—#(p_i) ⇌ 1, —#(A_� B) ⇌ —#(A) + —#(B), —#(A \ B) ⇌ max(1, —#(B) − —#(A)), —#(B/A) ⇌ max(1, —#(B) − —#(A)).

Šěőřěňă 6.20. Ěśńĺ L ⊢ ` → A, šő —#(`) ⩾ —#(A). Şŕřăęŋěŋĺě 6.21. Ďőŕşśšĺňő ńĺ ć L ŕřăćĺńő^{A → A � B}_{C → D} ?

Ŕřőąńěňă 6.22. Őąőğŋăůĺň ůěřěğ S ňŋőęěśšćő ćśěţ šăłĺţ śěłćěŋűĺľ ` → A, ůšő —#(`) ⩾ —#(A).

Ĺňěěš ńĺ ňěśšő śĺńĳŋă£ ŕőńŋőšă ĺśůĺśńěŋĺ£ L őšŋőśĺšěńĳŋő L-ňőďěńěľ, ěśńĺ řăśśňăšřĺćăšĳ šőńĳłő śěłćěŋűĺĺ ĺğ S?

Őŕřěďěńěŋĺě 6.23. Śěłćěŋűĺ£ ˝ → A ŋăğżćăěšś£ šőŋłőľ šőčďă ĺ šőńĳłő šőčďă, łőčďă ďń£ ń¿ąőčő

p ∈ Pr śŕřăćěďńĺćż ŋěřăćěŋśšćă #^+_p (˝ → A) ⩽ 1 ĺ #^−_p (˝ → A) ⩽ 1 (š. ě. łăęďżľ ŕřĺňĺšĺćŋżľ šĺŕ ćśšřěůăěšś£ ć ďăŋŋőľ śěłćěŋűĺĺ śăňőě ąőńĳÿěě őďĺŋ řăğ ŕőńőęĺšěńĳŋő ĺ őďĺŋ řăğ őšřĺűăšěńĳŋő).

Őŕřěďěńěŋĺě 6.24. Ŋăğőćěň ŕőďśšăŋőćłőľ ŕřĺňĺšĺćŋżţ šĺŕőć ń¿ąş¿ ťşŋłűĺ¿ ĺğ Pr ć Pr.

Łăęďőľ ŕőďśšăŋőćłě ϕ ěśšěśšćěŋŋżň őąřăğőň śőŕőśšăćń£ěšś£ ťşŋłűĺ£ ĺğ Tp ć Tp, šăłęě őąőğŋăůăěňă£ ϕ: ϕ(E � F ) ⇌ ϕ(E) � ϕ(F ), ϕ(E \ F ) ⇌ ϕ(E) \ ϕ(F ), ϕ(E/F ) ⇌ ϕ(E)/ϕ(F ). Řăśŕřőśšřăŋĺň őšőąřăęěŋĺě ϕ ŋă śěłćěŋűĺĺ śńěďş¿źĺň őąřăğőň: ϕ(E_1 . . . E_m → F ) ⇌ ϕ(E_1) . . . ϕ(E_m) → ϕ(F ).

Ńěňňă 6.25. Ŕşśšĳ ϕ | ŋěłőšőřă£ ŕőďśšăŋőćłă ŕřĺňĺšĺćŋżţ šĺŕőć. Ěśńĺ ć ŕřőĺğćőńĳŋőň

ćżćőďě ĺśůĺśńěŋĺ£ Ńăňąěłă ğăňěŋĺšĳ łăęďş¿ śěłćěŋűĺ¿ ` → C ŋă ϕ(` → C), šő ŕőńşůěŋŋőě ďěřěćő £ćń£ěšś£ ćżćőďőň.

Ďőłăğăšěńĳśšćő. Ĺŋďşłűĺ£ ŕő ďńĺŋě ćżćőďă ć ĺśůĺśńěŋĺĺ Ńăňąěłă.

Šěőřěňă 6.26. Śěłćěŋűĺ£ ˝ → A ćżćőďĺňă ć ĺśůĺśńěŋĺĺ Ńăňąěłă šőčďă ĺ šőńĳłő šőčďă, łő-

čďă śşźěśšćşěš ćżćőďĺňă£ šőŋłă£ śěłćěŋűĺ£ ^ → B ĺ ŋăľďěšś£ šăłă£ ŕőďśšăŋőćłă ϕ, ůšő ˝ → A = ϕ(^ → B).

Ďőłăğăšěńĳśšćő. Ůăśšĳ \šőčďă" ŋěŕőśřěďśšćěŋŋő śńěďşěš ĺğ ńěňňż 6.25.

Ůšőąż ďőłăğăšĳ ůăśšĳ \šőńĳłő šőčďă", řăśśňőšřĺň ŕřőĺğćőńĳŋżľ ćżćőď ąěğ śěůěŋĺ£ śěłćěŋűĺĺ ˝ → A. Ŕşśšĳ n | łőńĺůěśšćő ćţőęďěŋĺľ ăłśĺőň ć ďăŋŋżľ ćżćőď. Ććěďěň n ŋőćżţ ŕřĺňĺšĺćŋżţ šĺŕőć q_1, . . . , q_n ĺ şśšăŋőćĺň ćğăĺňŋő-őďŋőğŋăůŋőě śőőšćěšśšćĺě ňěęďş ćţőęďěŋĺ£ňĺ ăłśĺőň ĺ ŋőćżňĺ ŕřĺňĺšĺćŋżňĺ šĺŕăňĺ. Őŕřěďěńĺň ŕőďśšăŋőćłş ϕ šăł: ěśńĺ ŋőćżľ ŕřĺňĺšĺćŋżľ šĺŕ q_i śőőšćěšśšćşěš ŋěłőšőřőňş ćţőęďěŋĺ¿ ăłśĺőňż p_j → p_j , šő ŕőńőęĺň ϕ(q_i) ⇌ p_j.

Šěŕěřĳ ŕő ďăŋŋőňş ćżćőďş śěłćěŋűĺĺ ˝ → A ŕőśšřőĺň šăłőľ ćżćőď ŋěłőšőřőľ śěłćěŋűĺĺ ` → C, ůšő ϕ(` → C) = ˝ → A ĺ śšřşłšşřż ¡šĺţ ďćşţ ćżćőďőć śőćŕăďă¿š. Ďń£ ¡šőčő śŋăůăńă ğăňěŋĺň ćśě ćţőęďěŋĺ£ ăłśĺőň p_j → p_j ŋă ćţőęďěŋĺ£ ăłśĺőň ś śőőšćěšśšćş¿źĺňĺ ŋőćżňĺ ŕřĺňĺšĺćŋżňĺ šĺŕăňĺ. Ğăšěň řăśŕřőśšřăŋĺň ¡šş ğăňěŋş ćŋĺğ ŕő ďěřěćş ćżćőďă. İšő ćőğňőęŋő ąńăčőďăř£ šőňş, ůšő ć łăęďőň ŕřăćĺńě ćżćőďă, łřőňě śěůěŋĺ£, łăęďőě ćţőęďěŋĺě ŕřĺňĺšĺćŋőčő šĺŕă ć ğăłń¿ůěŋĺě ŕřăćĺńă ĺňěěš ć šőůŋőśšĺ őďŋőčő ŕřěďÿěśšćěŋŋĺłă ć őďŋőľ ĺğ ŕőśżńőł řăśśňăšřĺćăěňőčő ŕřăćĺńă.

Ŕřĺňěř 6.27. Řăśśňőšřĺň ć łăůěśšćě ˝ → A śěłćěŋűĺ¿: (p/p) p → p/(p \ p). Őŋă ĺňěěš ćżćőď: p → p p → p p → p (p/p) p → p (/ →) (p/p) p (p \ p) → p (\ →) (p/p) p → p/(p \ p) (→ /). Ć łăůěśšćě ^ → B ąěřěšś£ śěłćěŋűĺ£ (q_3/q_2) q_1 → q_3/(q_1 \ q_2). Ŕőńőęĺň

ϕ(q_1) = p, ϕ(q_2) = p, ϕ(q_3) = p.

Ĺňěěň

q_1 → q_1 q_2 → q_2 q_3 → q_3 (q_3/q_2) q_2 → q_3 (/ →) (q_3/q_2) q_1 (q_1 \ q_2) → q_3 (\ →) (q_3/q_2) q_1 → q_3/(q_1 \ q_2) (→ /). Ŕřĺňěř 6.28. Śěłćěŋűĺ¿ q (q \ q) (q \ r) ((q \ r) \ q \ s) → s ňőęŋő ŕőńşůĺšĳ ś ŕő-

ňőźĳ¿ ŕőďśšăŋőćłĺ ŕřĺňĺšĺćŋżţ šĺŕőć ĺğ ďćşţ řăğńĺůŋżţ šőŋłĺţ ćżćőďĺňżţ śěłćěŋűĺľ: p_1 (p_2 \ p_3) (p_3 \ r) ((p_2 \ r) \ p_1 \ s) → s ĺ p_1 (p_1 \ p_2) (p_3 \ r) ((p_3 \ r) \ p_2 \ s) → s.

Ŕřĺňěř 6.29. Śěłćěŋűĺ¿ ((q \ q) \ (q \ r)) \ s → ((q \ q) \ (q \ r)) \ (q \ q) \ s ňőęŋő ŕőńşůĺšĳ

ś ŕőňőźĳ¿ ŕőďśšăŋőćłĺ ŕřĺňĺšĺćŋżţ šĺŕőć ĺğ ďćşţ řăğńĺůŋżţ šőŋłĺţ ćżćőďĺňżţ śěłćěŋűĺľ: ((p_2 \p_1)\(p_2 \r))\s → ((p_3 \p_4)\(p_1 \r))\(p_3 \p_4)\s ĺ ((p_3 \p_1)\(p_2 \r))\s → ((p_3 \p_4)\(p_2 \r))\(p_1 \p_4)\s.

Šěőřěňă 6.30 (Ĺŋšěřŕőń£űĺőŋŋőě śćőľśšćő L^∗). Ŕşśšĳ L^∗ ⊢ ˘^¯ → C, čďě ˘ ∈ Tp^∗,

^ ∈ Tp^+ , ¯ ∈ Tp^∗ ĺ C ∈ Tp. Šőčďă śşźěśšćşěš šăłőľ šĺŕ E, ůšő

• L^∗ ⊢ ^ → E, • L^∗ ⊢ ˘E¯ → C, • ∀i #^+_{pi} (E) ⩽ min(#^+_{pi} (^), #^+_{pi} (C) + #^−_{pi} (˘¯)),

• ∀i #^−_{pi} (E) ⩽ min(#^−_{pi} (^), #^−_{pi} (C) + #^+_{pi} (˘¯)).

Ďőłăğăšěńĳśšćő. Śň. [61, 62].

Őŕřěďěńěŋĺě 6.31. ‖`‖p_i ⇌ #^+_{pi} (`) + #^−_{pi} (`).

Őŕřěďěńěŋĺě 6.32. Ňŋőęěśšćő ŕřĺňĺšĺćŋżţ šĺŕőć, ćţőď£źĺţ ć ďăŋŋżľ šĺŕ, őŕřěďěń£ěšś£ śńě-

ďş¿źĺň őąřăğőň: var(p_i) ⇌ {p_i}, var(A � B) ⇌ var(A) ∪ var(B), var(A \ B) ⇌ var(A) ∪ var(B), var(A/B) ⇌ var(A) ∪ var(B).

Łăł őążůŋő, var(`) ⇌ var(•`).

Şŕřăęŋěŋĺě 6.33. pi ∈ var(`) šőčďă ĺ šőńĳłő šőčďă, łőčďă ‖`‖p_i > 0.

Ğăňěůăŋĺě 6.34. Ňőęŋő řăśśňőšřěšĳ ŋěśłőńĳłő ąőńěě śńăąş¿ ťőřňşńĺřőćłş ĺŋšěřŕőń£űĺőŋŋőčő

śćőľśšćă ć šěřňĺŋăţ ‖ · ‖_{pi} ćňěśšő #^+_{pi} ĺ #^−_{pi} (šăł śďěńăŋő ć šěőřěňě 6.37). Ŋő ňőęŋő řăśśňőšřěšĳ ěź-ě ąőńěě śńăąş¿ ťőřňşńĺřőćłş ć šěřňĺŋăţ ťşŋłűĺĺ var, ăŋăńőčĺůŋş¿ śšăŋďăřšŋőňş ĺŋšěřŕőń£- űĺőŋŋőňş śćőľśšćş Łřěľčă ďń£ łńăśśĺůěśłőľ ńőčĺłĺ.

Śńěďśšćĺě 6.35. Ŕşśšĳ L^∗ ⊢ ˘^¯ → C, čďě ˘ ∈ Tp^∗, ^ ∈ Tp^+ , ¯ ∈ Tp^∗ ĺ C ∈ Tp. Šőčďă

śşźěśšćşěš šăłőľ šĺŕ E, ůšő

• L^∗ ⊢ ^ → E, • L^∗ ⊢ ˘E¯ → C, • var(E) ⊆ var(^) ∩ var(˘¯C).

Śńěďśšćĺě 6.36. Ŕşśšĳ L^∗ ⊢ A → C. Šőčďă śşźěśšćşěš šăłőľ šĺŕ E, ůšő • L^∗ ⊢ A → E, • L^∗ ⊢ E → C, • var(E) ⊆ var(A) ∩ var(C).

Šěőřěňă 6.37. Ĺŋšěřŕőń£űĺőŋŋőě śćőľśšćő L [6]. Ŕşśšĳ L ⊢ ˘^¯ → C, čďě ˘ ∈ Tp^∗, ^ ∈ Tp^+ ,

¯ ∈ Tp^∗ ĺ C ∈ Tp. Šőčďă śşźěśšćşěš šăłőľ šĺŕ E, ůšő

(i) L ⊢ ^ → E, (ii) L ⊢ ˘E¯ → C, (iii) ∀i ‖E‖_{pi} ⩽ min(‖^‖_{pi} , ‖C‖_{pi} + ‖˘¯‖_{pi} ). Ąşďěň ŕĺśăšĳ ˘[^]¯ → C ćňěśšő ˘^¯ → C, ůšőąż ćżďěńĺšĳ őšňěůěŋŋş¿ ůăśšĳ ăŋšěűěďěŋšă. Ŋăğőćěň šĺŕ E, şďőćńěšćőř£¿źĺľ şśńőćĺ£ň (i) | (iii), ĺŋšěřŕőń£ŋšőň ďń£ ŕőśńěďőćăšěńĳŋőśšĺ ^ ć śěłćěŋűĺĺ ˘[^]¯ → C.

Ďőłăğăšěńĳśšćő. Ĺŋďşłűĺ£ ŕő ďńĺŋě ćżćőďă ąěğ śěůěŋĺ£.

Śńşůăľ 1: Ŕşśšĳ ˘^¯ → C £ćń£ěšś£ ăłśĺőňőľ, š. ě. C = ˘^¯. Šăł łăł ^ ∈ Tp^+, šő ^ = C ĺ

˘ = ¯ = ~. Ŕőńőęĺň E = C.

Ćő ćśěţ śńěďş¿źĺţ śńşůă£ţ ćżďěńěŋĺě ŕőďŕőśńěďőćăšěńĳŋőśšĺ ć ăŋšěűěďěŋšě ğăłń¿ůěŋĺ£ řăśśňăšřĺćăěňőčő ŕřăćĺńă ćżćőďă ŕőřőęďăěš ćżďěńěŋĺě ŕőďŕőśńěďőćăšěńĳŋőśšěľ ć ŕőśżńłăţ. Ŕő ŕřěďŕőńőęěŋĺ¿ ĺŋďşłűĺĺ ŋăľďěň ĺŋšěřŕőń£ŋšż ďń£ ŕőśżńőł.

Śńşůăľ 2: Řăśśňőšřĺň ŕřăćĺńő (→ \).

A˘[^]¯ → B ˘[^]¯ → A \ B (→ \) Ŕő ŕřěďŕőńőęěŋĺ¿ ĺŋďşłűĺĺ ŋăľďěň šăłőľ šĺŕ E, ůšő L ⊢ ^ → E, A˘E¯ → B ĺ ‖E‖_{pi} ≤ min(‖^‖_{pi} , ‖B‖_{pi} + ‖A˘¯‖_{pi} ) ďń£ ń¿ąőčő p_i.

Ŕřőćěřĺň, ůšő (i), (ii) ĺ (iii) ćżŕőńŋ£¿šś£ ďń£ ğăłń¿ůěŋĺ£ ŕřăćĺńă (→ \) ś šěň ęě ĺŋšěřŕőń£ŋšőň E, ůšő ĺ ďń£ ŕőśżńłĺ. Şšćěřęďěŋĺě (i), őůěćĺďŋő, ćżšěłăěš ĺğ ŕřěďŕőńőęěŋĺ£ ĺŋďşłűĺĺ. Ŕőśšřőĺć ćżćőď A˘E¯ → B ˘E¯ → A \ B (→ \), şśšăŋőćĺň (ii). Şšćěřęďěŋĺě (iii) śńěďşěš ĺğ ŕřěďŕőńőęěŋĺ£ ĺŋďşłűĺĺ ĺ őŕřěďěńěŋĺ£ ‖ ‖_{pi} .

Śńşůăľ 3: Ŕřăćĺńő (→ /) řăśśňăšřĺćăěšś£ ăŋăńőčĺůŋő. Śńşůăľ 4: Řăśśňőšřĺň ŕřăćĺńő (\ →). Řăğąěřěň ÿěśšĳ ŕőďśńşůăěć. Śńşůăľ 4a:

˝^′[˝^{′′}]˝^{′′′} → A `B´ → C `˝^′[˝^{′′}]˝^{′′′}(A \ B)´ → C (\ →). Řăśśňăšřĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 2.

Śńşůăľ 4b:

˝ → A `^′[`^{′′}]`^{′′′}B´ → C `^′[`^{′′}]`^{′′′}˝(A \ B)´ → C (\ →). Řăśśňăšřĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 2.

Śńşůăľ 4c:

˝ → A `B´^′[´^{′′}]´^{′′′} → C `˝(A \ B)´^′[´^{′′}]´^{′′′} → C (\ →). Řăśśňăšřĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 2.

Śńşůăľ 4d:

[˝^′]˝^{′′} → A `^′[`^{′′}]B´ → C `^′[`^{′′}˝^′]˝^{′′}(A \ B)´ → C (\ →). Ŕşśšĳ E | ĺŋšěřŕőń£ŋš ńěćőľ ŕőśżńłĺ ĺ F | ĺŋšěřŕőń£ŋš ŕřăćőľ ŕőśżńłĺ. Ńěčłő ŕřőćěřĺšĳ, ůšő F � E £ćń£ěšś£ ĺŋšěřŕőń£ŋšőň ğăłń¿ůěŋĺ£ ŕřăćĺńă (\ →). Ďń£ şśšăŋőćńěŋĺ£ (i) ŕőśšřőĺň ćżćőď `^{′′} → F ˝^′ → E `^{′′}˝^′ → F � E

( � →).

Śńşůăľ 4e:

˝ → A `^′[`^{′′}B´^′]´^{′′} → C `^′[`^{′′}˝(A \ B)´^′]´^{′′} → C (\ →). Ŕşśšĳ šĺŕ E | ĺŋšěřŕőń£ŋš ŕřăćőľ ŕőśżńłĺ. Ďőłăęěň, ůšő E £ćń£ěšś£ šăłęě ĺŋšěřŕőń£ŋšőň ğăłń¿ůěŋĺ£. Şšćěřęďěŋĺě (ii) őůěćĺďŋő.

Ŕő ŕşŋłšş (i) ŕřěďŕőńőęěŋĺ£ ĺŋďşłűĺĺ ŕőńşůăěň, ůšő ˝ → A `^{′′}B´^′ → E `^{′′}˝(A \ B)´^′ → E (\ →). Šěň śăňżň ďőłăğăŋő (i). Ďń£ ŕřőćěřłĺ (iii) ďőśšăšőůŋő ğăňěšĺšĳ, ůšő ‖B‖_{pi} + ‖`^{′′}´^′‖_{pi} ≤ ‖A \ B‖_{pi} + ‖`^{′′}˝´^′‖_{pi} . Śńşůăľ 4f:

[˝^′]˝^{′′} → A `[B´^′]´^{′′} → C `˝^′[˝^{′′}(A \ B)´^′]´^{′′} → C (\ →). Ŕşśšĳ E | ĺŋšěřŕőń£ŋš ŕřăćőľ ŕőśżńłĺ, ă F | ĺŋšěřŕőń£ŋš ńěćőľ ŕőśżńłĺ.

Ďőłăęěň, ůšő šĺŕ F \ E £ćń£ěšś£ ĺŋšěřŕőń£ŋšőň ğăłń¿ůěŋĺ£. Ďőłăęěň şšćěřęďěŋĺě (iii): ‖F \ E‖_{pi} = = ‖E‖_{pi} + ‖F ‖_{pi} ⩽ ⩽ min(‖B´^′‖_{pi} , ‖C‖_{pi} + ‖`´^{′′}‖_{pi} )+ + min(‖A‖_{pi} + ‖˝^{′′}‖_{pi} , ‖˝^′‖_{pi} ) ⩽ ⩽ min(‖B´^′‖_{pi} +‖A‖_{pi} +‖˝^{′′}‖_{pi} , ‖C‖_{pi} +‖`´^{′′}‖_{pi} +‖˝^′‖_{pi} ) = = min(‖˝^{′′}(A \ B)´^′‖_{pi} , ‖C‖_{pi} + ‖`˝^′´^{′′}‖_{pi} ).

Šěŕěřĳ ďőłăęěň (i): F ˝^{′′} → A B´^′ → E F ˝^{′′}(A \ B)´^′ → E (\ →) ˝^{′′}(A \ B)´^′ → F \ E (→ \). Ŋăłőŋěű, ďőłăęěň (ii): ˝^′ → F `E´^{′′} → C `˝^′(F \ E)´^{′′} → C (\ →). Śńşůăľ 5: Ŕřăćĺńő (/ →) řăśśňăšřĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 4. Śńşůăľ 6: Řăśśňőšřĺň ŕřăćĺńő (→ � ). Řăğąěřěň šřĺ ŕőďśńşůă£. Śńşůăľ 6a:

`^′[`^{′′}]`^{′′′} → A ´ → B `^′[`^{′′}]`^{′′′}´ → A � B

(→ � ).

Řăśśňăšřĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 2.

Śńşůăľ 6b:

`^′[`^{′′}] → A [´^′]´^{′′} → B `^′[`^{′′}´^′]´^{′′} → A � B

(→ � ).

Řăśśňăšřĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 4d.

Śńşůăľ 6c:

` → A ´^′[´^{′′}]´^{′′′} → B `´^′[´^{′′}]´^{′′′} → A � B

(→ � ).

Řăśśňăšřĺćăěšś£ ăŋăńőčĺůŋő śńşůă¿ 2.

Śńşůăľ 7: Řăśśňőšřĺň ŕřăćĺńő ( � →). Ćśě šřĺ ŕőďśńşůă£ řăğąĺřă¿šś£ ăŋăńőčĺůŋő śńşůă¿ 2. Śńşůăľ 7a: `^′[`^{′′}]`^{′′′}AB´ → C `^′[`^{′′}]`^{′′′}(A � B)´ → C

( � →).

Śńşůăľ 7b:

`^′[`^{′′}AB´^′]´^{′′} → C `^′[`^{′′}(A � B)´^′]´^{′′} → C

( � →).

Śńşůăľ 7c: `AB´^′[´^{′′}]´^{′′′} → C `(A � B)´^′[´^{′′}]´^{′′′} → C

( � →).

Ŕřĺňěř 6.38. Řăśśňőšřĺň ćżćőďĺňş¿ śěłćěŋűĺ¿

p_1 � (p_1 \ p_2) → (p_3/p_2) \ p_3.

Ğďěśĳ var(p_1 � (p_1 \p_2))∩var((p_3/p_2)\p_3) = {p_1, p_2}∩{p_2, p_3} = {p_2}. Ĺŋšěřŕőń£ŋšőň ďăŋŋőľ śěłćěŋűĺĺ £ćń£ěšś£ šĺŕ E = p_2. Ďěľśšćĺšěńĳŋő,

L ⊢ p_1 � (p_1 \ p_2) → p_2 ĺ L ⊢ p_2 → (p_3/p_2) \ p_3.

Šěőřěňă 6.39. Ĺŋšěřŕőń£űĺőŋŋőě śćőľśšćő L(\, /) ĺ L(\) [6]. Őŕřěďěńěŋĺě 6.40. Ĺśůĺśńěŋĺě Lcut ([6]). Őŕřěďěńěŋĺě 6.41. Ńĺŋěľŋżľ ćżćőď ć Lcut.

Šěőřěňă 6.42. Łăęďżľ ćżćőď ĺğ čĺŕőšěğ ć Lcut ňőęŋő ğăňěŋĺšĳ ŋă ńĺŋěľŋżľ ćżćőď ĺğ čĺŕőšěğ

ć Lcut.

7 Čřăňňăšĺłĺ

Őŕřěďěńěŋĺě 7.1. Łőŋšěłśšŋő-śćőąőďŋőľ čřăňňăšĺłőľ ŋăğżćăěšś£ ůěšć-ěřłă G ⇌ ⟨N, ˚, P, S⟩,

čďě N ĺ ˚ | łőŋěůŋżě ăńťăćĺšż, N ∩ ˚ = ?, P ⊂ N × (N ∪ ˚)^∗, P łőŋěůŋő ĺ S ∈ N . Ğďěśĳ ˚ | őśŋőćŋőľ ăńťăćĺš (šěřňĺŋăńĳŋżľ ăńťăćĺš), ěčő ¡ńěňěŋšż ŋăğżćă¿šś£ šěřňĺŋăńĳŋżňĺ śĺňćőńăňĺ ĺńĺ šěřňĺŋăńăňĺ, N | ćśŕőňőčăšěńĳŋżľ ăńťăćĺš (ŋěšěřňĺŋăńĳŋżľ ăńťăćĺš), ěčő ¡ńěňěŋšż ŋăğżćă¿šś£ ŋěšěřňĺŋăńĳŋżňĺ śĺňćőńăňĺ, ŋěšěřňĺŋăńăňĺ ćśŕőňőčăšěńĳŋżňĺ śĺňćőńăňĺ ĺńĺ ŕěřěňěŋŋżňĺ, S | ŋăůăńĳŋżľ śĺňćőń (ăłśĺőňă). Ŕăřż (A, β) ∈ P ŋăğżćă¿šś£ ŕřăćĺńăňĺ ŕőďśšăŋőćłĺ, ŕřőśšő ŕřăćĺńăňĺ ĺńĺ ŕřőďşłűĺ£ňĺ ĺ ğăŕĺśżćă¿šś£ ć ćĺďě A → β.

Ğăňěůăŋĺě 7.2. Ąşďěň őąőğŋăůăšĳ ¡ńěňěŋšż ňŋőęěśšćă ˚ śšřőůŋżňĺ ąşłćăňĺ ĺğ ŋăůăńă ńăšĺŋ-

śłőčő ăńťăćĺšă, ă ¡ńěňěŋšż ňŋőęěśšćă N | ğăčńăćŋżňĺ ńăšĺŋśłĺňĺ ąşłćăňĺ. Őążůŋő ć ŕřĺňěřăţ ňż ąşďěň ğăďăćăšĳ čřăňňăšĺłş ć ćĺďě śŕĺśłă ŕřăćĺń, ŕőďřăğşňěćă£, ůšő ăńťăćĺš N śőśšăćń£¿š ćśě ğăčńăćŋżě ąşłćż, ćśšřěůă¿źĺěś£ ć ŕřăćĺńăţ, ă ăńťăćĺš ˚ | ćśě śšřőůŋżě ąşłćż, ćśšřěůă¿- źĺěś£ ć ŕřăćĺńăţ. Ŕřĺ ¡šőň ŕřăćĺńă ŕőřőęďă¿źěľ čřăňňăšĺłĺ ğăŕĺśżćă¿š ć šăłőň ŕőř£ďłě, ůšő ńěćă£ ůăśšĳ ŕěřćőčő ŕřăćĺńă ěśšĳ ŋăůăńĳŋżľ śĺňćőń S.

Őŕřěďěńěŋĺě 7.3. Ŕşśšĳ ďăŋă čřăňňăšĺłă G. Ŕĺÿěň ϕ ⇒_G ψ, ěśńĺ ϕ = ηAθ, ψ = ηβθ ĺ (A → β) ∈ P

ďń£ ŋěłőšőřőčő śĺňćőńă A ĺ ŋěłőšőřżţ śńőć β, η, θ ć ăńťăćĺšě N ∪ ˚. Ěśńĺ ϕ ⇒_G ψ, šő čőćőř£š, ůšő śńőćő ψ ŋěŕőśřěďśšćěŋŋő ćżćőďĺňő ĺğ śńőćă ϕ.

Ğăňěůăŋĺě 7.4. Łőčďă ĺğ łőŋšěłśšă £śŋő, ő łăłőľ čřăňňăšĺłě ĺď-ěš řěůĳ, ćňěśšő ⇒_G ňőęŋő ŕĺśăšĳ

ŕřőśšő ⇒.

Őŕřěďěńěŋĺě 7.5. Ěśńĺ ω0 ⇒_G ω1 ⇒_G . . . ⇒_G ωn, čďě n ⩾ 0, šő ŕĺÿěň ω0^∗⇒_G ωn ĺ čőćőřĺň, ůšő śńőćő ωn

ŋěŕőśřěďśšćěŋŋő ćżćőďĺňő ĺğ śńőćă ω_0. Ďřşčĺňĺ śńőćăňĺ, ąĺŋăřŋőě őšŋőÿěŋĺě^∗⇒_G £ćń£ěšś£ řěťńěłśĺćŋżň, šřăŋğĺšĺćŋżň ğăňżłăŋĺěň ąĺŋăřŋőčő őšŋőÿěŋĺ£ ⇒_G , őŕřěďěń-ěŋŋőčő ŋă ňŋőęěśšćě (N ∪ ˚)^∗.

Ŕřĺ ¡šőň ŕőśńěďőćăšěńĳŋőśšĳ śńőć ω_0, ω_1, . . . , ω_n ŋăğżćăěšś£ ćżćőďőň śńőćă ω_n ĺğ śńőćă ω_0 ć čřăňňăšĺłě G. Ůĺśńő n ŋăğżćăěšś£ ďńĺŋőľ (łőńĺůěśšćőň ÿăčőć) ¡šőčő ćżćőďă.

Şŕřăęŋěŋĺě 7.6. Řăśśňőšřĺň łőŋšěłśšŋő-śćőąőďŋş¿ čřăňňăšĺłş V → b, V → aV T, T → cV T, T → d. Šőčďă V ⇒ aV T ⇒ abT ⇒ abcV T ⇒ abcV T ⇒ abcbT ⇒ abcbd £ćń£ěšś£ ćżćőďőň ďńĺŋż 6 ć ¡šőľ čřăňňăšĺłě.

Őŕřěďěńěŋĺě 7.7. §ğżł, ŕőřőęďăěňżľ čřăňňăšĺłőľ G, | ¡šő ňŋőęěśšćő

L(G) ⇌ {ω ∈ ˚^∗ | S^∗⇒_G ω}. Ąşďěň šăłęě čőćőřĺšĳ, ůšő čřăňňăšĺłă G ŕőřőęďăěš £ğżł L(G). Şŕřăęŋěŋĺě 7.8. Čřăňňăšĺłă_{S → F F,} F → aF b, F → ab ŕőřőęďăěš £ğżł {a^nb^na^mb^m | n ⩾ 1, m ⩾ 1}.

Őŕřěďěńěŋĺě 7.9. §ğżł ŋăğżćăěšś£ łőŋšěłśšŋő-śćőąőďŋżň (ĺńĺ ăńčěąřăĺůěśłĺň), ěśńĺ śşźě-

śšćşěš łőŋšěłśšŋő-śćőąőďŋă£ čřăňňăšĺłă, ŕőřőęďă¿źă£ ďăŋŋżľ £ğżł.

Ğăňěůăŋĺě 7.10. Ŋěłőšőřżě ăćšőřż ć őŕřěďěńěŋĺĺ łőŋšěłśšŋő-śćőąőďŋőľ čřăňňăšĺłĺ ğăŕřě-

źă¿š ĺśŕőńĳğőćăšĳ ŕřăćĺńă ćĺďă K → ε. Łăł ĺğćěśšŋő, ¡šő řăğńĺůĺě ŋěśşźěśšćěŋŋő. Ă ĺňěŋŋő, ďń£ ń¿ąőľ łőŋšěłśšŋő-śćőąőďŋőľ čřăňňăšĺłĺ, ćłń¿ůă¿źěľ ŕřăćĺńă ćĺďă K → ε, ňőęŋő ¡ťťěłšĺćŋő ŕőśšřőĺšĳ šăłş¿ łőŋšěłśšŋő-śćőąőďŋş¿ čřăňňăšĺłş ąěğ ¡šĺţ ŕřăćĺń, ůšő řăğŋőśšĳ £ğżłőć, ŕőřőęďăěňżţ ¡šĺňĺ čřăňňăšĺłăňĺ, ńĺąő ŕşśšă, ńĺąő śőďěřęĺš ńĺÿĳ ŕşśšőě śńőćő (śň., ŋăŕřĺňěř, [35, 3, 39]).

27.04.2006 19

Ŕřőąńěňă 7.11. Řăśśňőšřĺň ăńťăćĺš ˚ ⇌ {[, ], |, m+, l+, r+, m−, l−, r−} ĺ ďćě ťşŋłűĺĺ

f_+ : Tp → ˚^+ ĺ f_− : Tp → ˚^+, őŕřěďěń-ěŋŋżě šăł:

f_+ (p_i) ⇌ |^i f_−(p_i) ⇌ |^i f_+ (A � B) ⇌ [f_+ (A)m_+ f_+ (B)] f_−(A � B) ⇌ [f_−(B)m_− f_−(A)] f_+ (A/B) ⇌ [f_+ (A)r_+f_− (B)] f_−(A/B) ⇌ [f_+(B)r_− f_−(A)] f_+ (A \ B) ⇌ [f_−(A)l_+ f_+ (B)] f_−(A \ B) ⇌ [f_−(B)l_− f_+ (A)].

Ŕşśšĳ ďăŋő k ⩾ 1. §ćń£ěšś£ ńĺ łőŋšěłśšŋő-śćőąőďŋżň £ğżł {f_−(A_n) . . . f_− (A_1)f_+ (B) | L(p_1, . . ., p_k) ⊢ A_1 . . . A_n → B}?

Şŕřăęŋěŋĺě 7.12. §ćń£ěšś£ ńĺ łőŋšěłśšŋő-śćőąőďŋżň £ğżł {f−(An) . . . f− (A1)f+ (B) | L ⊢ A1 . . . An → B},

čďě ťşŋłűĺĺ f_+ ĺ f_− ćğ£šż ĺğ 7.11?

Őŕřěďěńěŋĺě 7.13. Ąăğőćă£ łăšěčőřĺăńĳŋă£ čřăňňăšĺłă.

Šěőřěňă 7.14. Łăęďă£ ąăğőćă£ łăšěčőřĺăńĳŋă£ čřăňňăšĺłă ¡łćĺćăńěŋšŋă ŋěłőšőřőľ łőŋ-

šěłśšŋő-śćőąőďŋőľ čřăňňăšĺłě ąěğ ŕşśšőčő śńőćă [13].

Šěőřěňă 7.15 (Čăľťňăŋ). Łăęďă£ łőŋšěłśšŋő-śćőąőďŋă£ čřăňňăšĺłă ąěğ ŕşśšőčő śńőćă ¡łćĺ-

ćăńěŋšŋă ŋěłőšőřőľ ąăğőćőľ łăšěčőřĺăńĳŋőľ čřăňňăšĺłě [13, 26].

Őŕřěďěńěŋĺě 7.16. Čřăňňăšĺłă Ńăňąěłă ěśšĳ šřőľłă ⟨˚, H, ▷⟩, čďě ˚ | ŕřőĺğćőńĳŋőě łőŋěůŋőě

ňŋőęěśšćő (ăńťăćĺš), H | ŕřőĺğćőńĳŋżľ šĺŕ ĺśůĺśńěŋĺ£ Ńăňąěłă ĺ ▷ | ŕřőĺğćőńĳŋőě łőŋěůŋőě ąĺŋăřŋőě őšŋőÿěŋĺě ▷ ⊂ Tp × ˚.

§ğżł, ŕőřőęďăěňżľ čřăňňăšĺłőľ Ńăňąěłă ⟨˚, H, ▷⟩, őŕřěďěń£ěšś£ łăł ňŋőęěśšćő ćśěţ ŋěŕşśšżţ śńőć a_1 . . . a_n ć ăńťăćĺšě ˚, ďń£ łőšőřżţ śşźěśšćşěš šăłă£ ćżćőďĺňă£ ć ĺśůĺśńěŋĺĺ Ńăňąěłă śěłćěŋűĺ£ B_1 . . . B_n → H, ůšő ďń£ ń¿ąőčő i ⩽ n ćżŕőńŋ£ěšś£ B_i ▷ a_i. Őąőğŋăůĺň ¡šőš £ğżł ůěřěğ L_L(˚, H, ▷). Šěőřěňă 7.17. Łăęďă£ łőŋšěłśšŋő-śćőąőďŋă£ čřăňňăšĺłă ąěğ ŕşśšőčő śńőćă ¡łćĺćăńěŋšŋă ŋě-

łőšőřőľ čřăňňăšĺłě Ńăňąěłă [30, 26].

Ďőłăğăšěńĳśšćő. Ŕşśšĳ ďăŋă łőŋšěłśšŋő-śćőąőďŋă£ čřăňňăšĺłă ⟨N, ˚, P, S⟩ ć ŋőřňăńĳŋőľ ťőřňě Ţőňśłőčő. Ğďěśĳ ˚ | őśŋőćŋőľ ăńťăćĺš, N | ćśŕőňőčăšěńĳŋżľ ăńťăćĺš, S | ŋăůăńĳŋżľ śĺňćőń, P | ňŋőęěśšćő łőŋšěłśšŋő-śćőąőďŋżţ ŕřăćĺń (őążůŋő ğăŕĺśżćăěňżţ ć ćĺďě α → β). Ŕşśšĳ N ⊆ Pr. Ŕőńőęĺň H ⇌ S.

Őŕřěďěńĺň I : N → P(Tp) šăł: • ěśńĺ p ∈ N , šő p ∈ I(p), • ěśńĺ (p → qr) ∈ P , šő q \ p ∈ I(r), • ěśńĺ t ∈ N ĺ (p → qr) ∈ P , šő (q \ p)/(t \ r) ∈ I(t). Ŕőńőęĺň A ▷ a, ěśńĺ A ∈ I(p) ĺ (p → a) ∈ P ďń£ ŋěłőšőřőčő p.

Łőřřěłšŋőśšĳ ŕőśšřőěŋŋőľ čřăňňăšĺłĺ śńěďşěš ĺğ šőčő, ůšő ďń£ ń¿ąőčő p ∈ N ĺ ń¿ąőčő A ∈ I(p) L + Ax_P ⊢ p → A.

Ğďěśĳ Ax_P ⇌ {qr → p | (p → qr) ∈ P , ă L + Ax_P őąőğŋăůăěš ĺśůĺśńěŋĺě L ś ďőŕőńŋĺšěńĳŋżňĺ ăłśĺőňăňĺ Ax_P .

Ŕřĺňěř 7.18. Łőŋšěłśšŋő-śćőąőďŋőňş ćżćőďş

p_1

vvmmmm mmmm

   mmmm

      mmm

((QQ

         QQQQ

     QQQ

   QQQQ

QQ

p_2

~~||

|||

  ||

   |

B

   BBB

 BB

BB p_3

˝˝{{

{{{

  {{{

!!C

   CC

  CCC

CC

p_4

~~|||

|||

  ||

B

   BBB

  BBB

B p^5 p^6

˝˝{{{

{{{

  {{

!!C

   CCC

 CC

CC p_7

p_8 p_9 p_{10} p_{11}

27.04.2006 20 śőőšćěšśšćş¿š śńěďş¿źĺě šĺŕż ĺśůĺśńěŋĺ£ Ńăňąěłă. p_1

wwnnn nnn

  nnn

    nnn

       nnn

((QQQ

      QQQQ

   QQQQ

QQQQ

p_2

¨¨¨¨

¨¨

 ¨¨

  ¨¨

ØØ?

   ??

  ??

 ??

? p^2 \ p^1

——yyy yyy

  yyy

””E

    EEE

  EEE

EE

p_4

¨¨¨¨

¨¨

 ¨¨

  ¨¨

ØØ?

   ??

  ??

 ??

? p^4 \ p^2 (p^2 \ p^1)/(p^6 \ p^3)

¨¨¨¨

¨¨

 ¨¨

  ¨

””E

    EE

   EEE

 EE

E p^6 \ p^3

p_8 p_8 \ p_4 (p_2 \ p_1)/(p_{10} \ p_3) p_{10} \ p_6 Ğăňěšĺň, ůšő L ⊢ p_8 (p_8 \ p_4) (p_4 \ p_2) ((p_2 \ p_1)/(p_{10} \ p_3)) (p_{10} \ p_6) (p_6 \ p_3) → p_1.

Šěőřěňă 7.19. Łăęďă£ łőŋšěłśšŋő-śćőąőďŋă£ čřăňňăšĺłă ąěğ ŕşśšőčő śńőćă ¡łćĺćăńěŋšŋă ŋě-

łőšőřőľ L(\)-čřăňňăšĺłě, ĺśŕőńĳğş¿źěľ šőńĳłő šĺŕż ćĺďă p_i, p_i \ p_j ĺ p_i \ (p_j \ p_k) [30, 26].

Ŕřĺňěř 7.20. Čřăňňăšĺłă ĺğ ŕřĺňěřă 7.6 ¡łćĺćăńěŋšŋă L(\)-čřăňňăšĺłě ⟨˚, S, ▷⟩, čďě V ▷ b,

(V /T )/V ▷ a, (T /T )/V ▷ c, T ▷ d. Ğďěśĳ V ĺ T śůĺšă¿šś£ (řăğńĺůŋżňĺ) ŕřĺňĺšĺćŋżňĺ šĺŕăňĺ.

Őŕřěďěńěŋĺě 7.21. Ůěřěğ ⌊|A|⌋ őąőğŋăůĺň śşňňăřŋőě łőńĺůěśšćő ćţőęďěŋĺľ ŕřĺňĺšĺćŋżţ šĺŕőć

ć šĺŕ A: ⌊|p_i|⌋ ⇌ 1, ⌊|A � B|⌋ ⇌ ⌊|A|⌋ + ⌊|B|⌋, ⌊|A \ B|⌋ ⇌ ⌊|A|⌋ + ⌊|B|⌋, ⌊|A/B|⌋ ⇌ ⌊|A|⌋ + ⌊|B|⌋. Ďń£ ŕőśńěďőćăšěńĳŋőśšĺ šĺŕőć ŕőńăčăěň ⌊|A_1 . . . A_n|⌋ ⇌ ⌊|A_1|⌋ + . . . + ⌊|A_n|⌋. Şŕřăęŋěŋĺě 7.22. ⌊|A|⌋ =^∑_{p∈Pr} #p(A). Şŕřăęŋěŋĺě 7.23. ‖A‖ = 2⌊|A|⌋ − 1.

Šěőřěňă 7.24. Ŕşśšĳ L ⊢ ˘^¯ → C, čďě ˘ ∈ Tp^∗, ^ ∈ Tp^+, ¯ ∈ Tp^∗, C ∈ Tp ĺ śěłćěŋűĺ£

˘^¯ → C £ćń£ěšś£ šőŋłőľ. Šőčďă śşźěśšćşěš šăłőľ šĺŕ E, ůšő (i) L ⊢ ^ → E, (ii) L ⊢ ˘E¯ → C, (iii) śěłćěŋűĺ£ ^ → E £ćń£ěšś£ šőŋłőľ, (iv) śěłćěŋűĺ£ ˘E¯ → C £ćń£ěšś£ šőŋłőľ, (v) ⌊|E|⌋ = |[[^]]|. Ďőłăğăšěńĳśšćő. Ĺśŕőńĳğş£ šěőřěňş 6.30 ŋăţőďĺň ĺśłőňżľ šĺŕ E. Őŋ şďőćńěšćőř£ěš şśńőćĺ£ň (i) ĺ (ii). Ďőłăęěň, ůšő őŋ şďőćńěšćőř£ěš šăłęě (iii), (iv) ĺ (v).

Řăśśňőšřĺň ŕřőĺğćőńĳŋżľ ŕřĺňĺšĺćŋżľ šĺŕ p. Šăł łăł #^+_p (E) ⩽ #^+_p (C) + #^−_p (˘¯), šő #^+_p (E) + #^−_p (^) ⩽ #^+_p (C) + #^−_p (˘^¯) ⩽ 1 (ŕőśńěďŋěě ŋěřăćěŋśšćő śńěďşěš ĺğ šőčő, ůšő ĺśţőďŋă£ śěłćěŋűĺ£ ˘^¯ → C £ćń£ěšś£ šőŋłőľ). Ăŋăńőčĺůŋő, #^−_p (E) + #^+_p (^) ⩽ #^−_p (C) + #^+_p (˘^¯) ⩽ 1. Šěň śăňżň ďőłăğăŋő (iii).

Şśńőćĺě (iv) ŕřőćěř£ěšś£ ăŋăńőčĺůŋő.

Ďń£ şśšăŋőćńěŋĺ£ (v) ďőśšăšőůŋő ŕřőćěřĺšĳ, ůšő ⌊|E|⌋ = |[[E]]|. İšő őůěćĺďŋő, šăł łăł ŋĺ őďĺŋ ŕřĺňĺšĺćŋżľ šĺŕ ŋě ćśšřěůăěšś£ ć E ąőńěě őďŋőčő řăğă.

Śńěďş¿źă£ ćśŕőňőčăšěńĳŋă£ ńěňňă şšćěřęďăěš, ŕő śşźěśšćş, ůšő ŕřőĺğćőńĳŋă£ ŕőśńěďőćăšěńĳŋőśšĳ ŕřĺćěďěŋŋżţ śńőć ňőęěš śőłřăšĺšĳś£ ďő ŕşśšőčő śńőćă šőńĳłő šőčďă, łőčďă ţőš£ ąż őďŋő ĺğ śńőć ¡šőľ ŕőśńěďőćăšěńĳŋőśšĺ \ŕőšěř£ěš" ŕőńőćĺŋş śćőĺţ ąşłć ŕřĺ śőłřăźěŋĺĺ ś őďŋĺň ĺğ śćőĺţ śőśěďěľ.

Ńěňňă 7.25. Ěśńĺ u1, . . . , un ∈ F G, n>1 ĺ u1 . . . un = ε, šő ŋăľďěšś£ ĺŋďěłś k<n, šăłőľ, ůšő |u_ku_{k+1}| ⩽ max(|u_k|, |u_{k+1}|). Ďőłăğăšěńĳśšćő. Ďń£ ń¿ążţ ďćşţ ¡ńěňěŋšőć F G u_i ĺ u_{i+1} śşźěśšćşěš šřĺ ŕřĺćěďěŋŋżţ śńőćă x_i, y_{i,i+1} ĺ z_{i+1} ć čřşŕŕě F G, šăłĺţ, ůšő u_i = x_iy_{i,i+1}, u_{i+1} = y^{−1}_{i,i+1}z_{i+1}, u_iu_{i+1} = x_iz_{i+1} ĺ śńőćă x_iy_{i,i+1}, y^{−1}_{i,i+1}z_{i+1}, x_iz_{i+1} ŕřĺćěďěŋŋżě. Őůěćĺďŋő, |u_i| = |x_i|+|y_{i,i+1}|, |u_{i+1}| = |y^{−1}_{i,i+1}|+|z_{i+1}| = |y_{i,i+1}|+|z_{i+1}| ĺ |u_iu_{i+1}| = |x_i|+|z_{i+1}|. Ŕřěďŕőńőęĺň, őš ŕřőšĺćŋőčő, ůšő ďń£ ń¿ąőčő ĺŋďěłśă i < n ĺňě¿š ňěśšő ŋěřăćěŋśšćă |u_iu_{i+1}| > |u_i| ĺ |u_iu_{i+1}| > |u_{i+1}|. Ĺğ ŋěřăćěŋśšćă |u_iu_{i+1}| > |u_i| ŕőńşůăěň, ůšő |x_i|+|y_{i,i+1}| < |x_i|+|z_{i+1}|, őšłşďă |y_{i,i+1}| < |z_{i+1}|, ĺ śńěďőćăšěńĳŋő, |y_{i,i+1}| <^1_2 |u_{i+1}|. Ăŋăńőčĺůŋő, ĺğ ŋěřăćěŋśšćă |u_iu_{i+1}| > |u_{i+1}| ŕőńşůăěň, ůšő |y_{i,i+1}|+|z_{i+1}| < |x_i|+|z_{i+1}|, őšłşďă |y_{i,i+1}| < |x_i|, őšłşďă, ć śćő¿ őůěřěďĳ, |y_{i,i+1}| <^1_2 |u_i|.

Šěŕěřĳ řăśśňőšřĺň ŕřőĺğćőńĳŋżľ ĺŋďěłś i, šăłőľ, ůšő 1<i<n. Ŋăŕőňŋĺň, ůšő u_i = y^{−1}_{i−1,i}z_i ĺ, ś ďřşčőľ śšőřőŋż, u_i = x_iy_{i,i+1}. Őąă śńőćă y^{−1}_{i−1,i}z_i ĺ x_iy_{i,i+1} £ćń£¿šś£ ŕřĺćěďěŋŋżňĺ ĺ ŕő¡šőňş śőćŕăďă¿š. Ŕőśłőńĳłş |y^{−1}_{i−1,i}| <^1_2 |u_i| ĺ |y_{i,i+1}| <^1_2 |u_i|, ĺňěěň u_i = y^{−1}_{i−1,i}w_iy_{i,i+1}, x_i = y^{−1}_{i−1,i}w_i ĺ z_i = w_iy_{i,i+1} ďń£ ŕőďţőď£źěčő ŕřĺćěďěŋŋőčő śńőćă w_i. Ğăňěšĺň, ůšő łăł y^{−1}_{i−1,i}w_i, šăł ĺ w_iy_{i,i+1} £ćń£¿šś£ ŕřĺćěďěŋŋżňĺ.

Ŕőďśšăćń££ ć řăćěŋśšćő u_1 . . . u_n = ε ćżřăęěŋĺě x_1y_{1,2} ćňěśšő u_1, y^{−1}_{n−1,n}z_n ćňěśšő u_n ĺ y^{−1}_{i−1,i}w_iy_{i,i+1} ćňěśšő u_i (čďě 1<i<n), ŕőńşůăěň, ůšő x_1w_2w_3 . . . w_{n−1}z_n = ε.

Ŕřőćěřĺň šěŕěřĳ, ůšő śńőćő x_1w_2w_3 . . . w_{n−1}z_n £ćń£ěšś£ ŕřĺćěďěŋŋżň. Ğăňěšĺň, ůšő śńőćő x_1w_2 ŕřĺćěďěŋŋőě, šăł łăł šăłőćżň £ćń£ěšś£ śńőćő x_1z_2 = x_1(w_2y_{2,3}). Ăŋăńőčĺůŋő, śńőćő w_{n−1}z_n ŕřĺćěďěŋŋőě, šăł łăł śńőćő x_{n−1}z_n = (y^{−1}_{n−2,n−1}w_{n−1})z_n ŕřĺćěďěŋŋőě. Ŋăłőŋěű, ďń£ ń¿ąőčő ĺŋďěłśă i, şďőćńěšćőř£¿źěčő ŋěřăćěŋśšćş 1<i<n−1, śńőćő w_iw_{i+1} ŕřĺćěďěŋŋőě, ŕőśłőńĳłş šăłőćżň £ćń£ěšś£ śńőćő x_iz_{i+1} = (y^{−1}_{i−1,i}w_i)(w_{i+1}y_{i+1,i+2}).

Ňż şśšăŋőćĺńĺ, ůšő śńőćő x_1w_2w_3 . . . w_{n−1}z_n ŕřĺćěďěŋŋőě ĺ x_1w_2w_3 . . . w_{n−1}z_n = ε. Őšś¿ďă śńěďşěš, ůšő łăęďőě ĺğ śńőć x_1, w_2, w_3, . . . , w_{n−1} ĺ z_n śőćŕăďăěš ś ŕşśšżň śńőćőň ε. Őďŋăłő ŋă śăňőň ďěńě ćśě őŋĺ ŋěŕşśšżě, ŕőśłőńĳłş |y^{−1}_{i−1,i}| <^1_2 |u_i| ĺ |y_{i,i+1}| <^1_2 |u_i|. Ŕőńşůĺńĺ ŕřőšĺćőřěůĺě.

Őŕřěďěńěŋĺě 7.26. Ďń£ ń¿ąőčő ŋăšşřăńĳŋőčő ůĺśńă m őŕřěďěńĺň ňŋőęěśšćő őčřăŋĺůěŋŋżţ šĺ-

ŕőć Tp(m) ĺ ňŋőęěśšćő őčřăŋĺůěŋŋżţ ŕőśńěďőćăšěńĳŋőśšěľ šĺŕőć Ls(m): Tp(m) ⇌ {A ∈ Tp | ⌊|A|⌋ ≤ m}, Ls(m) ⇌ {˝ ∈ Tp(m)^+ | ⌊|˝|⌋ ≤ 2m}. Őŕřěďěńěŋĺě 7.27. Ďń£ ń¿ążţ ďćşţ ŋăšşřăńĳŋżţ ůĺśěń m ĺ s őŕřěďěńĺň łőŋěůŋőě ňŋőęěśšćő

šĺŕőć Tp(m, s) ĺ łőŋěůŋőě ňŋőęěśšćő ŕőśńěďőćăšěńĳŋőśšěľ šĺŕőć Ls(m, s): Tp(m, s) ⇌ {A ∈ Tp | var(A) ⊆ {p_1, . . . , p_s}, ⌊|A|⌋ ≤ m}, Ls(m, s) ⇌ {˝ ∈ Tp(m, s)^+ | ⌊|˝|⌋ ≤ 2m}. Őŕřěďěńěŋĺě 7.28. Śěłćěŋűĺ£ ` → A śůĺšăěšś£ ăłśĺőňőľ ĺśůĺśńěŋĺ£ Lcutm šőčďă ĺ šőńĳłő šőčďă,

łőčďă L ⊢ ` → A, A ∈ Tp(m) ĺ ` ∈ Ls(m). Ěďĺŋśšćěŋŋżň ŕřăćĺńőň ĺśůĺśńěŋĺ£ Lcut_m £ćń£ěšś£ (cut).

Ńěňňă 7.29. Ŕşśšĳ L ⊢ ˝ → C, čďě ˝ ∈ Ls(m), C ∈ Tp(m), ĺ śěłćěŋűĺ£ ˝ → C šőŋłă£. Šőčďă Lcut_m ⊢ ˝ → C. Ďőłăğăšěńĳśšćő. Ĺŋďşłűĺ£ ŕő ⌊|˝|⌋.

Ěśńĺ ⌊|˝|⌋ < 2m, šő ˝ → C £ćń£ěšś£ ăłśĺőňőľ ĺśůĺśńěŋĺ£ Lcut_m.

Ŕşśšĳ ⌊|˝|⌋ ⩾ 2m. Ŕřěďśšăćĺň ŕőśńěďőćăšěńĳŋőśšĳ ˝ ć ćĺďě łőŋłăšěŋăűĺĺ ˝_1 . . . ˝_l, čďě

• ďń£ łăęďőčő i ⩽ l ĺňěěš ňěśšő ŋěřăćěŋśšćő ⌊|˝_i|⌋ ⩽ m,

• ďń£ łăęďőčő i < l ĺňěěš ňěśšő ŋěřăćěŋśšćő ⌊|˝_i|⌋ + ⌊|˝_{i+1}|⌋ > m.

Śőčńăśŋő šěőřěňě 6.12 ĺňěěň [[˝]] = [[C]]. Őąőğŋăůĺň u_1 ⇌ [[˝_1]], . . . , u_l ⇌ [[˝_l]], u_{l+1} ⇌ [[C]]^{−1}. Őůěćĺďŋő, u_1 . . . u_lu_{l+1} = ε. Ć śĺńş ńěňňż 7.25 ŋăľď-ěšś£ šăłőľ ĺŋďěłś k ⩽ l, ůšő |u_ku_{k+1}| ⩽ max(|u_k|, |u_{k+1}|).

Śőčńăśŋő şŕřăęŋěŋĺ£ň 6.11 ĺ 7.23 ďń£ łăęďőčő i < l ĺňěěš ňěśšő ŋěřăćěŋśšćő |u_i| ⩽ m. Śńěďőćăšěńĳŋő, |u_ku_{k+1}| ⩽ m.

Śńşůăľ 1: Ŕşśšĳ k < l. Ďń£ ¡šőčő ğŋăůěŋĺ£ k ĺňěěň |[[˝k˝k+1]]| ⩽ m. Ŕřĺňěŋĺć šěőřěňş 7.24, čďě ˝_1 . . . ˝_{k−1} Φ ˝_k˝_{k+1} Θ ˝^{k+2} . . . ˝_l Ψ → C, ŋăľďěň šăłőľ ĺŋšěřŕőń£ŋš E ďń£ ŕőśńěďőćăšěńĳŋőśšĺ ˝_k˝_{k+1} ć śěłćěŋűĺĺ ˝_1 . . . ˝_l → C, ůšő ⌊|E|⌋ ⩽ m ĺ ćżćőďĺňż šőŋłĺě śěłćěŋűĺĺ ˝_k˝_{k+1} → E ĺ ˝_1 . . . ˝_{k−1}E˝_{k+2} . . . ˝_l → C.

Ğăňěšĺň, ůšő ⌊|E|⌋ ⩽ m, ŋő ⌊|˝_k˝_{k+1}|⌋ > m. Śńěďőćăšěńĳŋő, ⌊|˝_1 . . . ˝_{k−1}E˝_{k+2} . . . ˝_l|⌋ < ⌊|˝_1 . . . ˝_l|⌋ ĺ ňőęŋő ŕřĺňěŋĺšĳ ŕřěďŕőńőęěŋĺě ĺŋďşłűĺĺ ł ćżćőďĺňőľ šőŋłőľ śěłćěŋűĺĺ

˝_1 . . . ˝_{k−1}E˝_{k+2} . . . ˝_l → C.

Ś ďřşčőľ śšőřőŋż, śěłćěŋűĺ£ ˝_k˝_{k+1} → E £ćń£ěšś£ ăłśĺőňőľ ĺśůĺśńěŋĺ£ Lcut_m, šăł łăł ⌊|E|⌋ ⩽ m ĺ ⌊|˝_k˝_{k+1}|⌋ ⩽ 2m. Ňż ďőłăğăńĺ, ůšő Lcut_m ⊢ ˝_1 . . . ˝_{k−1}E˝_{k+2} . . . ˝_l → C ĺ Lcut_m ⊢ ˝_k˝_{k+1} → E. Ŕřĺňěŋ££ ŕřăćĺńő śěůěŋĺ£, ŕőńşůĺň, ůšő

Lcut_m ⊢ ˝_1 . . . ˝_{k−1}˝_k˝_{k+1}˝_{k+2} . . . ˝_l → C, š. ě. Lcut_m ⊢ ˝ → C. Śńşůăľ 2: Ŕşśšĳ k = l. Ĺňěěň |[[˝l]][[C]]^{−1}| ⩽ m. Ŕřĺňěŋĺć šěőřěňş 7.24, čďě

˝_1 . . . ˝_{l−1} Θ ˝_l Ψ → C, ŋăľďěň ĺŋšěřŕőń£ŋš E ďń£ ŕőśńěďőćăšěńĳŋőśšĺ ˝_1 . . . ˝_{l−1} ć śěłćěŋűĺĺ ˝_1 . . . ˝_l → C, šăłőľ ůšő ⌊|E|⌋ = |[[˝_1 . . . ˝_{l−1} ]]| ĺ ćżćőďĺňż šőŋłĺě śěłćěŋűĺĺ ˝_1 . . . ˝_{l−1} → E ĺ E˝_l → C.

Ŋăŕőňŋĺň, ůšő [[˝_1 . . . ˝_{l−1}˝_l]] = [[C]], őšłşďă [[˝_1 . . . ˝_{l−1}]] = [[C]][[˝_l]]^{−1} = ([[˝_l]][[C]]^{−1})^{−1} ĺ, ďăńěě, |[[˝_1 . . . ˝_{l−1} ]]| = |([[˝_l]][[C]]^{−1})^{−1}| = |[[˝_l]][[C]]^{−1}| ⩽ m. Śńěďőćăšěńĳŋő, ⌊|E|⌋ = |[[˝_1 . . . ˝_{l−1}]]| ⩽ m. Ŕőńşůăěň, ůšő E˝_l ∈ Ls(m, s) ĺ, śńěďőćăšěńĳŋő, śěłćěŋűĺ£ E˝_l → C £ćń£ěšś£ ăłśĺőňőľ ĺśůĺśńě- ŋĺ£ Lcut_m. Ś ďřşčőľ śšőřőŋż, ⌊|˝_1 . . . ˝_{l−1}|⌋ < ⌊|˝_1 . . . ˝_l|⌋. Őśšăńőśĳ ŕřĺňěŋĺšĳ ŕřěďŕőńőęěŋĺě ĺŋďşłűĺĺ ł šőŋłőľ ćżćőďĺňőľ śěłćěŋűĺĺ ˝_1 . . . ˝_{l−1} → E.

Ŕřĺňěŋ££ ŕřăćĺńő śěůěŋĺ£, ŕőńşůĺň, ůšő Lcut_m ⊢ ˝_1 . . . ˝_{l−1}˝_l → C, š. ě. Lcut_m ⊢ ˝ → C. Ńěňňă 7.30. Ŕşśšĳ ` ∈ Tp(m)^+ , A ∈ Tp(m). Šőčďă řăćŋőśĺńĳŋż śńěďş¿źĺě şšćěřęďěŋĺ£: (i) Lcut_m ⊢ ` → A, (ii) L ⊢ ` → A.

Ďőłăğăšěńĳśšćő. Ĺśŕőńĳğşěň šěőřěňş 6.26 ĺ ńěňňş 7.29.

Šěőřěňă 7.31. Łăęďă£ čřăňňăšĺłă Ńăňąěłă ¡łćĺćăńěŋšŋă ŋěłőšőřőľ łőŋšěłśšŋő-śćőąőďŋőľ

čřăňňăšĺłě ąěğ ŕşśšőčő śńőćă [6].

Ďőłăğăšěńĳśšćő. Řăśśňőšřĺň ŕřőĺğćőńĳŋş¿ čřăňňăšĺłş Ńăňąěłă ⟨˚, H, ▷⟩. Ŕőśłőńĳłş őŕřěďěńěŋĺě £ğżłă, ŕőřőęďăěňőčő ¡šőľ čřăňňăšĺłőľ, ğăšřăčĺćăěš šőńĳłő łőŋěůŋőě ůĺśńő šĺŕőć, ŋăľďşšś£ šăłĺě ŕőńőęĺšěńĳŋżě űěńżě ůĺśńă m ĺ s, ůšő H ∈ Tp(m, s) ĺ ěśńĺ B ▷ a ďń£ ŋěłőšőřőčő a ∈ ˚, šő B ∈ Tp(m, s). Ŋě şňěŋĳÿă£ őąźŋőśšĺ, ňőęŋő śůĺšăšĳ, ůšő ňŋőęěśšćă ˚ ĺ Tp(m, s) ŋě ŕěřěśěłă¿šś£. Ŕőśšřőĺň šěŕěřĳ ĺśłőňş¿ łőŋšěłśšŋő-śćőąőďŋş¿ čřăňňăšĺłş ⟨N, ˚, P, S⟩: N ⇌ Tp(m, s), S ⇌ H, P ⇌ {B → a | a ∈ ˚, B ▷ a} ∪ ∪ {A → ` | A ∈ Tp(m, s), ` ∈ Ls(m, s), L ⊢ ` → A}. Őśšăńőśĳ ŕřĺňěŋĺšĳ ńěňňş 7.30.

Śńěďśšćĺě 7.32. Łńăśś £ğżłőć, ŕőřőęďăěňżţ čřăňňăšĺłăňĺ Ńăňąěłă, śőćŕăďăěš ś łńăśśőň ćśěţ

łőŋšěłśšŋő-śćőąőďŋżţ £ğżłőć ąěğ ŕşśšőčő śńőćă.

Šěőřěňă 7.33. Łńăśś £ğżłőć, ŕőřőęďăěňżţ L^∗-čřăňňăšĺłăňĺ, śőćŕăďăěš ś łńăśśőň ćśěţ łőŋ-

šěłśšŋő-śćőąőďŋżţ £ğżłőć.

Ďőłăğăšěńĳśšćő. İšă šěőřěňă ďőłăğżćăěšś£ ăŋăńőčĺůŋő šěőřěňě 7.31.

Ŕřőąńěňă 7.34. Śőćŕăďăěš ńĺ łńăśś £ğżłőć, ŕőřőęďăěňżţ LP^∗-čřăňňăšĺłăňĺ, ś łńăśśőň ŕěřňş-

šăűĺőŋŋżţ ğăňżłăŋĺľ łőŋšěłśšŋő-śćőąőďŋżţ £ğżłőć?

Ŕřőąńěňă 7.35. Łăłĺě £ğżłĺ ŕőřőęďă¿šś£ L^∗(p1)-čřăňňăšĺłăňĺ? Ŕřőąńěňă 7.36. Łăłĺě £ğżłĺ ŕőřőęďă¿šś£ L^∗( � , \, /, ∪)-čřăňňăšĺłăňĺ? Ŕřőąńěňă 7.37. Łăłĺě £ğżłĺ ŕőřőęďă¿šś£ L^∗( � , \, /, ∩)-čřăňňăšĺłăňĺ? Ŕřőąńěňă 7.38. Łăłĺě £ğżłĺ ŕőřőęďă¿šś£ L^∗( � , \, /, ⇑)-čřăňňăšĺłăňĺ?

8 Ŋěłőňňşšăšĺćŋă£ ńĺŋěľŋă£ ńőčĺłă 8.1 Őŕřěďěńěŋĺě ĺśůĺśńěŋĺ£ MCLL

Řăśśňőšřĺň ňşńĳšĺŕńĺłăšĺćŋżľ ťřăčňěŋš űĺłńĺůěśłőľ ńĺŋěľŋőľ ńőčĺłĺ, ććěďěŋŋőľ ć [64]. İšőš ťřăčňěŋš ąşďěň őąőğŋăůăšĳ ůěřěğ MCLL.

Őŕřěďěńěŋĺě 8.1. Ŕřěďŕőńăčăěň, ůšő ğăďăŋő śůěšŋőě ňŋőęěśšćő

Var = {p_1, p_2, p_3, . . .}.

Ć łőŋšěłśšě ńĺŋěľŋőľ ńőčĺłĺ ¡ńěňěŋšż ¡šőčő ňŋőęěśšćă ąşďěň ŋăğżćăšĳ ŕěřěňěŋŋżňĺ. Őŋĺ ĺčřă¿š ć šőůŋőśšĺ šş ęě řőńĳ, ůšő ŕřĺňĺšĺćŋżě šĺŕż ć ĺśůĺśńěŋĺĺ Ńăňąěłă.

Őŕřěďěńěŋĺě 8.2. Őŕřěďěńĺň ňŋőęěśšćő ťőřňşń Fm ĺśůĺśńěŋĺ£ MCLL łăł ŋăĺňěŋĳÿěě ňŋőęě-

śšćő, şďőćńěšćőř£¿źěě śńěďş¿źĺň şśńőćĺ£ň:

• 1 ∈ Fm ĺ ⊥ ∈ Fm,

• ěśńĺ p_i ∈ Var, šő p_i ∈ Fm ĺ p_i ∈ Fm,

• ěśńĺ A ∈ Fm ĺ B ∈ Fm, šő

(A ⊗ B) ∈ Fm ĺ (A O B) ∈ Fm.

Ďń£ ¡łőŋőňĺĺ śłőąőł ąşďěň śůĺšăšĳ, ůšő ş ść£ğłĺ ⊗ ŕřĺőřĺšěš ćżÿě, ůěň ş O, ĺ őąě ść£ğłĺ ńěćőăśśőűĺăšĺćŋż.

Őŕřěďěńěŋĺě 8.3. At ⇌ Var ∪ {q | q ∈ Var}.

Őŕřěďěńěŋĺě 8.4. Śěłćěŋűĺĺ ĺśůĺśńěŋĺ£ MCLL ĺňě¿š ćĺď → `, čďě ` ∈ Fm^∗.

Őŕřěďěńěŋĺě 8.5. Ŋă ňŋőęěśšćě Fm őŕřěďěńěŋă őŕěřăűĺ£

( · )^⊥ : Fm → Fm,

śőŕőśšăćń£¿źă£ łăęďőľ ťőřňşńě ě-ě őšřĺűăŋĺě.

(1)^⊥ ⇌ ⊥

(⊥)^⊥ ⇌ 1 (p_i)^⊥ ⇌ p_i (p_i)^⊥ ⇌ p_i (A ⊗ B)^⊥ ⇌ ((B)^⊥ O (A)^⊥)

(A O B)^⊥ ⇌ ((B)^⊥ ⊗ (A)^⊥)

Őŕřěďěńěŋĺě 8.6. Ŋă ňŋőęěśšćě Fm^∗ őŕřěďěńĺň őŕěřăűĺ¿ ( · )^⊥ : Fm^∗ → Fm^∗ śńěďş¿źĺň őąřăğőň:

(A_1 . . . A_n)^⊥ ⇌ A^⊥_n . . . A^⊥_1 .

Őŕřěďěńěŋĺě 8.7. Ąşďěň ŕĺśăšĳ MCLL ⊢ `, ěśńĺ śěłćěŋűĺ£ → ` ćżćőďĺňă ć ĺśůĺśńěŋĺĺ MCLL.

Ĺŋőčďă ąşďěň šăłęě ŕĺśăšĳ MCLL ⊢ A_1 . . . A_n → B, ěśńĺ śěłćěŋűĺ£ → (A_n)^⊥ . . . (A_1)^⊥ B ćżćőďĺňă ć ĺśůĺśńěŋĺĺ MCLL.

Ăłśĺőňăňĺ ĺśůĺśńěŋĺ£ MCLL śńşęăš ćśě śěłćěŋűĺĺ ćĺďă → p_i p_i, čďě p_i ∈ Var, ă šăłęě śěłćěŋűĺ£ → 1.

Ĺśůĺśńěŋĺě MCLL ĺňěěš śńěďş¿źĺě ŕřăćĺńă. → `´ → ` ⊥ ´ ( → ⊥) → ` A B´ → ` (A O B)´

(→ O)^{→ ` A → B´} → ` (A ⊗ B)´ (→ ⊗) → `´ → ´ ` (rotate)

→ ` A → (A)^⊥´ → ` ´ (cut)

Şŕřăęŋěŋĺě 8.8. MCLL ⊢ p1 (p1 ⊗ (p1 O p1)). Şŕřăęŋěŋĺě 8.9. MCLL 0 (p1 O p2) ⊗ p3 (p3 O p2) ⊗ p1. Şŕřăęŋěŋĺě 8.10. MCLL ⊢ p2 ⊗ (p3 O p3) p2 ⊗ p1 O p1.

Šěőřěňă 8.11. Ń¿ąş¿ śěłćěŋűĺ¿, ćżćőďĺňş¿ ć ĺśůĺśńěŋĺĺ MCLL, ňőęŋő ćżćěśšĺ ąěğ ĺśŕőńĳğő-

ćăŋĺ£ ŕřăćĺńă (cut).

Őŕřěďěńěŋĺě 8.12. Ěśńĺ MCLL ⊢ A → B ĺ MCLL ⊢ B → A, šő ŕĺÿşš A ↔_{MCLL} B. Şŕřăęŋěŋĺě 8.13. (p1 ⊗ p2) ⊗ p3 ↔_{MCLL} p1 ⊗ (p2 ⊗ p3). Şŕřăęŋěŋĺě 8.14. (p1 O p2) O p3 ↔_{MCLL} p1 O (p2 O p3).

Šěőřěňă 8.15. Ěśńĺ MCLL ⊢ A1 → A2, šő MCLL ⊢ A^⊥_2 → A^⊥_1 . Śńěďśšćĺě 8.16. Ěśńĺ A1 ↔_{MCLL} A2, šő A^⊥_1 ↔_{MCLL} A^⊥_2 .

Šěőřěňă 8.17. Ěśńĺ MCLL ⊢ A1 → A2 ĺ MCLL ⊢ B1 → B2, šő MCLL ⊢ A1 ⊗ B1 → A2 ⊗ B2 ĺ

MCLL ⊢ A_1 O B_1 → A_2 O B_2.

Śńěďśšćĺě 8.18. Ěśńĺ A1 ↔_{MCLL} A2 ĺ B1 ↔_{MCLL} B2, šő A1 ⊗B1 ↔_{MCLL} A2 ⊗B2 ĺ A1 O B1 ↔_{MCLL} A2 OB2. Őŕřěďěńěŋĺě 8.19. Őąőğŋăůĺň ůěřěğ Fm ňŋőęěśšćő ťőřňşń, ŋě śőďěřęăźĺţ 1 ĺ ⊥. Őŕřěďěńěŋĺě 8.20. Őąőğŋăůĺň ůěřěğ MCLL ťřăčňěŋš ĺśůĺśńěŋĺ£ MCLL ąěğ łőŋśšăŋš 1 ĺ ⊥.

8.2 Ĺśůĺśńěŋĺě ąěğ ŕřăćĺńă űĺłńĺůěśłőľ ŕěřěśšăŋőćłĺ

Őŕřěďěńĺň ĺśůĺśńěŋĺě MCLL^′, ¡łćĺćăńěŋšŋőě ĺśůĺśńěŋĺ¿ MCLL.

Őŕřěďěńěŋĺě 8.21. Ćżćőďĺňżňĺ őąžěłšăňĺ ĺśůĺśńěŋĺ£ MCLL^′ £ćń£¿šś£ śěłćěŋűĺĺ ćĺďă → `,

čďě ` ∈ Fm^∗. Ąşďěň ŕĺśăšĳ MCLL^′ ⊢ `, ěśńĺ śěłćěŋűĺ£ → ` ćżćőďĺňă ć ĺśůĺśńěŋĺĺ MCLL^′. Ĺŋőčďă ąşďěň šăłęě ŕĺśăšĳ MCLL^′ ⊢ A_1 . . . A_n → B, ěśńĺ śěłćěŋűĺ£ → (A_n)^⊥ . . . (A_1)^⊥ B ćżćőďĺňă ć ĺśůĺśńěŋĺĺ MCLL^′.

Ăłśĺőňăňĺ ĺśůĺśńěŋĺ£ MCLL^′ śńşęăš ćśě śěłćěŋűĺĺ ćĺďă → p_i p_i ĺ → p_i p_i, čďě p_i ∈ Var. Ĺśůĺśńěŋĺě MCLL^′ ĺňěěš śńěďş¿źĺě ŕřăćĺńă. → ` A B´ → ` (A O B)´

(→ O) → ` A ˝ → B´ → ` (A ⊗ B) ´˝ (→ ⊗_1) → ` A → ˝ B´ → ˝ ` (A ⊗ B)´ (→ ⊗_2)

→ ` A ˝ → (A)^⊥´ → ` ´ ˝ (cut^1)

→ ` A → ˝ (A)^⊥´ → ˝ ` ´ (cut^2)

Šěőřěňă 8.22. Ń¿ąş¿ śěłćěŋűĺ¿, ćżćőďĺňş¿ ć ĺśůĺśńěŋĺĺ MCLL^′, ňőęŋő ćżćěśšĺ ąěğ ĺśŕőńĳ-

ğőćăŋĺ£ ŕřăćĺń (cut_1) ĺ (cut_2).

Šěőřěňă 8.23. Ŕşśšĳ ` ∈ Fm^∗. Śěłćěŋűĺ£ → ` ćżćőďĺňă ć MCLL^′ šőčďă ĺ šőńĳłő šőčďă, łőčďă

őŋă ćżćőďĺňă ć MCLL.

8.3 Ĺŋćăřĺăŋšż Őŕřěďěńěŋĺě 8.24. ♭(p) ⇌ 0, ♭(p) ⇌ 0, ♭(1) ⇌ 1, ♭(⊥) ⇌ −1, ♭(A ⊗ B) ⇌ ♭(A) + ♭(B) − 1, ♭(A O B) ⇌ ♭(A) + ♭(B) + 1. Őŕřěďěńěŋĺě 8.25. ♮(p) ⇌ 1, ♮(p) ⇌ −1, ♮(1) ⇌ 1, ♮(⊥) ⇌ −1, ♮(A ⊗ B) ⇌ ♮(A) + ♮(B) − 1, ♮(A O B) ⇌ ♮(A) + ♮(B) + 1. Şŕřăęŋěŋĺě 8.26. Ůĺśńő ♮(A) ŋěů-ěšŋő ŕřĺ ń¿ąőň A ∈ Fm. Ńěňňă 8.27. Ŕşśšĳ A ∈ Fm. Šőčďă ♭(A^⊥ ) = −♭(A) ĺ ♮(A^⊥ ) = −♮(A).

Šěőřěňă 8.28. Ěśńĺ MCLL ⊢ A1 . . . An, šő ♭(A1) + . . .+ ♭(An) = 2 − n ĺ ♮(A1) + . . .+ ♮(An) = 2 − n. Śńěďśšćĺě 8.29. Ěśńĺ MCLL ⊢ A → B, šő ♭(A) = ♭(B) ĺ ♮(A) = ♮(B).

Őŕřěďěńěŋĺě 8.30. Őŕřěďěńĺň ŕěřěćőď prop, śšăć£źĺľ ć śőőšćěšśšćĺě ťőřňşńăň ĺ śěłćěŋűĺ£ň

ĺśůĺśńěŋĺ£ MCLL ťőřňşńż £ğżłă ńőčĺłĺ ćżśłăğżćăŋĺľ śńěďş¿źĺň őąřăğőň:

prop(p_i) ⇌ p_i, prop(p_i) ⇌ ¬p_i, prop(1) ⇌ ⊤, prop(⊥) ⇌ ⊥, prop(A ⊗ B) ⇌ prop(A) ∧ prop(B), prop(A O B) ⇌ prop(A) ∨ prop(B), prop(A_1 . . . A_n) ⇌ prop(A_1) ∨ . . . ∨ prop(A_n),

Šěőřěňă 8.31. Ěśńĺ MCLL ⊢ `, šő ťőřňşńă prop(`) ćżćőďĺňă ć łńăśśĺůěśłőľ ńőčĺłě. Şŕřăęŋěŋĺě 8.32. Ěśńĺ A ∈ Fm, šő ťőřňşńż prop(A^⊥ ) ĺ ¬ prop(A) ¡łćĺćăńěŋšŋż ć łńăśśĺůěśłőľ

ńőčĺłě.

8.4 Łőŋśěřćăšĺćŋőśšĳ ŋăď ĺśůĺśńěŋĺěň Ńăňąěłă Őŕřěďěńěŋĺě 8.33. Łăęďőňş šĺŕş A ∈ Tp ŕőśšăćĺň ć śőőšćěšśšćĺě ťőřňşńş^^A ∈ Fm śńěďş¿źĺň

őąřăğőň: ^p ⇌ p, “_{A / B ⇌} ^_{A O (} ^_B⊥_{),} “_{A \ B ⇌ (} ^_A⊥_{) O} ^_{B,} “A � B ⇌ ^A ⊗ ^B. Şŕřăęŋěŋĺě 8.34. Ěśńĺ A ∈ Tp, šő ťőřňşńż prop(A) (śň. őŕřěďěńěŋĺě 6.1) ĺ prop(^^A) ¡łćĺćă-

ńěŋšŋż ć łńăśśĺůěśłőľ ńőčĺłě.

Ńěňňă 8.35. Ŕşśšĳ A ∈ Tp. Šőčďă ♮(^^A) = 1.

Őŕřěďěńěŋĺě 8.36. Ŋă ňŋőęěśšćě Tp^∗ őŕřěďěńĺň őšőąřăęěŋĺě ^: Tp^∗ → Fm^∗ śńěďş¿źĺň őąřăğőň: “A_1 . . . A_n ⇌ ^A_1 . . . ^A_n. Šěőřěňă 8.37. Ŕşśšĳ A1, . . . , An, B ∈ Tp. Śěłćěŋűĺ£ A1 . . . An → B ćżćőďĺňă ć L^∗ šőčďă ĺ

šőńĳłő šőčďă, łőčďă MCLL ⊢ ^A_1 . . . ^A_n → ^B.

Ğăňěůăŋĺě 8.38. Ĺśůĺśńěŋĺě MCLL łőŋśěřćăšĺćŋő ŋăď ĺśůĺśńěŋĺěň L^∗ ŕřĺ ŕěřěćőďě A \ B łăł

(A)^⊥ O B ĺ B/A łăł B O (A)^⊥ . Ěśńĺ ŋăńőęĺšĳ ŋă ŕřăćĺńő (→ O) šřěąőćăŋĺě `´ ≠ ~, šő ŕőńşůĺň ćăřĺăŋš űĺłńĺůěśłőľ ńĺŋěľŋőľ ńőčĺłĺ, łőŋśěřćăšĺćŋżľ ŋăď ĺśůĺśńěŋĺěň Ńăňąěłă.

Şŕřăęŋěŋĺě 8.39. MCLL ⊢ “(p � q) \ q “(p � q) \ q → “(p � p � q) \ q. 8.5 Ĺŋšěřŕřěšăűĺ£ ťőřňşń MCLL ć śćőąőďŋőľ čřşŕŕě Őŕřěďěńěŋĺě 8.40. Ďńĺŋş ⌊|A|⌋ ťőřňşńż A őŕřěďěńĺň łăł łőńĺůěśšćő ćţőęďěŋĺľ ŕěřěňěŋŋżţ ć A. ⌊|1|⌋ ⇌ 0 ⌊|⊥|⌋ ⇌ 0 ⌊|p_i|⌋ ⇌ 1 ⌊|p_i|⌋ ⇌ 1 ⌊|A ⊗ B|⌋ ⇌ ⌊|A|⌋ + ⌊|B|⌋ ⌊|A O B|⌋ ⇌ ⌊|A|⌋ + ⌊|B|⌋ Ďńĺŋă ŕőśńěďőćăšěńĳŋőśšĺ ťőřňşń őŕřěďěń£ěšś£ ěśšěśšćěŋŋżň őąřăğőň: ⌊|A_1 . . . A_n|⌋ ⇌ ⌊|A_1|⌋ + . . . + ⌊|A_n|⌋.

Őŕřěďěńěŋĺě 8.41. Ĺŋšěřŕřěšăűĺěľ ťőřňşń MCLL ć śćőąőďŋőľ čřşŕŕě (ąşďěň őąőğŋăůăšĳ ěě

[[ ]]) ŋăğőćěň śńěďş¿źěě ěśšěśšćěŋŋőě őšőąřăęěŋĺě ťőřňşń ĺ ĺţ łőŋěůŋżţ ŕőśńěďőćăšěńĳŋőśšěľ ć čřşŕŕş F G:

[[1]] ⇌ ε [[⊥]] ⇌ ε [[p_i]] ⇌ p_i [[p_i]] ⇌ p^{−1}_i [[A ⊗ B]] ⇌ [[A]][[B]]

[[A O B]] ⇌ [[A]][[B]]

[[A_1 . . . A_n]] ⇌ [[A_1]] . . . [[A_n]].

Ńěňňă 8.42. Ďń£ ń¿ąőľ ťőřňşńż A ∈ Fm śŕřăćěďńĺćő ŋěřăćěŋśšćő |[[A]]| ⩽ ⌊|A|⌋.

Ďőłăğăšěńĳśšćő. Ĺŋďşłűĺ£ ŕő ŕőśšřőěŋĺ¿ ťőřňşńż A.

Ńěňňă 8.43. Ěśńĺ śěłćěŋűĺ£ → ` ćżćőďĺňă ć ĺśůĺśńěŋĺĺ MCLL, šő [[`]] = ε.

Ďőłăğăšěńĳśšćő. İšă ńěňňă ďőłăğżćăěšś£ ăŋăńőčĺůŋő šěőřěňě 6.12 ĺŋďşłűĺěľ ŕő ďńĺŋě ćżćőďă.

8.6 Šőŋłĺě śěłćěŋűĺĺ ć ĺśůĺśńěŋĺĺ MCLL Őŕřěďěńěŋĺě 8.44. Ďń£ łăęďőľ ŕěřěňěŋŋőľ p ∈ Var őŕřěďěńĺň ďćă őšőąřăęěŋĺ£ #^+_p ĺ #^−_p ĺğ

ňŋőęěśšćă Fm ć ňŋőęěśšćő N.

#^+_p (q) ⇌ { 1, ěśńĺ p = q 0, ěśńĺ q ∈ Var ĺ p ≠ q #^−_p (q) ⇌ 0, ěśńĺ q ∈ Var #^+_p (q^{−1}) ⇌ 0, ěśńĺ q ∈ Var #^−_p (q^{−1}) ⇌ { 1, ěśńĺ p = q 0, ěśńĺ q ∈ Var ĺ p ≠ q #^+_p (A ⊗ B) ⇌ #^+_p (A) + #^+_p (B) #^−_p (A ⊗ B) ⇌ #^−_p (A) + #^−_p (B) #^+_p (A O B) ⇌ #^+_p (A) + #^+_p (B) #^−_p (A O B) ⇌ #^−_p (A) + #^−_p (B)

Řăśŕřőśšřăŋĺň ¡šĺ őŕřěďěńěŋĺ£ ĺ ŋă ŕőśńěďőćăšěńĳŋőśšĺ ťőřňşń.

#^+_p (A_1 . . . A_n) ⇌ #^+_p (A_1) + . . . + #^+_p (A_n) #^−_p (A_1 . . . A_n) ⇌ #^−_p (A_1) + . . . + #^−_p (A_n)

Őŕřěďěńěŋĺě 8.45. Śěłćěŋűĺ£ → ˝ ŋăğżćăěšś£ šőŋłőľ šőčďă ĺ šőńĳłő šőčďă, łőčďă ďń£ ń¿ąőčő

p ∈ Var śŕřăćěďńĺćż ŋěřăćěŋśšćă #^+_p (˝) ⩽ 1 ĺ #^−_p (˝) ⩽ 1.

Ńěňňă 8.46. Ŕşśšĳ ϕ | ŋěłőšőřă£ ŕőďśšăŋőćłă ŕěřěňěŋŋżţ. Ěśńĺ ć ŕřőĺğćőńĳŋőň ćżćőďě ĺś-

ůĺśńěŋĺ£ MCLL ğăňěŋĺšĳ łăęďş¿ śěłćěŋűĺ¿ → ` ŋă → ϕ(`), šő ŕőńşůěŋŋőě ďěřěćő £ćń£ěšś£ ćżćőďőň ć MCLL.

Šěőřěňă 8.47. Śěłćěŋűĺ£ → ˝ ćżćőďĺňă ć MCLL šőčďă ĺ šőńĳłő šőčďă, łőčďă śşźěśšćşěš

ćżćőďĺňă£ ć MCLL šőŋłă£ śěłćěŋűĺ£ → ^ ĺ ŋăľďěšś£ šăłă£ ŕőďśšăŋőćłă ϕ, ůšő ˝ = ϕ(^).

8.7 Ĺŋšěřŕőń£űĺ£ ć MCLL Ńěňňă 8.48. Ŕşśšĳ MCLL ⊢ `˝´, čďě ` ∈ Fm^∗, ˝ ∈ Fm^∗ ĺ ´ ∈ Fm^∗. Šőčďă śşźěśšćşěš šăłă£

ťőřňşńă E, ůšő

(i) MCLL ⊢ (E)^⊥ ˝,

(ii) MCLL ⊢ `E´,

(iii) ďń£ ń¿ąőľ p ∈ Var ĺňěěš ňěśšő ŋěřăćěŋśšćő #^+_p (E) ≤ min(#^+_p (˝), #^−_p (`´)), (iv) ďń£ ń¿ąőľ p ∈ Var ĺňěěš ňěśšő ŋěřăćěŋśšćő #^−_p (E) ≤ min(#^−_p (˝), #^+_p (`´)).

Ńěňňă 8.49. Ŕşśšĳ MCLL ⊢ `˝´, čďě ` ∈ Fm^∗, ˝ ∈ Fm^∗, ´ ∈ Fm^∗ ĺ śěłćěŋűĺ£ → `˝´ £ćń£ěšś£

šőŋłőľ. Šőčďă śşźěśšćşěš šăłă£ ťőřňşńă E, ůšő (i) MCLL ⊢ (E)^⊥ ˝, (ii) MCLL ⊢ `E´, (iii) śěłćěŋűĺ£ → (E)^⊥ ˝ £ćń£ěšś£ šőŋłőľ, (iv) śěłćěŋűĺ£ → `E´ £ćń£ěšś£ šőŋłőľ, (v) ⌊|E|⌋ = |[[˝]]|. Ńěňňă 8.50. Ŕşśšĳ MCLL ⊢ ˘^¯ → C, čďě ˘ ∈ Fm^∗, ^ ∈ Fm^∗, ¯ ∈ Fm^∗, C ∈ Fm ĺ śěłćěŋűĺ£

˘^¯ → C £ćń£ěšś£ šőŋłőľ. Šőčďă śşźěśšćşěš šăłă£ ťőřňşńă E, ůšő (i) MCLL ⊢ ^ → E, (ii) MCLL ⊢ ˘E¯ → C, (iii) śěłćěŋűĺ£ ^ → E £ćń£ěšś£ šőŋłőľ, (iv) śěłćěŋűĺ£ ˘E¯ → C £ćń£ěšś£ šőŋłőľ, (v) ⌊|E|⌋ = |[[^]]|. Ďőłăğăšěńĳśšćő. Ďăŋő, ůšő MCLL ⊢ (¯)^⊥ (^)^⊥ (˘)^⊥ C. Ŕřĺňěŋĺň ńěňňş 8.49, ŕőńőęĺć ` ⇌ (¯)^⊥ , ˝ ⇌ (^)^⊥ , ´ ⇌ (˘)^⊥ C.

8.8 Čřăňňăšĺłĺ, őśŋőćăŋŋżě ŋă ĺśůĺśńěŋĺĺ MCLL Őŕřěďěńěŋĺě 8.51. Łăšěčőřĺăńĳŋă£ čřăňňăšĺłă, őśŋőćăŋŋă£ ŋă ĺśůĺśńěŋĺĺ MCLL (ĺńĺ

MCLL-čřăňňăšĺłă) ěśšĳ šřőľłă ⟨˚, H, ▷⟩, čďě ˚ | ŋěłőšőřőě łőŋěůŋőě ňŋőęěśšćő (ăńťăćĺš), H | ťőřňşńă, ĺ ▷ | ŋěłőšőřőě łőŋěůŋőě ąĺŋăřŋőě őšŋőÿěŋĺě ▷ ⊂ Fm × ˚.

§ğżł, ŕőřőęďăěňżľ čřăňňăšĺłőľ ⟨˚, H, ▷⟩, őŕřěďěń£ěšś£ łăł ňŋőęěśšćő ćśěţ śńőć a_1 . . . a_n ć ăńťăćĺšě ˚, ďń£ łőšőřżţ śşźěśšćşěš ćżćőďĺňă£ ć MCLL śěłćěŋűĺ£ B_1 . . . B_n → H, šăłă£ ůšő ďń£ ń¿ąőčő i ⩽ n ćżŕőńŋ£ěšś£ B_i ▷ a_i. Őąőğŋăůĺň ¡šőš £ğżł ůěřěğ L_{CLL}(˚, H, ▷).

Šěőřěňă 8.52. Ŕşśšĳ ⟨˚, H, ▷⟩ | ŋěłőšőřă£ MCLL-čřăňňăšĺłă. Šőčďă £ğżł LCLL(˚, H, ▷) £ćń£-

ěšś£ łőŋšěłśšŋő-śćőąőďŋżň.

Ğăňěůăŋĺě 8.53. Őąřăšŋőě ćěřŋő ć śĺńş łőŋśěřćăšĺćŋőśšĺ MCLL ŋăď L^∗. Śńěďőćăšěńĳŋő, łńăśś

£ğżłőć, ŕőřőęďăěňżţ łăšěčőřĺăńĳŋżňĺ čřăňňăšĺłăňĺ, őśŋőćăŋŋżňĺ ŋă ňşńĳšĺŕńĺłăšĺćŋőľ űĺłńĺůěśłőľ ńĺŋěľŋőľ ńőčĺłě, śőćŕăďăěš ś łńăśśőň ćśěţ łőŋšěłśšŋő-śćőąőďŋżţ £ğżłőć.

9 Śěšĺ ďőłăğăšěńĳśšćă

Őŕřěďěńěŋĺě 9.1. |||p||| ⇌ 2, |||p||| ⇌ 2, |||A ⊗ B||| ⇌ |||A||| + |||B|||, |||A O B||| ⇌ |||A||| + |||B|||. |||A_1 . . . A_n||| ⇌ |||A_1||| + . . . + |||A_n|||. Ğăňěůăŋĺě 9.2. |||A||| = 2⌊|A|⌋. Őŕřěďěńěŋĺě 9.3. Őŕřěďěńĺň őšőąřăęěŋĺě c : Fm → Zšăł: c(p) ⇌ 1, c(p) ⇌ 1, c(A ⊗ B) ⇌ |||A|||, c(A O B) ⇌ |||A|||. Şŕřăęŋěŋĺě 9.4. c(A) + c(A^⊥) = |||A|||.

Őŕřěďěńěŋĺě 9.5. Ůšőąż ťőřňăńšğőćăšĳ ŕőŋ£šĺě ćţőęďěŋĺ£ ŕőďťőřňşńż ć ďăŋŋş¿ ťőřňşńş,

ććěď-ěň ćśŕőňőčăšěńĳŋőě ňŋőęěśšćő Occ ⇌ Fm × Z. Řăğńĺůŋżň ćţőęďěŋĺ£ň ŕőďťőřňşń ąşďşš śšăćĺšĳś£ ć śőőšćěšśšćĺě řăğńĺůŋżě ¡ńěňěŋšż ňŋőęěśšćă Occ.

Őŕřěďěńěŋĺě 9.6. Ąĺŋăřŋőě őšŋőÿěŋĺě ≺ ŋă ňŋőęěśšćě Occ őŕřěďěńĺň łăł ŋăĺňěŋĳÿěě šřăŋ-

ğĺšĺćŋőě ąĺŋăřŋőě őšŋőÿěŋĺě, şďőćńěšćőř£¿źěě şśńőćĺ£ň ⟨A, k − |||A||| + c(A)⟩ ≺ ⟨(A λ B), k⟩ ĺ ⟨B, k + c(B)⟩ ≺ ⟨(A λ B), k⟩ ďń£ ćśěţ λ ∈ {⊗, O}, A ∈ Fm, B ∈ Fm, k ∈ Z. Ğŋăł ⪯ ććőďĺšś£ őążůŋżň őąřăğőň.

Ğăňěůăŋĺě 9.7. Ěśńĺ ďăŋă ťőřňşńă A, šő ňőęŋő ćţőęďěŋ£ň ě-ě ŕőďťőřňşń ŕőśšăćĺšĳ ć śőőš-

ćěšśšćĺě ¡ńěňěŋšż ňŋőęěśšćă Occ. Ćţőęďěŋĺ¿ ŕőďťőřňşńż B śőőšćěšśšćşěš ŕăřă ⟨B, k⟩ ∈ Occ, čďě ⟨B, k⟩ ⪯ ⟨A, c(A)⟩ ĺ k řăćŋő \|||·|||-řăśśšő£ŋĺ¿" őš ńěćőčő łőŋűă ťőřňşńż A ďő čńăćŋőľ ść£ğłĺ ŕőďťőřňşńż B. Šőčďă ⪯ śőőšćěšśšćşěš ďćşňěśšŋőňş őšŋőÿěŋĺ¿ \ążšĳ ŕőďťőřňşńőľ".

Őŕřěďěńěŋĺě 9.8. Ďń£ ń¿ąőľ ŕőśńěďőćăšěńĳŋőśšĺ ťőřňşń ` = A1 . . . An ŕőśšřőĺň řěń£űĺőŋŋş¿

śĺśšěňş ˙_Γ = ⟨˙_Γ, ≺_Γ, <_Γ⟩ śńěďş¿źĺň őąřăğőň. Ŕőńőęĺň ˙_Γ ⇌ {⟨B, k + |||A_1 . . . A_{i−1}|||⟩ | 1 ⩽ i ⩽ n ĺ ⟨B, k⟩ ⪯ ⟨A_i, c(A_i)⟩} ∪ {⟨⋄, |||A_1 . . . A_{i−1}|||⟩ | 1 ⩽ i ⩽ n}, čďě ⋄ | ŋőćżľ śĺňćőń, ŋě ŕřĺŋăďńěęăźĺľ ňŋőęěśšćş Fm. Ňŋőęěśšćő ˙_Γ śőśšőĺš ĺğ ůěšżř-ěţ ŋěŕěřěśěłă¿źĺţś£ ůăśšěľ ˙^⋄_Γ ⇌ {⟨C, k⟩ ∈ ˙_Γ | C = ⋄}, ˙^{At}_Γ ⇌ {⟨C, k⟩ ∈ ˙_Γ | C ∈ At}, ˙^⊗_Γ ⇌ {⟨C, k⟩ ∈ ˙_Γ | C = A ⊗ B ďń£ ŋěłőšőřżţ A ĺ B}, ˙O_Γ ⇌ {⟨C, k⟩ ∈ ˙_Γ | C = A O B ďń£ ŋěłőšőřżţ A ĺ B}.

Ąşďěň śőłřăźăšĳ ˙O_Γ ∪ ˙^⋄_Γ ŕőśřěďśšćőň ˙O^⋄_Γ ĺ ĺśŕőńĳğőćăšĳ ăŋăńőčĺůŋş¿ łőŋćěŋűĺ¿ ďń£ ˙^⊗O_Γ , ˙^{⊗⋄}_Γ , ˙^⊗O^⋄_Γ . Őšŋőÿěŋĺě ≺_Γ | šăłőľ ĺřřěťńěłśĺćŋżľ ůăśšĺůŋżľ ŕőř£ďőł ŋă ˙_Γ, ůšő α ≺_Γ β šőčďă ĺ šőńĳłő šőčďă, łőčďă α /∈ ˙^⋄_Γ, β /∈ ˙^⋄_Γ ĺ α ≺ β. Őšŋőÿěŋĺě <_Γ | šăłőľ ĺřřěťńěłśĺćŋżľ ńĺŋěľŋżľ ŕőř£ďőł ŋă ˙_Γ, ůšő ⟨A, k⟩ <_Γ ⟨B, l⟩ šőčďă ĺ šőńĳłő šőčďă, łőčďă k < l. Ğŋăłĺ ⪯_Γ ĺ ⩽_Γ ććőď£šś£ őążůŋżň őąřăğőň.

Ğăňěůăŋĺě 9.9. ˙Γ ⊆ (Fm ∪ {⋄}) × Z= Occ ∪ ({⋄} × Z).

Şŕřăęŋěŋĺě 9.10. Ŕşśšĳ ` ∈ Fm^∗, k ∈ N ĺ k < |||`|||. Šőčďă śşźěśšćşěš ěďĺŋśšćěŋŋżľ C ∈ Fm∪{⋄},

şďőćńěšćőř£¿źĺľ şśńőćĺ¿ ⟨C, k⟩ ∈ ˙_Γ.

Őŕřěďěńěŋĺě 9.11. Ďń£ łăęďőčő ňŋőęěśšćă ^ ⊆ ˙Γ ŕőńőęĺň ♭(^) ⇌ |˙O^⋄_Γ ∩ ^| − |˙^⊗_Γ ∩ ^|. Şŕřăęŋěŋĺě 9.12. Ěśńĺ A1 . . . An ∈ Fm^∗, šő ♭(˙A_1 ... A_n ) = ♭(A1) + . . . + ♭(An) + n. Őŕřěďěńěŋĺě 9.13. Ďń£ ń¿ążţ α ∈ ˙Γ ĺ β ∈ ˙Γ őąőğŋăůĺň ůěřěğ Bt(α, β) ňŋőęěśšćő

{γ ∈ ˙_Γ | α <_Γ γ <_Γ β ĺńĺ β <_Γ γ <_Γ α}. Ćňěśšő ♭(Bt(α, β)) ąşďěň ŕĺśăšĳ ♭(α, β).

Ŕřĺňěř 9.14. Ŕşśšĳ A1 = p1 ⊗ ((p1 ⊗ (p1 O p1)) O p1), A2 = p1 ĺ ` = A1A2. Řăśśňő-

šřĺň ¡ńěňěŋšż α = ⟨(p_1 ⊗ (p_1 O p_1)) O p_1, 8⟩ ĺ β = ⟨p_1 ⊗ (p_1 O p_1), 4⟩. Šőčďă ♭(α, β) = 1 ĺ Bt(α, β) = {⟨p_1, 5⟩, ⟨p_1 O p_1, 6⟩, ⟨p_1, 7⟩}. Ńěňňă 9.15. Ěśńĺ α ≺Γ γ ĺ β ∈ Bt(α, γ), šő β ≺Γ γ.

Ńěňňă 9.16. Ěśńĺ α ⩽Γ γ, šő śşźěśšćşěš šăłőľ ¡ńěňěŋš β ∈ Bt(α, γ) ∪ {α, γ}, ůšő ńĺąő β ∈ ˙^⋄_Γ,

ńĺąő α ⪯_Γ β ĺ γ ⪯_Γ β.

Őŕřěďěńěŋĺě 9.17. Ŕşśšĳ C ⊆ ˙Γ × ˙Γ. Őřĺěŋšĺřőćăŋŋżľ čřăť ⟨˙Γ, C⟩ ąşďěň ŋăğżćăšĳ

<_Γ-ŕńăŋăřŋżň, ěśńĺ ďń£ łăęďőčő řěąřă ⟨α, β⟩ ∈ C ĺ łăęďőčő řěąřă ⟨γ, δ⟩ ∈ C şšćěřęďěŋĺ£ γ ∈ Bt(α, β) ĺ δ ∈ Bt(α, β) ńĺąő őąă ĺśšĺŋŋż, ńĺąő őąă ńőęŋż, ŕřĺ şśńőćĺĺ ůšő {α, β} ∩ {γ, δ} = ?.

Ğăňěůăŋĺě 9.18. Ĺŋšşĺšĺćŋő, čřăť £ćń£ěšś£ <Γ-ŕńăŋăřŋżň šőčďă ĺ šőńĳłő šőčďă, łőčďă ěčő ř-ěąřă

ňőęŋő ŋăřĺśőćăšĳ ąěğ ŕěřěśěůěŋĺľ ŋă ŕőńşŕńőśłőśšĺ, łőčďă ćěřÿĺŋż şŕőř£ďőůěŋż ŋă čřăŋĺűě ¡šőľ ŕőńşŕńőśłőśšĺ śőčńăśŋő ńĺŋěľŋőňş ŕőř£ďłş <_Γ.

Őŕřěďěńěŋĺě 9.19. Ŕşśšĳ ` ∈ Fm^∗. Śěšĳ ďőłăğăšěńĳśšćă ďń£ ` | řěń£űĺőŋŋă£ śĺśšěňă ⟨˙Γ, A, E⟩, čďě (PN1) ♭(˙Γ) = 2, (PN2) A | čřăťĺł ŋěłőšőřőľ ťşŋłűĺĺ ĺğ ˙^⊗_Γ ć ˙O^⋄_Γ , (PN3) E čřăťĺł ŋěłőšőřőľ ťşŋłűĺĺ ĺğ ˙^{At}_Γ ć ˙^{At}_Γ , (PN4) ěśńĺ ⟨α, β⟩ ∈ E, šő ⟨β, α⟩ ∈ E, (PN5) ěśńĺ ⟨α, β⟩ ∈ E ĺ α ⩽Γ β, šő śşźěśšćş¿š šăłĺě F ∈ At ĺ i, j ∈ Z, ůšő α = ⟨F^⊥, i⟩ ĺ β = ⟨F, j⟩, (PN6) čřăť ⟨˙Γ, A ∪ E⟩ £ćń£ěšś£ <Γ-ŕńăŋăřŋżň ĺ (PN7) čřăť ⟨˙Γ, ≺Γ ∪ A⟩ £ćń£ěšś£ ăűĺłńĺůěśłĺň (šő ěśšĳ šřăŋğĺšĺćŋőě ğăňżłăŋĺě ąĺŋăřŋőčő

őšŋőÿěŋĺ£ ≺_Γ ∪ A ĺřřěťńěłśĺćŋő).

Ŕřĺňěř 9.20. Ŕşśšĳ A1 = p1, A2 = p1 ⊗ (p2 O p3), A3 = p3 ⊗ p2 ĺ ` = A1A2A3. Śşźěśšćşěš

śěšĳ ďőłăğăšěńĳśšćă ďń£ `. Őŋă ŕőłăğăŋă ŋă řĺśşŋłě ŋĺęě. Ŕřĺ ¡šőň ¡ńěňěŋšż ňŋőęěśšć ˙^⊗_Γ ĺ ˙O_Γ ĺğőąřăęěŋż śĺňćőńăňĺ ⊗ ĺ O śőőšćěšśšćěŋŋő, ńĺŋěľŋżľ ŕőř£ďőł <_Γ ĺď-ěš śńěćă ŋăŕřăćő, őšŋőÿěŋĺě ≺_Γ ŕőłăğăŋő ŕşŋłšĺřŋżňĺ śšřěńłăňĺ ĺ őšŋőÿěŋĺ£ A ĺ E ĺğőąřăęěŋż ŋă ćěřţŋěľ ŕőńşŕńőśłőśšĺ.

⋄ p_1 ⋄ p1 ⊗ ED GF_{fflffl}

p_2 O ff p3 ⋄ p^3 ⊗ ED GF_{fflffl p} 2 Şŕřăęŋěŋĺě 9.21. Ŋăľšĺ śěšĳ ďőłăğăšěńĳśšćă ďń£ p1 (p1 ⊗ (p1 O p1)).

Ńěňňă 9.22. Ŕşśšĳ ` ∈ Fm^∗. Ěśńĺ ⟨˙Γ, A, E⟩ şďőćńěšćőř£ěš şśńőćĺ£ň PN2, PN3, PN4, PN6, šő

ďń£ łăęďőčő řěąřă ⟨α, β⟩ ∈ E ĺňěěň ♭(α, β) ⩾ 1 ĺ ♭(˙_Γ − Bt(α, β)) ⩾ 1.

Ńěňňă 9.23. Ŕşśšĳ ` ∈ Fm^∗ . Ěśńĺ ⟨˙Γ, A, E⟩ şďőćńěšćőř£ěš şśńőćĺ£ň PN1{PN4 ĺ PN6, šő ďń£

łăęďőčő řěąřă ⟨α, β⟩ ∈ E ∪ A ĺňěěň ♭(α, β) = 1 ĺ ♭(˙_Γ − Bt(α, β)) = 1.

Ďőłăğăšěńĳśšćő. Śň. [57, ńěňňă 7.10].

Šěőřěňă 9.24. Śěłćěŋűĺ£ → ` ćżćőďĺňă ć MCLL^′ šőčďă ĺ šőńĳłő šőčďă, łőčďă śşźěśšćşěš

śěšĳ ďőłăğăšěńĳśšćă ďń£ `.

Ďőłăğăšěńĳśšćő. Śň. [57, šěőřěňă 7.12].

Şŕřăęŋěŋĺě 9.25. Ŋăľšĺ ćśě śěšĺ ďőłăğăšěńĳśšćă ďń£ (p ⊗ p O p) (p ⊗ p O p). Şŕřăęŋěŋĺě 9.26. Ŋăľšĺ ćśě śěšĺ ďőłăğăšěńĳśšćă ďń£ (p ⊗ (p O p)) (p ⊗ (p O p)). Şŕřăęŋěŋĺě 9.27. Ŋăľšĺ ćśě śěšĺ ďőłăğăšěńĳśšćă ďń£ p (p ⊗ (p O ((((p ⊗ p) O p) O p) ⊗ p))). Şŕřăęŋěŋĺě 9.28. Ŕşśšĳ ` ∈ Fm^∗. Ěśńĺ ♭(˙Γ) ⩽ 2 ĺ ⟨˙Γ, A, E⟩ şďőćńěšćőř£ěš şśńőćĺ£ň PN2{PN7,

šő ⟨˙_Γ, A, E⟩ £ćń£ěšś£ śěšĳ¿ ďőłăğăšěńĳśšćă ďń£ `.

Śńěďş¿źĺě ńěňňż ŕőğćőń£¿š şŕřőśšĺšĳ őŕřěďěńěŋĺě śěšĺ ďőłăğăšěńĳśšă.

27.04.2006 31

Ńěňňă 9.29. Ŕşśšĳ ` ∈ Fm^∗. Ŕşśšĳ ˙Γ ĺ E şďőćńěšćőř£¿š şśńőćĺ£ň PN1, PN3, PN4, PN5.

Ŕşśšĳ ♭(α, β) = 1 ďń£ łăęďőčő řěąřă ⟨α, β⟩ ∈ E. Ŕşśšĳ čřăť ⟨˙_Γ, E⟩ £ćń£ěšś£ <_Γ-ŕńăŋăřŋżň. Šőčďă śşźěśšćşěš šăłőě ňŋőęěśšćő A, ůšő ⟨˙_Γ, A, E⟩ şďőćńěšćőř£ěš şśńőćĺ£ň PN2 ĺ PN6.

Ńěňňă 9.30. Ŕşśšĳ ` ∈ Fm^∗. Ŕşśšĳ ⟨˙Γ, A1, E⟩ ĺ ⟨˙Γ, A2, E⟩ £ćń£¿šś£ śěš£ňĺ ďőłăğăšěńĳśšćă.

Šőčďă A_1 = A_2.

Ńěňňă 9.31. Ŕşśšĳ ` ∈ Fm^∗. Ŕşśšĳ ⟨˙Γ, A, E1⟩ ĺ ⟨˙Γ, A, E2⟩ £ćń£¿šś£ śěš£ňĺ ďőłăğăšěńĳśšćă.

Šőčďă E_1 = E_2.

Ńěňňă 9.32. Ŕşśšĳ ` ∈ Fm^∗ ĺ ♭(˙Γ) = 2. Ŕşśšĳ A | čřăťĺł ŋěłőšőřőľ ťşŋłűĺĺ ĺğ ˙^⊗_Γ ć ˙O⋄_{Γ , ŕřĺů-ěň őřĺěŋšĺřőćăŋŋżľ čřăť ⟨}˙_{Γ, A⟩ £ćń£ěšś£ <Γ-ŕńăŋăřŋżň ĺ ♭}(_{α, β}) = 1_{ďń£ ćśěţ}

⟨α, β⟩ ∈ A. Šőčďă śşźěśšćşěš šăłőě ĺřřěťńěłśĺćŋőě śĺňňěšřĺůŋőě ąĺŋăřŋőě őšŋőÿěŋĺě E, £ćń£- ¿źěěś£ čřăťĺłőň ŋěőšőřőľ ťşŋłűĺĺ ĺğ ˙^{At}_Γ ć ˙^{At}_Γ , ůšő őřĺěŋšĺřőćăŋŋżľ čřăť ⟨˙_Γ, A∪E⟩ £ćń£ěšś£ <_Γ-ŕńăŋăřŋżň.

Ńěňňă 9.33. Ŕşśšĳ ` ∈ Fm^∗, ⟨A, i⟩ ∈ ˙^{At}_Γ , ⟨B, j⟩ ∈ ˙^{At}_Γ , ♭(⟨A, i⟩, ⟨B, j⟩) = 1. Šőčďă i − j ≡ 2

(mod 4).

Ńěňňă 9.34. Ŕşśšĳ ` ∈ Fm^∗, ⟨A, i⟩ ∈ ˙^⊗O^⋄_Γ , ⟨B, j⟩ ∈ ˙^⊗O^⋄_Γ , ♭(⟨A, i⟩, ⟨B, j⟩) = 1. Šőčďă i − j ≡ 0

(mod 4).

Őŕřěďěńěŋĺě 9.35. Ŕşśšĳ ` ∈ Fm^∗. Őąőğŋăůĺň

at_0(`) ⇌ {F | ⟨F, 4m+1⟩ ∈ ˙^{At}_Γ ďń£ ŋěłőšőřőčő m ∈ Z}∪{F | ⟨F^⊥, 4m+3⟩ ∈ ˙^{At}_Γ ďń£ ŋěłőšőřőčő m ∈ Z}.

Őŕřěďěńěŋĺě 9.36. Ŕşśšĳ ` ∈ Fm^∗. Őąńěčů-ěŋŋőľ śěšĳ¿ ďőłăğăšěńĳśšćă ďń£ ` ŋăğżćăěšś£ řěń£-

űĺőŋŋă£ śšřşłšşřă ⟨˙_Γ, A⟩, čďě

• |at_0(`)| = 1, • ♭(˙_Γ) = 2, • A čřăťĺł ŋěłőšőřőľ ťşŋłűĺĺ ĺğ ˙^⊗_Γ ć ˙O^⋄_Γ , • ♭(α, β) = 1 ďń£ ćśěţ ⟨α, β⟩ ∈ A, • čřăť ⟨˙_Γ, A⟩ £ćń£ěšś£ <_Γ-ŕńăŋăřŋżň, • čřăť ⟨˙_Γ, ≺_Γ ∪ A⟩ £ćń£ěšś£ ăűĺłńĺůěśłĺň.

Ńěňňă 9.37. Ŕşśšĳ ` ∈ Fm^∗ ĺ |at0(`)| = 1. Šőčďă MCLL^′ ⊢ ` šőčďă ĺ šőńĳłő šőčďă, łőčďă

śşźěśšćşěš őąńěčů-ěŋŋă£ śěšĳ ďőłăğăšěńĳśšćă ďń£ `.

10 Śěšĺ ¡łćĺćăńěŋšŋőśšĺ

Őŕřěďěńěŋĺě 10.1. Ŕşśšĳ A ∈ Fm, B ∈ Fm ĺ ` = A B^⊥ . Őąńěčů-ěŋŋőľ śěšĳ¿ ¡łćĺćăńěŋšŋőśšĺ

ďń£ ` ŋăğżćăěšś£ řěń£űĺőŋŋă£ śĺśšěňă ⟨˙_Γ, A_1, A_2⟩, čďě

• |at_0(A) ∪ at_0(B)| = 1, • ♯A = ♯B, • A_1 | čřăťĺł ŋěłőšőřőľ ťşŋłűĺĺ ĺğ ˙^⊗_Γ ć ˙O^⋄_Γ , • A_2 | čřăťĺł ŋěłőšőřőľ ťşŋłűĺĺ ĺğ ˙O_Γ ć ˙^{⊗⋄}_Γ , • ♭(α, β) = 1 ďń£ ćśěţ ⟨α, β⟩ ∈ A_1, • ♭(α, β) = −1 ďń£ ćśěţ ⟨α, β⟩ ∈ A_2, şďăćńěšćőř£¿źĺţ ⟨⋄, |||A|||⟩ /∈ Bt(α, β), • ♭(α, β) = 1 ďń£ ćśěţ ⟨α, β⟩ ∈ A_2, şďăćńěšćőř£¿źĺţ ⟨⋄, |||A|||⟩ ∈ Bt(α, β), • čřăťż ⟨˙_Γ, A_1⟩ ĺ ⟨˙_Γ, A_2⟩ £ćń£¿šś£ <_Γ-ŕńăŋăřŋżňĺ,

• čřăťż ⟨˙_Γ, ≺_Γ ∪ A_1⟩ ĺ ⟨˙_Γ, ≺_Γ ∪ A_2⟩ £ćń£¿šś£ ăűĺłńĺůěśłĺňĺ.

Ŕřĺňěř 10.2. Ŕşśšĳ ` = ((p1 Op1)⊗(p1 O p1)) (p1 ⊗p1). Šőčďă ˙Γ śőśšőĺš ĺğ ďćěŋăďűăšĺ ¡ńěňěŋšőć

α_0, α_1, . . . , α_{11}, čďě α_0 <_Γ α_1 <_Γ . . . <_Γ α_{11}, α_2 ≺_Γ α_4, α_6 ≺_Γ α_4. Ŕőńőęĺň A_1 = {⟨α_4, α_0⟩, ⟨α_{10}, α_6⟩} ĺ A_2 = {⟨α_2, α_{10}⟩, ⟨α_6, α_{10}⟩}. Šőčďă ⟨˙_Γ, A_1, A_2⟩ £ćń£ěšś£ őąńěčů-ěŋŋőľ śěšĳ¿ ¡łćĺćăńěŋšŋőśšĺ ďń£ `. Ě-ě ňőęŋő ĺğőąřăğĺšĳ śńěďş¿źĺň őąřăğőň.

⋄ p_1 O

@A BC^{OO} 88 p_1 ⊗ ED GF_{fflffl p1} O@A B_{??¨¨¨}

ff p^1 ⋄ p1 ⊗ ED GF_{fflffl p1}

Ńěňňă 10.3. Ŕşśšĳ A ∈ Fm, B ∈ Fm, |at0(A) ∪ at0(B)| = 1, ` = A B^⊥ . Šőčďă A ↔_{MCLL′} B šőčďă ĺ

šőńĳłő šőčďă, łőčďă śşźěśšćşěš őąńěčů-ěŋŋă£ śěšĳ ¡łćĺćăńěŋšŋőśšĺ ďń£ `.

Şŕřăęŋěŋĺě 10.4. p ↔_{L∗} p � (((p / p) \ p) \ p).

Şŕřăęŋěŋĺě 10.5. Ŕőśšřőĺšĳ őąńěčů-ěŋŋş¿ śěšĳ ¡łćĺćăńěŋšŋőśšĺ, ďěňőŋśšřĺřş¿źş¿, ůšő

p ↔_{L∗} p � (((p / p) \ p) \ p).

Şŕřăęŋěŋĺě 10.6. (((p ⊗ p) ⊗ p) O p) O p =_{MCLL′} p. Şŕřăęŋěŋĺě 10.7. Ěśńĺ ⟨p, 1⟩ ∈ ˙A, šő (p O p) ⊗ A ↔_{MCLL′} A. Şŕřăęŋěŋĺě 10.8. Ěśńĺ ⟨p, |||A||| − 1⟩ ∈ ˙A, šő A ⊗ (p O p) ↔_{MCLL′} A.

Šěőřěňă 10.9. Ŕşśšĳ A ∈ Fm, at0(A) = {p} ĺ ♭(C) ∈ {−1, 0, 1} ďń£ ćśěţ C ∈ SubNF(A). Šőčďă

A ↔_{MCLL′} p, ĺńĺ A ↔_{MCLL′} p ⊗ p, ĺńĺ A ↔_{MCLL′} p O p.

Ć ńěňňě 10.10 ĺ šěőřěňě 10.12 ŕřěďśšăćńěŋ ňěšőď, řăğřăąőšăŋŋżľ Ć. Ă. Ňĺŋĺŋőľ. Ć [5] őŋă ďőłăğăńă, ůšő ěśńĺ A ↔_{MCLL′} B, šő ćśě ¡ńěňěŋšż ňŋőęěśšćă Var, ćśšřěůă¿źĺěś£ ć A, ćśšřěůă¿šś£

šăłęě ć B (ĺ, ěśšěśšćěŋŋő, ŋăőąőřőš).

Ńěňňă 10.10. Ŕşśšĳ ` ∈ Fm^∗, ⟨δ0, δ1, . . . , δ2k⟩ | ŋěłőšőřă£ ŕőśńěďőćăšěńĳŋőśšĳ ¡ńěňěŋšőć ňŋő-

ęěśšćă ˙^{At}_Γ , k ⩾ 1, F_1 = {⟨δ_{2i}, δ_{2i+1}⟩ | i < k}, F_2 = {⟨δ_{2i+1}, δ_{2i+2}⟩ | i < k}. Ŕşśšĳ čřăťż ⟨˙_Γ, F_1⟩ ĺ ⟨˙_Γ, F_2⟩ £ćń£¿šś£ <_Γ-ŕńăŋăřŋżňĺ, ♭(α, β) = 1 ďń£ ćśěţ ⟨α, β⟩ ∈ F_1 ĺ ♭(α, β) = −1 ďń£ ćśěţ ⟨α, β⟩ ∈ F_2. Šőčďă δ_0 ≠ δ_{2k}.

Ďőłăğăšěńĳśšćő. Őůěćĺďŋő, ♭(α, α) = 0 ĺ ♭(α, β) = ♭(β, α) ďń£ ń¿ążţ α ĺ β.

Ğăňěšĺň, ůšő ěśńĺ α, β, γ ∈ ˙^{At}_Γ ĺ α <_Γ β <_Γ γ, šő ♭(α, γ) = ♭(α, β) + ♭(β, γ). Ďőłăęěň ńěňňş ĺŋďşłűĺěľ ŕő k. Ąăğă ĺŋďşłűĺĺ őůěćĺďŋă ĺğ šőčő, ůšő ♭(δ_0, δ_1) = 1 ≠ −1 = ♭(δ_2 , δ_1). Ŕřőćěď-ěň ÿăč ĺŋďşłűĺĺ. Ŕşśšĳ k > 1. Ďőŕşśšĺň, őš ŕřőšĺćŋőčő, ůšő δ_0 = δ_{2k}. Ńěčłő ŕřőćěřĺšĳ, ůšő ♭(δ_i, δ_j) ≡ i − j (mod 2) ďń£ ń¿ążţ i ĺ j. Şůĺšżćă£ ŕřěďŕőńőęěŋĺě ĺŋďşłűĺĺ ŕőńşůăěň, ůšő δ_i ≠ δ_j ŕřĺ 0 ⩽ i < j < 2k.

Šăł łăł ⟨˙_Γ, F_1⟩ ĺ ⟨˙_Γ, F_2⟩ £ćń£¿šś£ <_Γ-ŕńăŋăřŋżňĺ, šő ŋăľď-ěšś£ šăłőľ ĺŋďěłś m < 2k, ůšő Bt(δ_m, δ_{m+1} ) ∩ {δ_i | i ⩽ 2k} = ?. Ąěğ őčřăŋĺůěŋĺ£ őąźŋőśšĺ ňőęŋő śůĺšăšĳ, ůšő 0 < m < 2k − 1. Őśšă-ěšś£ ŕřĺňěŋĺšĳ ŕřěďŕőńőęěŋĺě ĺŋďşłűĺĺ ł ŕőśńěďőćăšěńĳŋőśšĺ, ŕőńşůěŋŋőľ şďăńěŋĺěň δ_m ĺ δ_{m+1} . Őůěćĺďŋő, ŕőńşůĺćÿĺěś£ čřăťż <_Γ-ŕńăŋăřŋż. Őśšăńőśĳ ŕřőćěřĺšĳ, ůšő ♭(δ_{m−1} , δ_{m+2}) = (−1)^(m − 1).

Ďń£ ŕřőśšőšż ŕřěďŕőńőęĺň, ůšő m = 1 ĺ δ_1 <_Γ δ_2 . Őůěćĺďŋő, δ_2 <_Γ δ_0 ĺńĺ δ_0 <_Γ δ_1. Ăŋăńőčĺůŋő, δ_3 <_Γ δ_1 ĺńĺ δ_2 <_Γ δ_3.

Śńşůăľ 1: δ2 <Γ δ0 ĺ δ3 <Γ δ1. Ŕřőšĺćőřěůĺě ś <Γ-ŕńăŋăřŋőśšĳ¿ čřăťă ⟨˙Γ, F1⟩. Śńşůăľ 2: δ2 <Γ δ0 ĺ δ2 <Γ δ3. Ć śĺńş <Γ-ŕńăŋăřŋőśšĺ čřăťă ⟨˙Γ, F1⟩ ĺňěěň δ3 <Γ δ0.

Śńěďőćăšěńĳŋő, ♭(δ_0 , δ_3) = ♭(δ_0, δ_1) − (♭(δ_1, δ_2) + ♭(δ_2 , δ_3)) = 1.

Śńşůăľ 3: δ0 <Γ δ1 ĺ δ3 <Γ δ1. Ć śĺńş <Γ-ŕńăŋăřŋőśšĺ čřăťă ⟨˙Γ, F1⟩ ĺňěěň δ3 <Γ δ0.

Śńěďőćăšěńĳŋő, ♭(δ_0 , δ_3) = ♭(δ_2, δ_3) − (♭(δ_0, δ_1) + ♭(δ_1 , δ_2)) = 1.

Śńşůăľ 4: δ0 <Γ δ1 ĺ δ2 <Γ δ3. Őůěćĺďŋő,

♭(δ_0, δ_3) = ♭(δ_0, δ_1) + ♭(δ_1, δ_2) + ♭(δ_2 , δ_3) = 1.

Ńěňňă 10.11. Ŕşśšĳ B ∈ Fm, F ∈ At, i ∈ Z. Šőčďă řăćŋőśĺńĳŋż śńěďş¿źĺě şšćěřęďěŋĺ£:

(i) ⟨F, i⟩ ∈ ˙^{At}_B , (ii) ⟨F^⊥, |||B||| − i⟩ ∈ ˙^{At}_{B⊥} , Šěőřěňă 10.12. Ěśńĺ ťőřňşńż A ∈ Fm ĺ B ∈ Fm ¡łćĺćăńěŋšŋż ć MCLL^′, šő at0(A) = at0(B).

Ďőłăğăšěńĳśšćő. Ŕşśšĳ A ↔_{MCLL′} B ĺ ` = A B^⊥ . Őąőąźă£ ěśšěśšćěŋŋżň őąřăğőň ŕőŋ£šĺě őą-

ńěčů-ěŋŋőľ śěšĺ ¡łćĺćăńěŋšŋőśšĺ ł śńşůă¿ ŋěőďŋő¡ńěňěŋšŋőčő at_0(`), ŕőńşůăěň śěšĳ ¡łćĺćăńěŋšŋőśšĺ ⟨˙_Γ, A_1, A_2, E_1, E_2⟩

Ďőŕşśšĺň, őš ŕřőšĺćŋőčő, ůšő F ∈ at_0(A) ĺ F /∈ at_0(B) ďń£ ŋěłőšőřőčő F ∈ At. Śőčńăśŋő őŕřěďěńěŋĺ¿ 9.35 ć ňŋőęěśšćě ˙^{At}_A ŋăľď-ěšś£ ¡ńěňěŋš ćĺďă ⟨F, 4m + 1⟩ ĺńĺ ⟨F^⊥, 4m + 3⟩, čďě m ∈ Z. Őąőğŋăůĺň őďĺŋ ĺğ šăłĺţ ¡ńěňěŋšőć ůěřěğ δ_0. Ŕőśšřőĺň ŕőśńěďőćăšěńĳŋőśšĳ ¡ńěňěŋšőć δ_j ∈ ˙^{At}_Γ , čďě 0 ⩽ j ⩽ 2k, şďőćńěšćőř£¿źş¿ şśńőćĺ£ň ⟨δ_{2i}, δ_{2i+1}⟩ ∈ E_1 ĺ ⟨δ_{2i+1}, δ_{2i+2}⟩ ∈ E_2 ďń£ ćśěţ i < k, ĺ şśńőćĺ¿ δ_{2k} = δ_0. Ĺŋďşłűĺěľ ŕő j ňőęŋő ďőłăğăšĳ, ůšő ďń£ łăęďőčő j ⩽ 2k ŋăľď-ěšś£ šăłőě ůĺśńő m ∈ Z, ůšő δ_j = ⟨F, 4m + 1⟩ ĺńĺ δ_j = ⟨F^⊥, 4m + 3⟩. Ć śĺńş ńěňňż 10.11 δ_j ∈ ˙_A ďń£ ćśěţ j ⩽ 2k. Ŕőńşůăěň ♭(δ_{2i}, δ_{2i+1}) = 1 ĺ ♭(δ_{2i+1}, δ_{2i+2}) = −1 ďń£ ćśěţ i < k. Šěŕřĳ ňőęŋő ŕřĺňěŋĺšĳ ńěňňş 10.10 ł ŕőśńěďőćăšěńĳŋőśšĺ ⟨δ_0, δ_1, . . . , δ_{2k}⟩. Ŕőńşůăěň δ_0 ≠ δ_{2k}. Ńěňňă ďőłăğăŋă.

Šěőřěňă 10.13 (Ć. Ă. Ňĺŋĺŋă). Ěśńĺ A ↔_{MCLL′} B, šő var(A) = var(B).

Šěőřěňă 10.14. Ŕşśšĳ A | ťőřňşńă, ă p ∈ Var. Šőčďă A ĺ p ¡łćĺćăńěŋšŋż šőčďă ĺ šőńĳłő

šőčďă, łőčďă at_0(A) = {p}, ♯A = 0 ĺ ♯C ∈ {−1, 0, 1} ďń£ ćśěţ C ∈ SubNF(A).

Ńĺšěřăšşřă

[1] Ąşÿłőćśłĺľ Ć. Śĺŋšăłśĺůěśłőě ĺśůĺśńěŋĺě Ńăňąěłă ĺ ěčő śěňăŋšĺłă // Ńőčĺůěśłĺě ĺśśńěďőćăŋĺ£. Ćżŕ. 1. | Ň.: Ŋăşłă, 1993. | Ś. 77{96.

[2] Čńăďłĺľ Ă. Ć. Ńěłűĺĺ ŕő ňăšěňăšĺůěśłőľ ńĺŋčćĺśšĺłě ďń£ śšşďěŋšőć ŊČŞ. | Ŋőćőśĺąĺřśł.:

Ĺğďăšěńĳśšćő ŊČŞ, 1966.

[3] Čńăďłĺľ Ă. Ć. Ťőřňăńĳŋżě čřăňňăšĺłĺ ĺ £ğżłĺ. | Ň.: Ŋăşłă, 1973.

[4] Čńăďłĺľ Ă. Ć., Ňěńĳůşł Ĺ. Ă. İńěňěŋšż ňăšěňăšĺůěśłőľ ńĺŋčćĺśšĺłĺ. | Ň.: Ŋăşłă, 1969. | 192 ś.: ĺń.

[5] Ňĺŋĺŋă Ć. Ă. Ŋěőąţőďĺňőě şśńőćĺě ¡łćĺćăńěŋšŋőśšĺ ťőřňşń ŋěłőňňşšăšĺćŋőľ ńĺŋěľŋőľ ńőčĺłĺ: Łşřśőćă£ řăąőšă / Łăťěďřă ňăšěňăšĺůěśłőľ ńőčĺłĺ ĺ šěőřĺĺ ăńčőřĺšňőć ŇČŞ. | 1999. | 7 ś.

[6] Ŕěŋšşś Ň. Ř. Ĺśůĺśńěŋĺě Ńăňąěłă ĺ ťőřňăńĳŋżě čřăňňăšĺłĺ // Ťşŋďăňěŋšăńĳŋă£ ĺ ŕřĺłńăďŋă£ ňăšěňăšĺłă. | 1995. | Š. 1, Â 3. | Ś. 729{751.

[7] Ŕěŋšşś Ň. Ř. Śĺŋšăłśĺůěśłőě ĺśůĺśńěŋĺě Ńăňąěłă ĺ ťőřňăńĳŋżě čřăňňăšĺłĺ // YSTM’96:

\Ňőńőďěęĳ ĺ ŋăşłă | šřěšĳě šżś£ůěńěšĺě". Šřşďż ňěęďşŋăřőďŋőčő łőŋčřěśśă / Ŕőď řěď. Ĺ. Ą. Ťěďőřőćă, Ł. Ś. Łőńěśŋĺłőćă ĺ Ă. Ő. Łăřŕőćă. | Ň.: ŊŠĂ \Ăłšşăńĳŋżě ŕřőąńěňż ťşŋďăňěŋšăńĳŋżţ ŋăşł", 1997. | Š. 1. | Ś. I-15{I-16.

[8] Ŕěŋšşś Ň. Ř. Ŕőńŋőšă śĺŋšăłśĺůěśłőčő ĺśůĺśńěŋĺ£ Ńăňąěłă // Ťşŋďăňěŋšăńĳŋă£ ĺ ŕřĺłńăďŋă£ ňăšěňăšĺłă. | 1999. | Š. 5, Â 1. | Ś. 193{219.

[9] Ŕěŋšşś Ň. Ř. Ăšőňăřŋżě šěőřĺĺ śěňěľśšć ŕőńşčřşŕŕ ś ďěńěŋĺěň // Ťşŋďăňěŋšăńĳŋă£ ĺ ŕřĺłńăďŋă£ ňăšěňăšĺłă. | 2000. | Š. 6, Â 2. | Ś. 627{632.

[10] Ŕěŋšşś Ă. Ě., Ŕěŋšşś Ň. Ř. Šěőřĺ£ ťőřňăńĳŋżţ £ğżłőć. | Ň.: Ĺğď-ćő ŰŔĹ ŕřĺ ňěţăŋĺłő-ňă-šěňăšĺůěśłőň ť-šě ŇČŞ, 2004. | 80 ś.

[11] Andr«eka H., Mikul«as Sz. Lambek calculus and its relational semantics // Journal of Logic, Language and Information. | 1994. | Vol. 3, Â 1. | P. 1{37.

[12] Bar-Hillel Y. A quasi-arithmetical notation for syntactic description // Langugage. | 1953. | Vol. 29. | P. 47{58.

[13] Bar-Hillel Y., Gaifman C., and Shamir E. On categorial and phrase-structure grammars // Bull.

Res. Council Israel Sect. F. | 1960. | Vol. 9F. | P. 1{16.

[14] Benthem J. van. The semantics of variety in categorial grammar: Report 83{26. | Department of Mathematics, Simon Fraser University, 1983. | Reprinted in Categorial Grammar / Editors W. Buszkowski, W. Marciszewski, and J. van Benthem. | Amsterdam: John Benjamin, 1988. | P. 37{55.

[15] Benthem J. van. Semantic parallels in natural language and computation. | Amsterdam: Institute for Logic, Language and Computation, University of Amsterdam, 1988. | 45 p. | (ILLC Prepublication Series; LP{88{06).

[16] Benthem J. van. Language in action // Journal of Philosophical Logic. | 1989. | Vol. 20. | P. 225{263.

[17] Benthem J. van. Semantic parallels in natural language and computation // Logic Colloquium.

Granada 1987 / Editors H.-D. Ebbinghaus et al. | Amsterdam: North-Holland, 1989. | P. 331{375.

[18] Benthem J. van. Language in Action: Categories, Lambdas and Dynamic Logic. | Amsterdam etc.:

North-Holland, 1991. | x, 350 p. | (Studies in Logic and the Foundations of Mathematics; Vol. 130).

[19] Buszkowski W. Undecidability of some logical extensions of Ajdukiewicz-Lambek calculus // Studia Logica. | 1978. | Vol. 37. | P. 59{64.

[20] Buszkowski W. Compatibility of categorial grammar with an associated category system // Zeitschrift f-ur mathematische Logik und Grundlagen der Mathematik. | 1982. | Vol. 28. | P. 229{ 238.

[21] Buszkowski W. Some decision problems in the theory of syntactic categories // Zeitschrift f-ur mathematische Logik und Grundlagen der Mathematik. | 1982. | Vol. 28. | P. 539{548.

[22] Buszkowski W. Algebraic models of categorial grammars // Proceedings of the 7th International Congress of Logic, Methodology, and Philosophy of Science. | New York: Plenum Press, 1985. | P. 403{426.

[23] Buszkowski W. The equivalence of unidirectional Lambek categorial grammars and context-free grammars // Zeitschrift f-ur mathematische Logik und Grundlagen der Mathematik. | 1985. | Vol. 31. | P. 369{384.

[24] Buszkowski W. Completeness Results for Lambek Syntactic Calculus // Zeitschrift f-ur mathematische Logik und Grundlagen der Mathematik. | 1986. | Vol. 32. | P. 13{28.

[25] Buszkowski W. On generative capacity of the Lambek calculus // Logics in AI : European Workshop JELIA ’90. Amsterdam, The Netherlands, September 1990. Proceedings / Editor J. van Eijck. | Berlin etc.: Springer-Verlag, 1991. | P. 139{152. | (Lecture Notes in Computer Science; Vol. 478. Lecture Notes in Arti˛caial Intelligence).

[26] Buszkowski W. On the Equivalence of Lambek Categorial Grammars and Basic Categorial Grammars. | Amsterdam: Institute for Logic, Language and Computation, University of Amsterdam, 1993. | 21 p. | (ILLC Prepublication Series; LP{93{07).

[27] Buszkowski W. Type logics in grammar // Trends in Logic: 50 Years of Studia Logica / Editors V. F. Hendricks and J. Malinowski. | Kluwer Academic Publishers, 2003. | P. 337{382. | (Trends in Logic; Vol. 21).

[28] Carpenter B. Type-Logical Semantics. | Cambridge etc.: The MIT Press, 1997. | xxi, 575 p. | (Language, Speech, and Communication).

[29] Categorial Grammars and Natural Language Structures / Editors R. T. Oehrle, E. Bach, and D. Wheeler. | Dordrecht: Reidel, 1988.

[30] Cohen J. M. The equivalence of two concepts of categorial grammar // Information and Control. | 1967. | Vol. 10. | P. 475{484.

[31] Do»sen K. A Completeness Theorem for the Lambek Calculus of Syntactic Categories // Zeitschrift f-ur mathematische Logik und Grundlagen der Mathematik. | 1985. | Vol. 31. | P. 235{241.

[32] Do»sen K. Sequent systems and groupoid models // Studia Logica. | 1988. | Vol. 47, Â 4. | P. 353{385; 1989. | Vol. 48, Â 1. | P. 41{65. | Addenda and corrigenda: 1990. | Vol. 49. | P. 614.

[33] Do»sen K. A brief survey of frames for the Lambek calculus // Zeitschrift f-ur mathematische Logik und Grundlagen der Mathematik. | 1992. | Vol. 38, Â 2. | P. 179{187.

[34] Fuchs L. Partially Ordered Algebraic Systems. | Oxford: Pergamon Press, 1963. | Řşśśłĺľ ŕěřěćőď: Ťşłś Ń. Ůăśšĺůŋő şŕőř£ďőůěŋŋżě ăńčěąřăĺůěśłĺě śĺśšěňż / Ŕěř. ś ăŋčń. Ĺ. Ć. Śšěńńěűłőčő. | Ň.: Ňĺř, 1965. | 342 ś.

[35] Ginsburg S. The Mathematical Theory of Context-free Languages. | New York: McGraw{Hill, 1966. | Řşśśłĺľ ŕěřěćőď: Čĺŋğąşřč Ś. Ňăšěňăšĺůěśłă£ šěőřĺ£ łőŋšěłśšŋő-śćőąőďŋżţ £ğżłőć / Ŕěř. ś ăŋčń. Ă. §. Ďĺłőćśłőčő ĺ Ń. Ś. Ňőďĺŋőľ. | Ň.: Ňĺř, 1970. | 326 ś.

[36] Hendriks H. Studied Flexibility. Categories and Types in Syntax and Semantics: Ph.D. thesis. | Amsterdam, 1993. | (ILLC Dissertation series; 1993{5).

[37] Hoare C. A. R., He J. The weakest prespeci˛cation // Fund. Inform. | 1986. | Vol. 9, Â 1. | P. 51{84; 1986. | Vol. 9, Â 2. | P. 217{251.

[38] Kanazawa M. The Lambek calculus enriched with additional connectives // Journal of Logic, Language and Information. | 1992. | Vol. 1. | P. 141{171.

[39] Lallement G. Semigroups and Combinatorial Applications. | New York etc.: John Wiley & Sons, 1979. | Řşśśłĺľ ŕěřěćőď: Ńăńńěňăŋ Ę. Ŕőńşčřşŕŕż ĺ łőňąĺŋăšőřŋżě ŕřĺńőęěŋĺ£ / Ŕěř. ś ăŋčń. Ĺ. Ő. Łőř£łőćă. | Ň.: Ňĺř, 1985. | 440 ś.: ĺń.

[40] Lambek J. The mathematics of sentence structure // American Mathematical Monthly. | 1958. | Vol. 65, Â 3. | P. 154{170. | Řşśśłĺľ ŕěřěćőď: Ńăňąěł Ĺ. Ňăšěňăšĺůěśłőě ĺśśńěďőćăŋĺě śšřşłšşřż ŕřěďńőęěŋĺ£ // Ňăšěňăšĺůěśłă£ ńĺŋčćĺśšĺłă: Śąőřŋĺł ŕěřěćőďőć / Ŕőď řěď. đ. Ă. Ÿřěľďěřă ĺ ďř. | Ň.: Ňĺř, 1964. | Ś. 47{68.

[41] Lambek J. On the calculus of syntactic types // Structure of Language and Its Mathematical Aspects / Editor R. Jakobson. | Providence, RI: Amer. Math. Soc., 1961. | (Proc. Symposia Appl. Math.; Vol. 12). | P. 166{178.

[42] Lambek J. Lectures on Rings and Modules. | Waltham, Massachusetts, etc.: Blaisdell, 1966. | Řşśśłĺľ ŕěřěćőď: Ńăňąěł Ĺ. Łőńĳűă ĺ ňőďşńĺ / Ŕěř. ś ăŋčń. Ă. Ć. Ňĺţăń-ěćă. | Ň.: Ňĺř, 1971. | 280 ś.

[43] Lambek J. From categorial grammar to bilinear logic // Substructural Logics / Editors K. Do»sen and P. Schroeder-Heister. | Oxford: Clarendon Press, 1993. | P. 207{237. | (Studies in Logic and Computation; 2).

[44] Marcus S. Algebraic Linguistics: Analytical Models. | New York, London: Academic Press, 1967. | (Mathematics in Science and Engineering; 29). | Řşśśłĺľ ŕěřěćőď: Ňăřłşś Ś. Šěőřěšĺłőňŋőęěśšćěŋŋżě ňőďěńĺ £ğżłőć / Ŕěř. ś ăŋčń. Ň. Ć. Ăřăŕőćă. | Ň.: Ŋăşłă, 1970. | 332 ś.

[45] Moortgat M. Categorial Investigations. Logical and Linguistic Aspects of the Lambek Calculus:

Ph.D. thesis. | Dordrecht: Foris, 1988. | xvii, 270 p.

[46] Mikul«as Sz. The Completeness of the Lambek Calculus with respect to Relational Semantics. | Amsterdam: Institute for Logic, Language and Computation, University of Amsterdam, 1992. | 21 p. | (ILLC Prepublication Series; LP{92{03).

[47] Mikul«as Sz. Taming Logics: Ph.D. thesis. | Amsterdam, 1995. | 123 p. | (ILLC Dissertation Series; 1995{12).

[48] Ono H. Semantics for substructural logics // Substructural Logics / Editors K. Do»sen and P. Schroeder-Heister. | Oxford: Clarendon Press, 1993. | P. 259{291. | (Studies in Logic and Computation; 2).

[49] Orlowska E. Relational interpretation of modal logics // Polish Acad. Sci. Inst. Philos. Sociol. Bull.

Sect. Logic. | 1988. | Vol. 17, no. 1. | P. 2{14.

[50] Pankratiev N. On the completeness of the Lambek calculus with respect to relativized relational semantics // Journal of Logic, Language and Information. | 1994. | Vol. 3, Â 3. | P. 233{246.

[51] Pentus M. Lambek calculus is L-complete. | Amsterdam: Institute for Logic, Language and Computation, University of Amsterdam, 1993. | 36 p. | (ILLC Prepublication Series; LP{93{14).

[52] Pentus M. Language completeness of the Lambek calculus // Proceedings of the 9th Annual IEEE Symposium on Logic in Computer Science: July 4{7, 1994. Paris, France. | Los Alamitos, California: IEEE Computer Society Press, 1994. | P. 487{496.

[53] Pentus M. The conjoinability relation in Lambek calculus and linear logic // Journal of Logic, Language and Information. | 1994. | Vol. 3, Â 2. | P. 121{140.

[54] Pentus M. Models for the Lambek calculus // Annals of Pure and Applied Logic. | 1995. | Vol. 75, Â 1{2. | P. 179{213.

[55] Pentus M. Product-free Lambek calculus and context-free grammars // Journal of Symbolic Logic. | 1997. | Vol. 62, Â 2. | P. 648{660.

[56] Pentus M. Lambek calculus and formal languages // Logic Colloquium ’95 : Proceedings of the Annual European Summer Meeting of the Association of Symbolic Logic, held in Haifa, Israel, August 9{18, 1995 / Editors J. A. Makowsky and E. V. Ravve. | Berlin etc.: Springer, 1998. | P. 269{272. | (Lecture Notes in Logic; 11).

[57] Pentus M. Free monoid completeness of the Lambek calculus allowing empty premises // Logic Colloquium ’96 : Proceedings of the colloquium held in San Sebastian, Spain, July 9{15, 1996 / Editors J. M. Larrazabal, D. Lascar and G. Mints. | Berlin etc.: Springer, 1998. | P. 171{209. | (Lecture Notes in Logic; 12).

[58] Pentus M. Lambek calculus and formal grammars // Provability, Complexity, Grammars / L. D. Beklemishev, M. Pentus, N. K. Vereshchagin. | American Mathematical Society, 1999. | P. 57{86. | (American Mathematical Society Translations. Series 2; Vol. 192).

[59] Pentus M. Lambek calculus is NP-complete. | New York: CUNY Graduate Center, 2003. | 20 p. | (CUNY Ph.D. Program in Computer Science Technical Report; TR-2003005). |

http://www.cs.gc.cuny.edu/tr/techreport.php?id=79.

[60] Pentus M. Characterization of atomicity in Lambek calculus and bilinear logic // Language and Grammar: Studies in Mathematical Linguistics and Natural Language / Editors C. Casadio, P. J. Scott, and R. A. G. Seely. | CSLI Publications, 1998. | P. 55{76. | (CSLI Lecture Notes; 160).

[61] Roorda D. Resource Logics: Proof-theoretical Investigations: Ph.D. thesis. | Amsterdam, 1991. | 138 p.

[62] Roorda D. Interpolation in fragments of classical linear logic // The Journal of Symbolic Logic. | 1994. | Vol. 59, Â 2. | P. 419{444.

[63] Sch-utte K. Der Interpolationssatz der intuitionistischen Pr-adikatenlogik // Mathematische Annalen. | 1962. | Vol. 148. | P. 192{200.

[64] Yetter D. N. Quantales and noncommutative linear logic // Journal of Symbolic Logic. | 1990. | Vol. 55, Â 1. | P. 41{64.

[65] Zielonka W. Axiomatizability of Ajdukiewicz{Lambek calculus by means of cancellation schemes // Zeitschrift f-ur mathematische Logik und Grundlagen der Mathematik. | 1981. | Vol. 27, Â 3. | P. 215{224.

Őčńăćńěŋĺě

1 Ŕőńşčřşŕŕż ś ďěńěŋĺěň 1

2 Ŋěśěłćěŋűĺăńĳŋőě ĺśůĺśńěŋĺě 2

3 Śěłćěŋűĺăńĳŋőě ĺśůĺśńěŋĺě 3

3.1 Őŕřěďěńěŋĺě . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 3.2 Şśšřăŋĺňőśšĳ śěůěŋĺ£ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 3.3 Ŕřőśšżě šěőřěšĺłő-ďőłăğăšěńĳśšćěŋŋżě śćőľśšćă . . . . . . . . . . . . . . . . . . . . . 6

4 Ćăřĺăŋšż ĺśůĺśńěŋĺ£ Ńăňąěłă 7

4.1 Ĺśůĺśńěŋĺě Ńăňąěłă ś őďŋĺň ŕřĺňĺšĺćŋżň šĺŕőň . . . . . . . . . . . . . . . . . . . . . 7 4.2 İńěňěŋšăřŋżě ťřăčňěŋšż ĺśůĺśńěŋĺ£ Ńăňąěłă . . . . . . . . . . . . . . . . . . . . . . 7 4.3 Łőŋśěřćăšĺćŋżě řăśÿĺřěŋĺ£ ĺśůĺśńěŋĺ£ Ńăňąěłă . . . . . . . . . . . . . . . . . . . . . 8 4.4 Ĺśůĺśńěŋĺě Ńăňąěłă ś ěďĺŋĺűěľ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 4.5 Ďőąăćńěŋĺě śšřşłšşřŋżţ ŕřăćĺń . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 4.6 Ŋěăśśőűĺăšĺćŋőě ĺśůĺśńěŋĺě Ńăňąěłă . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

5 Ňőďěńĺ ĺśůĺśńěŋĺ£ Ńăňąěłă 9

6 Śćőľśšćă ĺśůĺśńěŋĺ£ Ńăňąěłă 11

7 Čřăňňăšĺłĺ 18

8 Ŋěłőňňşšăšĺćŋă£ ńĺŋěľŋă£ ńőčĺłă 23

8.1 Őŕřěďěńěŋĺě ĺśůĺśńěŋĺ£ MCLL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 8.2 Ĺśůĺśńěŋĺě ąěğ ŕřăćĺńă űĺłńĺůěśłőľ ŕěřěśšăŋőćłĺ . . . . . . . . . . . . . . . . . . . . 25 8.3 Ĺŋćăřĺăŋšż . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 8.4 Łőŋśěřćăšĺćŋőśšĳ ŋăď ĺśůĺśńěŋĺěň Ńăňąěłă . . . . . . . . . . . . . . . . . . . . . . . . 26 8.5 Ĺŋšěřŕřěšăűĺ£ ťőřňşń MCLL ć śćőąőďŋőľ čřşŕŕě . . . . . . . . . . . . . . . . . . . . 26 8.6 Šőŋłĺě śěłćěŋűĺĺ ć ĺśůĺśńěŋĺĺ MCLL . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 8.7 Ĺŋšěřŕőń£űĺ£ ć MCLL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 8.8 Čřăňňăšĺłĺ, őśŋőćăŋŋżě ŋă ĺśůĺśńěŋĺĺ MCLL . . . . . . . . . . . . . . . . . . . . . . . 28

9 Śěšĺ ďőłăğăšěńĳśšćă 29

10 Śěšĺ ¡łćĺćăńěŋšŋőśšĺ 31

Ńĺšěřăšşřă 34